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Gasopis pro péstovani matematiky a fysiky, rot. 74 (I949)

CRITERIA FOR THE LIMIT-POINT CASE FOR
SECOND ORDER LINEAR DIFFERENTIAL
OPERATORS.

By NORMAN LEVINSON.*)
(Received November 9, 1948.)

It is an important result of WevL that a differential operator
;;l:—n (p aq;;:) + ¢, where p(x) and g() are real and continuous and p(x) >0

for large 2, falls into one of two cases, the limit-point case or the limit-
circle case. In the limit-circle case all solutions of

(pw') + (@ + Hu=0, (1)

where 1 is any complex constant, satisfy

\ [lu(z)? dz <co. @
" In the limit point case at most one independent solution of (1) satisfies
(2). (When ImA + 0 then exactly one such solution exists satisfying (2).) -
If it is shown for any particular value of 4, in particular 4 = 0, that two
mdependent solutions cannot satisfy (2) then it follows that the operat;or -
is in the limit-point case. .
‘WintNir and HaRTMAN**) have reeentlv given certain suf;ﬁment ,
cnterla for the limit-point case when p(z) = L. . They concern themselves at
: | W 4 f(x)u =0, ®
: Where ]‘(x) is contmuous for large x and have proved that if f(z) is boun-
ded from above that is if, there exists some positive constant K such that

’ =) < K o R (4)‘
then at most one solution of (3) satisfies (2 ) i.e. the hm1t-pomt case.

*) JOHN SIMON GUGGENHEIM Memomal Fellow on leave from Ma.ssachu
se/tts Institute of Technology. !
**) PHILLIP HARTMAN and AUREL WINTNER, Criteria of Non-DegeneraOy

the Wave Equation, American Journal of Ma.thema.tlcs, vol 70 (1948), pp. 295—
- where other references are given.




They also show that a sufficient criterion for the limit-point case is
f(#s) — f(2y) < K(wy — 1), %2 > ;. (3)
If f(z) is monotone increasing and satisfies

f (6)
Vi@
then again the limit-point case prevails. There is a very considerable gap
between criteria (4) and (6) which we shall show can be narrowed very
considerably. In fact we shall show

Theorem 1. If for large x
f(z) < Ka? ()

then (3) cannot have two independent solutions satisfying (2), i. e. (3) s in
the limit-point case.

Since (5) implies (but is not implied by) the weaker condition
f(x) < Kz we see that (7) includes (5) as a special case and of course (7)
includes (4). Note that (7) is a one-sided condition and of course requires
no monotonicity for f(x)

The condition (7) is again slightly weaker than the condition

Theorem L. If m(z) is a positive monotone non-decreasing function
of x such that ‘ ’

- 7 da | .
—_— =0, 8
f (m())d : ®
T m'(z) 9
a0 (m(2))¥ ©)
and if for large x - _ .
H@) < K m(2) (10)

then (3) 18 in the limit-point case.

Since we can take m(z) = x? in Theorem II we see that Theorem I
is a consequence of Theorem II. Note that (10) is again a one-sided condi-
tion and monotonicity for f(z) is not at all required.

We turn now to (1) Where we do not require p(z) = 1. Here we have
Theorem 111. The equation

. (pu +qu=20 (11)
. cannot have two independent solutwns satisfying (2) if for large z
q(x) < K . ' (12)
. and
4 (13)
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Under rather wide conditions it follows from applying standard
transformations (due to LiovviLLe) to (11) that (13) is a best possible
condition. (Briefly if (13) does not hold (11) can be transformed to a re-
gular second order differential equation on a finite interval where of
course all solutions are integrable squared.)

Theorem III is a special case of

) Theorg,’n IV. The equation (11) is tn the limit-point case if there
ex1sts a positive monotone non-decreasing function M(x) such that for large z

q(z) < K M(x), (14)
7 dzx
f — =00, (15)
: (p(x) M(x)): :
and )
= (p(x))¥ M'(2)

lim ~—————— <oc. {16)
sow (M(x))? :
In the special case M(z) = 1, Theorem IV yields Theorem III. In the
special case p(x) = 1, Theorem IV yields Theorem II. Thus we see that
we have only to prove Theorem IV which we now do. Since p and ¢ are
real we can restrict our considerations to real solutions of (11).
From (11) we have

M- M
Integrating from some convenient point z = a we have for x > a
T z x
u? B w')? puu' M’
o ”=—p7] +fp(M do— [T 4=
a “ a a

Let us assume (2) holds. Then by (14) we have that there exists a A,
such that ‘
' z z PR
_ p@)u@)w(z) (@) puw M
M(x) M M2
a a

K, > da. (17)

Now iet us assume that the first integral on the right in (17) diverges.
Then

[P

a

is a positive monotone increasing function tending to infinity. Using (lii)
and the ScEWARTZ inequality we see that there exist constants K, and K,
such that , \

' : ) 9
2*



{puuM' 1<Kf‘(p(x) o'

In (17) this yields

K, > H(z) _?i(i)%%;‘_@ — K, H}(2).

Since H(z) — 0o we see that the above inequality implies that for large »

p(2) u(z) v (x)
M(x)
Thus for large z, uw(z) and ' (x) have the same sign. Thus |«(z)| is mono-

tone increasing and (2) cannot hold. We see then that if u(x) satlsﬁes (2)
then H(z) remains finite, that is .

X p(x) (u')? T
f By 4 <o | (18)

> $H(z).

a

We now use a device of WintNER. Two independent solutions of (11),
#,(2) and u,(z) satisfy p(x)(u,u'y — uyu’;) = ¢, where ¢ is a constant and
is not zero. Or

p(x) \} p()\3 _ ¢ 19
(St v o) —( S ) o) = =S 19

Suppose %, and u, satisfy (2). Then they also satisfy (18). Thus the left
side of (19) is integrable over (a, co). By (15) the right side of (19) is not
"integrable over (a, 00). Thus we arrive at a contradiction and establish
Theorem IV.

Mathematics Institute, Copenhagen.

' Krlterla pro pFipad ,limitniho bodu* u lineirnich diferencidinich
operatord 2. Fadu.

(Obsah pi-edeélého élé,nku.)

Jde o podminky postadujici k tomu, aby rovnice (1) nemohla miti
dva linedrn& nez4vislé integraly u, vyhovujici podmince (2). Nejobecngjsi
podminka je ddna vétou IV. Staél kdyz existuje kladnd neklesajici
funkce M (x) takovd, Ze plati (14) (pro velkd z), (15) a (16). Toto krite-

‘rium je zostfenim kriteria, jez neddvno podali HsRTMAN a WINTNEK.
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