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ACTA UNIVERSITA TIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM 

1987 Mathematica XXVI Vol. 88 

TO THE DEFINITION 
OF THE GLOBAL TRANSFORMATION 

IN 2 - DIMENSIONAL LINEAR SPACES 
OF CONTINUOUS FUNCTIONS 

Oitka LAITOCHOVÁ 

(Received December 15th, 1985) 

Dedicated to my father on his 65th birthday 

In this article we shall be concerned with the question 

relating to the equivalence of definitions of the global trans­

formation in two 2-dimensional linear spaces of continuous 

functions. We will apply the definitions of transformation 

introduced by O.Boruvka [lj, F.Neuman [2] and K.Stach £ 3 J, 

in studying the spaces of solutions of the second-order linear 

differential equations in the Dacobian form, the spaces of 

solutions of the n-th order homogeneous linear differential 

equations, the 2-dimensional linear spaces of continuous 

functions, respectively. 

1. The letter R means the field of real numbers. The 

set of continuous functions defined on an open interval j 

will be written as c' '( 3 ). 

We recall at this point the concept of dependence and 

that of independence of continuous functions on the interval 

j and express a definition of the 2-dimensional space of 

continuous functions. 
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Definition 1.1. ([3]) Sugpose y ^ y g G C * 0 ^ j ). We_say_that 

the functions y- , y0 are deperrdent on j if there exist such 

numbers k 1 #k 2£ R - kj + k2 > 0 that_the_identity 

k i y i ( t ) + .k2y2(t) S O 

i s_va l i d_on j . 
2 P 

If.-f:2r-.any-t!yo-num!2ers k1,k2^ R , k1 + k2 > 0 and for every 
2P e rL i n t2 r v a i Ji C J 

kiyi(t) + k2y2(t) £ 0 

t ) o i a , s 2 n J i C j , we_say_that the f unc t i ons v i . y 2 2 r 2 i n Z 
degendent ° n _ t h e _ i n t e r y a l j . 

D e f i n i t i o n 1.2. ( [ 3 ] ) Sugpose y 1 , y 2 € c ' ' ( j ) are indegen-

dent^ func t ions^on an_ogen i n t e r v a l j , and k l t k p € R be_ 

a r b i t r a r y numbers. 

The set S S^all^functions k1y1 + k2y2 is_called a 

2-dimensional space 2^-c2n£inu2us f.uDc£i2ns»-.^be-.iDt2rYa-!: J 

is_called the definition_interyal 2^-. tbe....sEace- s an0! tn2 

ordered gair ^^.^2) is-.t2r0!ed tn2 !2asis °^-t!]e-sBa£e-. s • 

For brevity we_sgeak_hereafter_of S as
-.

the_sgace-generated_ 

by^the^functions^ y1#y2 with_the_definition interval j . 

Lemma 1 . 1 . ( [ 3 ] ) Sugpose S is_a_sgace_generated_by f u n c t i o n s 
v l ' v 2 € C { J ) wi th_a_def. in . i t ior) i n t e r v a l j and u , v C S 

be^iindependent^f unct io j is^oi ] j . Then^eyery^f unc t ion z €. S 
maY. !2e«e5Pre2s2c!-.0D t n2 i n t e r v a i . J 2s. 

z m c1u + c2v , ( i . l ) 

: l f c 2 C R Q^Q convenient^numbers^ 

C o r o l l a r y . The space S generated dys func t ions y 1 # y 2 € c ' ' ( J ) 

w i t h ^ a ^ d e f i n i t i o n i n t e r v a l j i s _ a _ l i n e a r space of_dimension 

? 2v2r-. tbe- fieicL R • 
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2. We now express three definitions of the global transfor­
mation of two 2-dimensional spaces of continuous functions and 
will show their equivalence. 

Consider two spaces S* and S? of continuous functions. 
Let S* have a definition interval j and a basis (y. ,y ?), 
and let S 2 have a definition interval D and a basis 
(Y 1,Y 2). 

