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TO THE DEFINITION
OF THE GLOBAL TRANSFORMATION
IN 2 — DIMENSIONAL LINEAR SPACES
OF CONTINUOUS FUNCTIONS

Jitka LAITOCHOVA

(Received December 15th, 1985)

Dedicated to my father on his 65th birthday

In this article we shall be concerned with the question
relating to the equivalence of definitions of the global trans-
formation in two 2-dimensional linear spaces of continuous
functions. We will apply the definitions of transformation
introduced by 0.Boravka [1], F.Neuman [2] and K.Stach [3],
in studying the spaces of solutions of the second-order linear
differential equations in the Jacobian form, the spaces of
solutions of the n-th order homogeneous linear differential
equations, the 2--dimensional linear spaces of continuous
functions, respectively.

1. The letter R means the field of real numbers. The
set of continuous functions defined on an open interval j
will be written as C(O)( i)

We recall at this point the concept of dependence and
that of independence of continuous functions on the interval
j and express a definition of the 2-dimensional space of

continuous functions,
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may be_expressed_on the interval Jj as

A e . T R~ M=)

z = cqu + A (1.1)

where c,,c, € R are convenient_numbers,

Corollary. The space S generated by_functions Yi:Yp € C(o)(J)

with_a_definition interval j is_a_linear space of dimension



2. We now express three definitions of the global transfor-
mation of two 2-dimensional spaces of continuous functions and

will show their equivalence.

Consider two spaces S, and S, of continuous functions.
Let S, have a definition interval j and a basis (yl,yz),
and let S, have a definition interval J and a basis
(Y1.Y5).

formed_onto the space S, exactly if_there_exists to_the

T T
vectors y = (yq,Y5) » X = (Yq,Y5)

a) a bijection h: j—3J3, heg c®¢ 5y,
b) a function f ¢ C(O)( i), f(t) # 0 for te j ,

c) a matrix A =| aik" » i,k =1,2, a; € R, det A#DO,

y(t) = Af(t) Y [h(t)] (2.1)

Convention. The mapping of the column vector Y, Y = (Yl'YZ)T
on the column vector y, y = (yl,yz)T defined by equation
(2.1) will be denoted by T and written as

TY =y, T=(Af, h).

The mapping T will be called the global transformation of

the space S, onto the space S, -

a) is _a_bijection : j -~ J , h e C(O)( i)

by fecl®(3), f(t)#0 for te j

y(t) = f(t) Y [h(t)] (2.2)
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are exactly all elements of the space .Sy for Y€ S

2°

Y€ S2 that_
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holds for every t € j .

y€ 8, such_that (2.3) is_valid_for_every t & j .

Remark. It should be noted here that definition 2.1. corres-
ponds ‘to the definition used by F.Neuman in [2] in case of

the spaces of solutions of the homogeneous n-th order linear
differential equations. Definition 2.2 is in the main used

by O, Boravka in [1] to define the global transformation of
the linear second-order differential equations in the Jacobian
form. Definition 2.3, is used by K.Stach in [3] in case of
2-dimensional spaces of continuous functions.

"~
y(t) = f(t) Y [h(t)] (2.4)
~ L4
and (Yq,Y,) is_a_basis _of the space S,, whereby

oA
Yy = 231 Y1 * 815 Yo
~ (2.5)
Y2 = a21 Yl + a22 Y2 .

P roof. Denoting Y = AY we observe that equalities‘
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(2.1) and (2.4) are clearly equivalent and it follows from the
assumption det A # O that (71,75) is a basis of the space

S,.
2

P roof. Suppose the space S, is globally transformed
onto the space S, by Definition 2.1. Then there exist
a) a bijection h: je 3, he cl@y,
b) a function f € C(O)(j), f(t) #0 for te j ,
c) a matrix A = Haiku » i,k =1,2, a; € R, det A # 0

such that the equality

y(t) = A f(t) ¥ [h(D)]

holds for every t € j , where Y = (Yl'YZ)T' y = (yl,yz)T

Multiplying the vector equality of (2.1) from the left by
the vector K = (kl'kz)'klkz & R, yields

Ky (£) = KA f(t) X [h()] . (2.6)

Setting Y = AY, then (2.6) may be written as

Ky () = K f(r) ¥ [h(t)]. (2.7)

Hence we see that the element Z = E'E € S, 1is mapped by
(2.7) onto the element z = Ky € §,.

It becomes readily apparent now that every element ze S,
has its pattern in S, because there exists exactly one vector
K to the basis y = (Y1:Y5) and to the element z € S; such that

z = K y. Clearly, its pattern is the element Z = Efze S,.

