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(Received November 14, 1985)

Summary. Given two Kihler manifolds whose spectra of Laplacian acting on the 6-forms
coincide, it is shown that one of them is of real constant holomorphic sectional curvature 4 if
and only if the other is, provided their complex dimension n satisfies n=4,50r 7< n< 12
or 18 £ n < 264. A similar result is established for Kihler-Einstein manifolds.
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1. INTRODUCTION

Let (M, J, g) be an n-dimensional Kihler manifold (all manifolds are assumed
to be compact, connected and of complex dimension n > 1) with complex structure J
and Kéahler metric g. By 4”7 we denote the Laplacian acting on p-forms on M. Then
we have the spectrum for each p:

Spec’ (M, g) ={0< 4, S 2, S ... > + o},

where each eigenvalue is repeated as many times as its multiplicity indicates. It is
well known that Spec?(M, g) = Spec?”~?(M, g) and, immediately from Hodge’s
theory. 0 € Spec?(M, g) if and only if B,(M) + 0 (and 0 has multiplicity 8, + 0).

One of the most interesting problems on spectrum is the following: “Let (M, J, g)
and (M', J',g') be compact Kihler manifolds with Spec?(M, g) = Spec’(M’, g’)
for a fixed but arbitrary p. Is it true that (M, J, g) is of real constant holomorphic
sectional curvature 4 if and only if (M’, J, g') is of real constant holomorphic sec-
tional curvature h’ and h = h'?".

The answer to the problem is affirmative for p =0,n < 6,[4]; p=1,8<n =<
<5, [5]; p=2 n=347o0r 9<n<9, [6]; p=3, 11 <n <136 [3];
p=45<n<90r12<n<179,[3]and p =5,n =4, [2]

In this paper we study the effect of Spec’(M, g) = SpecS(M’, g'). To this aim we
apply Patodi’s results [1] to the coefficients of the Minakshisundaram-Pleijel-
Gaffney asymptotic expansion.
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2. PRELIMINARIES

Let M be a Kihler manifold of complex dimension n, If (6%, ..., 6") form a local
field of unitary coframes, then the Kahler metric g and the fundamental 2-form ¢ are
given respectively by

g=3(0'®0F+0®06),
¢ \/ 1 Z 91 A 91
Let Q) = YR}, 0% A 0" be the curvature form of M. Then the curvature ten-

sor R is the tensor field with local components RJ,‘, The Ricci tensor E and the
scalar curvature t are given respectively by

E=3Y(R,0 A ¥ + R0 A 0),
T = ZZRii ’

where R;; = 2 Y R};;. We denote by |R| and |E| the lengths of R and E, respectively.
The Minakshisundaram-Pleijel-Gaffney formula for Spec® (M, g) reads

(2.1) Y, et ~ (dmt)™" Y a6t
-0 i=o

where

(2.2) o6 = (26"> J. MdM,
S o

(2.9) a6 = LJ‘ {at® + D|E|* + ¢|R|?} dM
360

a=5(2”)—60<2"“2)+180(2""4),

6 5 4

@25) 1b=—2(*")+180 2"'2>—7:>.o n =4
- 6 5 4

) 2n — 30 2n — 2 + 180 2n — 4 '
6 5 4

3. MAIN RESULTS

with

3.1. Theorem. Let (M, J, g) and (M', J', g') be two compact Kdhler manifolds
with Spec® (M, g) = Spec® (M’, g’). If n is the complex dimension of M, then for
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n=4,50r7<n<120r18 £ n < 264, (M, J, g) is of real constant holomorphic
sectional curvature h if and only if (M, J',g’) is of real constant holomorphic
sectional curvature h’ and h' = h.

Proof. Let C, G, B be the Weyl conformal curvature tensor field, the Einstein
tensor and the Bochner curvature tensor field, respectively, on (M, g). The com-
ponents (Ciu1), (Gi)), (Bijur) of C, G and B, respectively, are given by

1
(3-1) Cijut = Riju — n——I (Ejkgil —E;gi — 9B — guEu) +

)(gjkgl'l - gjlgik) T,

Y 1
(n—1)(1 -2

(3.2) G, =Ey lgﬂ,

ij ij

1
(33) Bijii = Riju + —_] (Ejkgil —E;igu + Eugj —

— Epgj + EpJiJy — EpJiJy — Ep Ty +

+ ijEi,.J; - leEl',.J; - 2Ek’J;JU - 2El'r‘,,;']k1) +
1

(n+2)(n+4)

Then we have

[g_]kgxl 99 — i — JjpJu — IuJu — 2Jkt-]ij] T.

(34) O = IRE = 2 B+ e
(3.5) l6f* = wP_iz;

2 _lplz_ 16 2, 8 72
(3.6) BF = IR - S e

By means of (3.4), (3.5), (3.6) we arrange formula (2.4) to the form

2n — 4
(3) ) elmp Lo+

~ 37800(n — 3)(2n —7)

+—2  2lam,
2n(n + 1)

where
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« = 8n* — 384n3 + 7402n% — 38346n + 58320,
B = —8n% + 2232n* — 32206n> + 152058n% — 223596n — 6480,
y = 40nS — 1528n° + 1947n* — 97214n> + 192642n* — 110178n — 3240.