Definition 2.1. The space S^ is_said to_be _lobally_trans-
formed_onto the space S. gx_c_ly _f „ t .2 e ! I e „ e x i ! ? t ! ! I0-11!]6... 
vectors _/ = (y l fy 2)

T, Y = (Y_ fY 2)
T 

a) a I?1-6011-0!.] h: j —*- 0 , h C C^0)( j ) , 

b) a function f € C^0)( j ), f(t) ? 0 for t€ j , 

c) a matrix A = | a±^ l\ , i,k = 1,2, a^fi R » det A /- 0, 
such_that the equality_ 

Y(t) = Af(t) Y [h(t)J (2.1) 

holds for every t € j , where ( . , . ) denotes a 

transposed_vector to the vector (.,.). 

Convention. The mapping of the column vector Y, Y = (Y-.Yp) 
on the column vector _/, >_ = (y_,y2) defined by equation 
(2.1) will be denoted by L and written as 

?1 = 1* T = <Af, h >. 

The mapping T will be called the global transformation of 
the space S 2 onto the space S*. 

Definition 2.2. Let f,h _e_s_c!] _unc_ion:i _nat.. 
a) is__a_b_.jectior_ : j —* 3 , h € c' '( j ) 

b) f c C(0)( j ), f(t) ? 0 for t € j . 

The space S 2 is_said to_be 9lob_lly_transformed_onto the 
space S^ if _the_.fyncti.ons_ 

y(t) = f(t) Y [h(t)] (2.2) 
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are exactly all glgmgnts^of the space S* for YC S2. 

Definition 2.3. The space S„ is„s§id to_be globally_trans-

formed^onto the space S* ex5ctly i f _ t b e . - e - e 2 i s t -

a) a bisection h: j --> 3 , h £ C^ ' ( j ) , 

b) a f u n c t i o n f e c ( 0 ) ( j ) , f ( t ) f 0 f o r t € j 

such^that 

1) there ex is ts^suc l ] a f u n c t i o n y £ S- Jo^every^ func t ion 

Y€ S2 tha t_ 

y ( t ) = f ( t ) Y [ h ( t ) J v ( 2 -3 ) 

holds for every t € j . 

2) there gxists^a^functioi] Y€ S^ £°..e¥ery_f unction 

y € S* such_that (.2̂ 3) i^valid.^ 9.r_eyery t € j . 

Remark. It should be noted here that definition 2.1. corres­

ponds to the definition used by F.Neuman in [2] in case of 

the spaces of solutions of the homogeneous n-th order linear 

differential equations. Definition 2.2 is in the main used 

by 0. Boruvka in [lj to define the global transformation of 

the linear second-order differential equations in the Dacobian 

form. Definition 2.3. is used by K.Stach in [3] in case of 

2-dimensional spaces of continuous functions. 

Lemma 2.1. Sugpose the space S„ is_globally transformed 

onto_the_s|Dace_ S^ ky_wa.y_°£ f°!Im!d̂ ? I 2! 1! f°i^owin2 2e^^Z 
nition^21li Then_eguality £2.1^ l^oguivalont to_eguality 

Y ( t ) = f ( t ) Y [ h ( t ) J (2 .4 ) 

A / fs/ 

and ( Y * , Y p ) l 3 - . a - . k 2 s i s . _ o f £n!2 SP2C!2 s p * w h e r e b y 

/%_** Y l = all Yl + a12 Y 2 ' 

Y
л
 = â „ Yл + a^

0
 Y„ 

(2.5) 
3
21 *1

 T a
22 '2

 # 

P'r o o f. Denoting Y = AY we observe that equalities 
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(2.1) and (2.4) are clearly equivalent and it follows from the 

assumption det A ^ 0 that (Y1#Y2) is a basis of the space 

s2. 