Thus, the space S, is globally transformed onto the
space S,; by Definition 2.2,

Suppose conversely that the space S, is globally trans-
formed onto the space S, by Definition 2.2. If follows from
Definition 2.2. that there exist functions f,h such that
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a) h is a bijection : j - J , he C(O)(j).

b) the function fe c(O)(j), f(t) #0 for te j
and the element Z € S, is mapped onto the element z€ S

1
given by equation (2.2). Hence we have

f[Yl(h)] =y, f[Yz(h)] = uy

for the elements of the basis Yl} Y, &€ S5, whereby Uj,Uy € Sy
are independent functions. Thus, there exist such numbers
Cik € R . i,k = 1,2 that

Uy = €11 Y1 * C 12 Y2 !

u

2 % %1 Y1 * S Yo

whereby I cikll # 0. So, we have

i1 Y1 * S5 Yo = F(t) Y, [R(D)],

Coy Yq * Cpp Yo = f(t) Y2 {h(t)] '
whence

y(t) = A f(t) Y [h(e)],
where A = C'l, C = ﬁcik I, i,k = 1,2. Thus, S, is globally
transformed into S, by Definition 2.1.

= e e - - - 2 e e e e - A

Proof. Let the space S, be globally transformed on the
space S; by Definition 2.1. We know from the above that equalit
(2.1) is equivalent to equality (2.4), whereby (2.5) holds.

1) Ye S, be an arbitrary element. We will show that
there exists a function y €& S; such that (2.3) is true.
Indeed, there exist numbers Al' %25 R to the basis

(7&,72) (discussed in Lemma-2.1) such that

Y=7\1Y1+)\2Y2.
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On multiplying (2.4) by the vector ( Xl, @2), we obtain

(A ) (1) = (A, Ay F(6) ¥ [h(1)]

AL vy + Ay, = f(1) [xi‘w?l(h) * ’,\272(h)1= £(t) Y(h).

If we put Alyl + ﬁzyz = y, we obtain (2.3).

2) Let ye S; be an arbitrary element. We will show
that there exist an Y& S, so that (2.3) holds.
Indeed, there exist numbers A, My € R to the basis
(yi,yz) so that

Y= My vyt M Y
On multiplying (2.4) be the vector ((hl,dbé) we obtain

(Mas deo) X(E) = (Jogs pp) F(£) ¥ [h(D)]

Y=oy vyt e o = F(E) [ Ay Vi [h(O)] + 4y T, [h(t)” .

a

If we put Y = 4“3 Y1 + ‘a? Y2, we obtain (2.3).

Suppose conversely that the space 52 is glo?illy trans-
formed onto the space §, by Definition 2.3. (Y4, Y5) be a
basis of the space S,. From Definition 2.3 follows then the
existence of

a) a bijection h: j—=3J, he C(O)(j) ,

b) a function f e clO(y), f(t)#0 for te j
such that there exist functions Yy € S4 and Y, € Sq to
functions Q& € S, and 72 € S2 that in view of (2.3) the
equalities

ya(t) = £() ¥, [h(0)], yy(t) = £(t) ¥, [h(D)]

hold, respectively., By setting y = (yl,yz)T, z = (71,7
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we obtain

Y

y(ey = fee) ¥ [n(e)] -

By Lemma 2.1 the last equality is equivalent to equality
(2.1). Consequently, the space S, 1is globally transformed
onto the space S; by Definition 2.1.

formation of the_space S, onto_the space S, are equivalent,

Proo f. The assertion follows from Lemmas 2.2. and 2.3.

3. The point mapping of the space S, onto the space
S, defined by equation (2.7) and intermediated by the vector

K= (kgaky), kysk,& R will be denoted by T™ and written
as

T*k Y)

Ky
or also as

T*(ky ¥y + Ky 72) kyyy *+ Koy - (3.1)

We say that the mapping 7 which maps the basis (Y1.Y5)
of the space S, on the basis (y,,y,) of the space §
induces the mapping T S,— 5, which with the aid of
equation (2.7) maps the element Z = K z of the space S
onto the element z = Ky of the space Sy -

1 1
2

We shall now show that the mapping ™ of the space 82
onto the space S, is a linear mapping and the global trans-
formation 77 =<Af,hY is a relation of equivalence on the
set of the 2-dimensional spaces of the continuous functions.
This will be discussed in the theorems below.

Theorem 3.1. The mapping T*: S, S, is_a_linear mapping.
Proof. Let Upj.U, € S, be arbitrary elements and

kl,k2 € R be arbitrary numbers. Since U, U, € S

exist numbers Xik, i,k = 1,2 such that

o1 there
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U, = Jen Y, o+ 112 Y,
Up = Kpy ¥y + X, Y,

for 71, ?2 is a basis of the space 82 with respect to the
fact that the determinant laikl # 0. On account of (3.1) we

obtain

THup = T"Ky, Yy X

o ¥ * ~
¢ U2=T (x Y1+K

~

Y, = X

n

11 Y1 +x12 Yo s

b4 + X

21 22 Y2) = %51 Vg 22 Yo o

whence it follows

3 _ % ~ ~r _
T (kqUy+kgUo )= T (g H g gk X )V + (g Ky ek, 2,0V, =

= (kg Hggkp Xog)yya(lq Kol K pp)y, =
= kg (Hgpyr* Hypyp) ko (Hpyyy+ Hppyy) =
=k (T%ug) + ko (T*U,)
Thus
T (kgUg+koUy) = ke (THU ) +ko (T U,)

The mapping T* is linear.