If n is the complex dimension of M, thenforn = 4,50or7<n < 120r18 < n =<
< 264, we have

(3.8) «>0, >0, y>0.

If we assume that the Kéahler manifold (M', J', g') has constant holomorphic
sectional curvature h’, then relation (3.7) takes the form

<2n - 4)
= 4 ! y.T'2dM’ .
37800(n — 3)(2n — 7)2n(n +1) J -

From the hypothesis aj s = a, ¢ hence

(3.9) I tdM =J v dM’,
M M’

while aj ¢ = a, ¢ implies

3.10 2y B gpy 7 lam o
610 JM{OC[BI +n+2]GI +2n(n+1)r}dM

e 2n(2n + 1)
Since the holomerphic sectional curvature h’ of (M’, J', g’) is constant, (3.9)
implies

(3.11) J‘ 2dM = J‘ T2 dM’ .
M ,

’
az,6

Relation (3.10) by virtue of (3.8) and (3.11) gives |B|* = 0 and |G|> = 0 which imply
B = 0and G = 0. That is, (M, J, g) has constant holomorphic sectional curvature h.
From (3.9) we obtain that h = h’. Q.ed.

As an immediate consequence of the above theorem we have the following
corollary:

3.2. Corollary. The complex projective space (P"(C), Jo, go) with the Fubini-
Study metric g, and complex dimension n such that n =4,50r 7<n <12 or
18 < n < 264, is completely characterized by the spectrum of the Laplacian on
the exterior 6-forms. :

3.3. Theorem. Let (M, J,g) and (M’,J’,g') be two compact Kdihler-Einstein
manifolds with Spec® (M, g) = Spec® (M, g') (which implies that the complex
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dimension of M coincides with the complex dimension of M’ and is equal to n).
If2<n <12 0r n= 18 then (M, J, g) has real constant holomorphic sectional
curvature h if and only if(M', J', g') has real constant holomorphic sectional cur-
vature h’ and h’ = h.

Proof. If the manifold (M, J, g) is an Einstein one, then we have G = 0 and the
formula (3.7) takes the form

2n — 4
(3.12) ( >

4 Y
ay ¢ = /B2 + ——— 2L dm.
¢ 37800(n — 3)(2n — 7) M{H 2n(n+1)1}
If2 < n £ 12 or n = 18 then we have

(3.13) x>0, y>0,

From the hypothesis and the formulas (3.12), (3.13) we obtain that [B[> = 0
which implies B = 0. Hence the Kéhler-Einstein manifold (M, J, g) has real constant
holomorphic sectional curvature h. The relation (3.9) implies that h = h’.  Q.e.d.

As a consequence of the above theorem we obtain

3.4. Corollary. Let (M,J,g) be a compact Kdhler-Einstein manifold whose
complex dimenston is n. If 2<n <12, or n 218 and Spec® (M, g) =

= Spec® (P"(C), go), then (M, J, g) is holomorphically isometric to (P"(C), Jo, go)-
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Souhrn

SPEKTRUM 6-LAPLACIANU NA KAHLEROVYCH VARIETACH

MIirCEA PutA, ANDREI TOROK

Necht jsou diny dvé Kihlerovy variety se stejnymi spektry Laplacidnu na 6-formach. Za pfed-
pokladu, Ze pro jejich komplexni dimenzi plati n= 4,5 nebo 7 < n < 12 nebo 18 < n = 264,
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je dokazano, Ze prvni varieta ma realnou konstantni holomorfni fezovou ktivost /i pravé tehdy,
kdyz totéz plati pro druhou varietu. Obdobny vysledek se dokazuje pro Kahlerovy-Einsteinovy
variety.

Pesome

CITEKTP 6-JIATNIACUAHA HA K3JIEPOBBIX MHOI OOBPA3UAX

MIRCEA Puta, ANDREI TOROK

IIycTh 3a4aHbl ABA KIJIEPOBBIX MHOTOOOpa3Hsl C OAMHAKOBLIMM CIIEKTpaMu onepatopa Jlamaca
Ha 6-¢popMax. B ctaThbe JOKa3aHO, YTO €CJIH sl MX KOMILTEKCHOM Pa3sMEPHOCTH A BbINOJIHEHO OJHO
w3 ycnoBuii n =4, 5w 7 < n < 12 wmm 18 < n < 264, T0 niepBoe MHOr006pa3mne NMeeT AeHCTBH-
TEJILHYIO IOCTOSIHHYIO TOJIOMOPOHYIO CEKUMOHHYIO KPMBM3HY /i TOT[a M TOJILKO TOTIa, KOraa 3TO
JKe BEPHO Il BTOPOTO MHOTOO0pasusi. AHaJIOTMYHBIA pe3yibTaT AO0Ka3aH Ik MHOrooOpasmit
Konepa-OitHmreiina.
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