Lemma 2.2. Definitions 2.1 and 2.2 of_the_global transforma-

tion^of the space S2 onto^the^sgace S* are equivalent^ 

P r o o f . Suppose the space Sp is globally transformed 

onto the space S* by Definition 2.1. Then there exist 

a) a bijection h: j € 3 , h € C^°^(j), 

b) a function f € c(0)(j), f(t) * 0 for t€ j , 

c) a matrix A = |J a±k I| , i,k = 1,2, a
±fc& R » det A ^ 0 

such that the equality 

y.(t) = A f(t) Y [h(t)J 

T T 
holds for every t € j , where Y = (Y1,Y2) , v_ = (y^y.p) • 

Multiplying the vector equality of (2.1) from the left by 

the vector K = (klfk2)f l<1l<2 4 R, yields 

K y (t) = K A f(t) Y [h(t)J . (2.6) 

Setting Y = AY, then (2.6) may be written as 

K 1 (t) - K f(t) Y fh(t)]. (2.7) 

Hence we see that the element Z = K Y 6. S, is mapped by 

(2.7) onto the element z = K y_ e S* . 

It becomes readily apparent now that every element z€ S,. 

has its pattern in S2 because there exists exactly one vector 

K to the basis y = (ylfy2) and to the element z € s^ such that 

z = K y_. Clearly, its pattern is the element Z = K Y e Sp. 

Thus, the space S 2 is globally transformed onto the 

space S1 by Definition 2.2. 

Suppose conversely that the space S2 is globally trans­

formed onto the space S^ by Definition 2.2. If follows from 

Definition 2.2. that there exist functions f,h such that 
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a) h is a bisection : j -* 3 , he c( )(j), 

b) the function f € c(°)(j), f(t) f 0 for tB j 

and the element Z € S 2 is mapped onto the element z £ S* 

given by equation (2.2). Hence we have 

f[Y1(h)] = u. , f[Y2(h)] - u2 

for the elements of the basis Y/, Y 2 e. S_, whereby u 1 #u 2e S.̂  

are independent f u n c t i o n s . Thus, there exist such numbers 

c i k e R , i , k m 1 , 2 t h a t 

ui = c n yi + c 12 y 2 • 

u 2 = c 2 1 YjL + c 2 2 y 2 ( 

whereby II c.. I! £ 0. So, we have 

cll yi + c12 Y2 = f( t) Yl fh(t)J ' 

c21 ¥i + c22 y2 "
 f<*) Y2 [h(t)I ' 

whence 

l(t) = A f(t) Y [h(t)] , 

where A • C*1, C • 1 cik | , i,k * 1,2. Thus, S£ is globally 

transformed into S,, by Definition 2.1. 

Lemma 2.3. Definitions 2.1 and 2.3 of_the_global transforma-

tion^of the space S 2 into^t^.sgace^ S_ are fciyivalent^ 

P r o o f . Let the space S~ be globally transformed on the 

space S^ by Definition 2.1. We know from the above that equalit 

(2.1) is equivalent to equality (2.4), whereby (2.5) holds. 

1) Y € S 2 be an arbitrary element. We will show that 

there exists a function y €. S* such that (2.3) is true. 

Indeed, there exist numbers A 1 f A 0 € R to the basis 

(Y1#Y2) (discussed in Lemma>2.1) such that 

Y - *1 \ + X2 \ ' 
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On multiplying (2.4) by the vector ( Xj_, ̂
2
) *

 w e o b t a i n 

(\. \) Y(t) - i\, \) f(t) Y [h(t)j 

I.Є. 

\ y
l
 +
 *2

 y
2
 = f ( t

> [*l
Y
l

(h
>
 +
 *

2
* 2 <

h
> ] "

 f ( t
>
 Y ( h )

* 

If we put ^ y ^ + ^2
Y
2
 s Y

'
 w e 0 D t a i n

 (2.3). 

2) Let y € S^ be an arbitrary element. We will show 

that there exist an Y € s^ so that (2,3) holds. 

Indeed, there exist numbers ^ , A>2 S R to the basis 

(Y:itY2)
 so that 

Vs8 A i Yl + <^ 2
 y2 • 

On multiplying (2.4) be the vector (^Aut^*"?) we obtain 

1.Є, 

y - A vi + A 2 v2 - ' ( t > f / 1 ^ 1 [ h ( t ) ] + / 2 ? 2 [*»(*)J] • 

If we put Y » *̂*| Y* + ̂
2
 Y

2
, we obtain (2.3). 