Pr oo f. We have to show that the global transformation is
reflexive, symmetric and transitive.

1) The space S is globally transformed by the global
transformation ¢ = <E,t ), where E =(é S) , hence the relation
of the global transformation is reflexive.

2) Let Sy be the space of continuous functions with a
definition interval jy and S, be the space of continuous

- 41 -



functions with a definition interval hPe If the space S,
is globally transformed on the space S, , then the space S,
is globally transformed on the space S, -

Indeed, let 7 =<Af,h>, y = T°Y , be a global trans-
formation of 82 on 8§y . Then

a) h:j,— j, 1is a bijection, heg C(O)(ji) ,
(0),. 4

b) f ecC (ig)s f(t) #0 for he Jq

c) det A ¥ 0, where A =l ag e ik =1,2,

Since

-1_

a) h j,—* i, 1is a bijection, hle C(O)(jz)

b) F:=f—(—:1-:i—)60(0)(j2), F(t) # 0 for te j,
c) det A 50,

Y = Z“'i y . where ot =<A‘1F, h

mation of the space S, onto the space S,. Hence the relation
of the global transformation is symmetric. .

1y isa global transfor-

3) Let S; be the spaces of continuous functions with

the definition intervals ji' i=1,2,3, If the space S1 is
globally transformed onto the space S, and the space S, 1is
globally transformed onto the space S,+ then the space 54

is globally transformed onto the space S;
Indeed, if

~ o~
613 <Afnh> ) Y_= 1;‘

is a global transformation of S onto S then

S, 2
i o s (0), .

a) h: j,— 3z is a bijection, hec (3p)

by feclO(y,), f(t)F0 for te j,

c) det A # 0, where A = “aik![' i,k =1,2,

and if
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o~
T, =<Bg,1> ,u= (Vv

is a global transformation of S onto

2 S then

a) 1: jy— j, is a bijection, 1€ C(O)(j1)
(05

b) gecC (31)» 9(t) #0 for te Jq

c) det B # 0, where B = b, i,k =1,2,

and it holds:

Ty 2= Y= af z(h
T, v =y =8Bg V(1) = Bg Af(1) z[h(1)]
ie.
U =8Agf(l) z[h(1)] . (3.3)
Since .

a) h(1) : j;— Jj3 is a bijection, h(1l) & C(O)(Ji)
b) of(1) € c{®(4y), gf(1) # 0 for te 3
c) det BA #£ O,

it appears that equation (3.3) defines the global transfor-

mation of the space S5 onto the space S+ Hence, the re-

lation of the global transformation is tr-ansitive.
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SOUHRN

K definici globdlni transformace linedrnich prostord spojitych

funkci dimenze 2

Jitka Laitochova

V ¢léanku je ukézana ekvivalence tri definic globdlni trans-
formace linedrnich prostord spojitych funkci dimenze 2, které
pouzivaji O,Boravka [1] v pripadé& lineérnich diferencidlnich
rovnic druhého #adu Jacobiho tvaru, F.Neuman [2] v pfipad&
prostor® tesSeni linearnich diferencidlnich rovnic n-tého radu
bez pravé strany a K.Stach [3] v pripad& linearnich prostord
spojitych funkci dimenze 2.

Je dokazano, ze globdlni transformace je relace ekviva-
lence na mnozin& prostord spojitych funkci dimenze 2.

PE3OME

3ameTka o0 raobeabHOl TpaHcopMmauuu LBYXpPeSMEPHHX JMHENRHHX
NIPOCTP@HCTB HeNpPEepHBHHX QyHKumit

"urmrka Jawunmroxosa

B paeboTe mOoKa3aHa BJKBUBAJEHTHOCTDL TDEX ONpeleseHuit rio-
6anpHO TpaHcPopMamuyu IByXDPe3MepHHX JMHEJHHX NPOCTPaHCTB He-
npepHBHHX QyHKuui, KOTOpHMM moabayprcs O. Bopyeka (1] B cay-
yae JauHelEHX JuddepennmesvHHX ypeBHewnit Buaa fxobu, ®. Hey-
MaH [2] B cJayuee IpPOCTPaHCTB pemweHuit aumHeiinux nuddepenumare-
HHX ypeBHeHuli H-ro nopsika 6es npapoit yactu m K. Crax [3]
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B cayuae ABYXD8SMEDHHX JMHEHHHX NpPOCTPEHCTB HeENnpepHBHHX QyHK-
ouite

JoxasaHo, uTo rJuobaabkas Tpaic{opmaums npencraBaseT co-
60if OTHOWEHME DHKBUBAJEHTHOCT) Ha MHOXECTRE IBYXpa3MEpHHX Ju-~
HeJHHX NpPOCTPEHCTB HENpPEepHBHHX QyHKLU .
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