Suppose conversely that the space S
2
 is globally trans­

formed onto the space S^ by Definition 2.3. (Y^, Yp) be a 

basis of the space S
2
. From Definition 2.3 follows then the 

existence of 

a) a bisection h: j —* 3 , h C c
(
 '(j) , 

b) a function f € C(0)(j) , f(t) /- 0 for t £ j 

such that there exist functions y* £ S,, and y2 £ S^ to 
functions Y- tf S 2 and Y 2 € $ 2 that in view of (2.3) the 
equalities 

Yl(t) * f(t) Y± [h(t)j, y2(t) . f(t) Y2 [h(t)J 

T *4 -̂  #%# T 
hold, respectively. By setting ^ =» (y^y,-,) , Y • (Y^-Yg)- , 
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we obtain 

it(0 = f(t) Y [n(tj] . 

By Lemma 2.1 the last equality is equivalent to equality 

(2.1). Consequently, the space S2 is globally transformed 

onto the space S* by Definition 2.1. 

Theorem 2.1. Definitions 2.1, _2_2_and_213_of the global_t rans--

f°Emation °^-tbe-.sBace S2 onto_the_sgace si a r e e0«_iYaient: 

P r o o f . The assertion follows from Lemmas 2.2. and 2.3. 

3. The point mapping of the space S2 onto the space 

S1 defined by equation (2.7) and intermediated by the vector 

K = (k l fk 2), klfk2_? R will be denoted by T* and written 

as 

T*(!< 1) = _ i 

or also as 

r*(kx Y1 + k2 Y2) = klYl • k2y2 . (3.1) 

We say that the mapping T which maps the basis (Y1#Yp) 

of the space S 2 on the basis (Yi.y?) °^ t n e sP a c e si # 

induces the mapping T"*: S2~-> S_ which with the aid of 

equation (2.7) maps the element Z = K Y of the space S2 

onto the element z • K ^ of the space S* . 

We shall now show that the mapping L of the space S~ 

onto the space Ŝ, is a linear mapping and the global trans­

formation T* =<Af,h> is a relation of equivalence on the 

set of the 2-dimensional spaces of the continuous functions. 

This will be discussed in the theorems below. 

Theorem 3.1. The mapping T*: S2—> S* _ s_ a_l_ n e a_ _a£P_n9« 

P r o o f . Let U_,U2 € S2 be arbitrary elements and 

k1,k2€ R be arbitrary numbers. Since U^, U2 € S2, there 

exist numbers X.. , i,k = 1,2 such that 
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U
l ^ *11

 Y
l

 +
 *12

 Y
2 

U
2 = ^21

 Y
l

 + X ү 
22 2 

for Y*
 f
 Yp is a basis of the space S

2
 with respect to the 

fact that the determinant 1 a ± ̂  I f 0. On account of ( 3 . 1 ) we 

obtain 

r * u i - r\%xx \ + x12 Y2) . xxl y± • x 1 2 y 2 , 

whence i t follows 

r*(k1u1+k2u2)=^(k13c1 1+k2x2 1)Y1 + (k1x1 2 + k 2 ?C22)Y2 = 

= ( k i ^ n + kg 3 t
2 i ) y 1 + ( k 1 ^ 1 2 + l < 2 ^ 2 2 ) y 2 = 

= k 1 ( X 1 2 y 1 + X 1 2 y 2 ) + k 2 ( X 2 1 y 1 + 3 l ' 2 2 y 2 ) = 

= kx(t«Ux) + k2(r*U2) . 

Thus 

^(k1u1+i<2u2) = k1(r^u1)+k2(r j f'u2) . 

The mapping i is linear. 

Theorem 3.2. The global__transformation u -<Af,h)> is__a_ 

relation_of the equivalence on_the__set__of the 2-dimensional 

spaces__of continuous_functions__ 

P r o o f. ' We have to show that the global transformation is 

reflexive, symmetric and transitive. 

1 ) The space S is globally transformed by the global 

transformation 6 =<E,t>, where E =(Q 1 ) , hence the relation 

of the global transformation is reflexive. 

2) Let S1 be the space of continuous functions with a 

definition interval j* and S~ be the space of continuous 
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functions with a definition interval j 2 . If the space S 2 

is globally transformed on the space S^ , then the space S^ 

is globally transformed on the space S 2 . 

Indeed, l e t < T = < A f f h > , y = TV , be a g l oba l t r a n s ­

fo rmat ion of S-2 on S^ . Then 

(°), a) h:jx—*j2 is a bisection, h e C^ ;(ja) , 

b) f e C<°)(ja), f(t) -to for h € U , Jl 

c) det A j- 0, where A = II aik II , i,k = 1,2. 

Since 

a) n" - J2~* *1 i s a bijection, h" £ C^0)(j2) 

b) F : = 1 — 6 c(°)(3 ), F(t) / 0 for t€ j p 

f(h ) ' 

c) det A"1 J- 0 , 

Y = T"1 Y » where T""1 =<A"*1F, h""1 > is a global transfor­

mation of the space S^ onto the space S2. Hence the relation 

of the global transformation is symmetric. 

3) Let S. be the spaces of continuous functions with 

the definition intervals j., i = 1,2,3. If the space S- is 

globally transformed onto the space Sp and the space Sp is 

globally transformed onto the space S^, then the space S-, 

is globally transformed onto the space S, . 

Indeed, if 

Tx * <Af,b> , V = T% Z 

is a global transformation of S^ onto S2, then 

a) h : J2—» J3 is a bijection, h € c(°)(j2) 

b) f e c(0)(j2), f(t) / 0 for t 6 j 2 

c) det A j- 0, where A = " a i k " * i*k = 1,2, 

and if 
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t 2 = <Bg,l> . U - T2 V 

is a global transformation of S 2 onto Slf then 

a) 1 : j 1 — * j 2 is a bisection, 1 6 c'°'(Ji) 

b) g € cl°)(j1)f g(t) jf 0 for t € j 1 

c) det B j- 0, where B = 1 b ± k II , ifk = 1,2, 

and it holds: 
r>. 

i.e, 

Since 

L± Z » V * Af Z(h) 

^ V = U = Bg V(l) =- Bg Af(l) z[h(l)] 

U = BA gf(l) Z [h(l)J . (3.3) 

a) h(l) 5 J!-* 33 is a bisection, h(l) ** C ^ O - j ) 

b) gf (1) € C ^ 0 ^ ) , gf(l) ,. 0 for t € S% 

c) det BA /- 0, 

it appears that equation (3.3) defines the global transfor­

mation of the space S-. onto the space S* . Hence, the re­

lation of the global transformation is transitive. 
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SOUHRN 

K definici globální transformace lineárních prostorů spojitých 

funkcí dimenze 2 

J i t k a L a i t o c h o v á 

V článku je ukázána ekvivalence tří definic globální trans­
formace lineárních prostorů spojitých funkcí dimenze 2, které 
používají 0.Borůvka [l] v případě lineárních diferenciálních 
rovnic druhého řádu Oacobiho tvaru, F.Neuman [2] v případě 
prostorů řešení lineárních diferenciálních rovnic n-tého řádu 
bez pravé strany a K.Stach [3j v případě lineárních prostorů 
spojitých funkcí dimenze 2. 

3e dokázáno, že globální transformace je relace ekviva­
lence na množině prostorů spojitých funkcí dimenze 2. 

РЕЗЮМЕ 

Заметка о глобальной трансформации двухразмерных линейных 

пространств непрерывных функций 

Й и т к а Л а и т о х о в а 

В работе доказана эквивалентность трех определений гло­

бальной трансформации двухразмерных линейных пространств не­

прерывных функций, которыми пользуются 0. Борувка [1] в слу­

чае линейных дифференциальных уравнений вида Якоби, Ф. Неу­

мен [2] в случае пространств решений линейных дифференциаль­

ных уравнений н-го порядка без правой части и К. Стах [з] 
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в случае двухразмерных линейных пространств непрерывных функ­

ций. 

Доказано, что глобальная трансформация представляет со­

бой отношение эквивалентности на множестве двухразмерных ли­

нейных пространств непрерывных функций. 
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