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LOCALLY PATH-LIKE GRAPHS

DALIBOR FRONCEK, Ostrava
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Summary. If G is a graph and x its vertex then Ng(x) is the subgraph of G induced by the set
of all vertices adjacent to x in G. A graph G is said to be locally path-like if Ng(x) is a path for
each vertex x of G.

In the paper the upper bound of the number of edges of locally path-like graphs is determinated.
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AMS Classification: 05C35.

Let G be a finite graph without loops and multiple edges. The neighbourhood of
a vertex x in the graph G is understood to be the subgraph of G induced by all
vertices adjacent to x.

A. A. Zykov [4] suggested a problem concerning the characterization of graphs
with a given neighbourhood. Denote by N¢(x) the neighbourhood of x in G. If for
each vertex x, Ng(x) is isomorphic to a given graph H then H is called the realizable
graph and G is called the realization of H. The set of all realizations of H will be
denoted by 2(H).

B. Zelinka [3] studied the class %(T) of the locally tree-like graphs where T is
any tree. He proposed the following problem: to find the upper bound of the number
of edges of a finite connected locally tree-like graph with n vertices.

In this paper we study a certain subclass of A(T). The graph G is called locally
path-like if Ng(x) is a path for each vertex x of G. Denote the class of all locally
path-like graphs by 2(P).

We will also give the uppzr bound for the number of edges of the locally path-like
graphs. Zelinka [2] has shown that the maximal number of edges of the polytopic
locally path-like graph (called locally snake-like graph) with n vertices is [11n/4 — 6].
He also constructed the maximal graphs of this class.

Lemma 1. Let G be a locally path-like graph. Then every edge of G belongs to
at least one triangle of G.

Proof. Let an edge e = x;x, belong to no triangle of G. Then x, is an isolated
vertex in Ng(x,) and Ng(xy) is not a path, which is a contradiction.
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Lemma 2. Every edge of a locally path-like graph G belongs to at most two
triangles of G.

Proof. Let an edge e = x,x, belong to the triangles Ty, T3, ..., T, with vertex
sets V(T;) = {x1,x,,»;} for i =1,2,...,k (k = 3). Then Ng(x,) contains the
subgraph K, , with the vertices x5, 1, ¥2, ..., ¥, Which is a contradiction.

If an edge e belongs to exactly one triangle of G then we call this edge a boundary
edge of G.

Lemma 3. Let G be a locally path-like graph with n vertices. Then G contains
exactly n boundary edges.

Proof. Let x be any vertex of G. Then Ng(x) = P, with the vertex set
{y1, Y25 --s Wi} (kK = 2). If y; and y, are the end vertices of P, then the edge e, =
= xy,; belongs to exactly one triangle T; and ¢, = xy, belongs to exactly one
triangle T,_,. The other edges ¢; = xy; (i = 2,3, ..., k — 1) belong to two triangles
T;—, and T;. Hence every vertex x € V(G) is incident to exactly two boundary edges
and thus G contains exactly n boundary edges.

It is evident that every boundary edge belongs to exactly one circuit which consists
of boundary edges only.

The following theorem is a corollary of the above lemmas.

Theorem 1. Let G be a locally path-like graph with n vertices. Then every edge
of G is either a boundary edge or belongs to exactly two triangles and the number
of boundary edges is n.

Zelinka [3] proved that the minimal number of edges of a connected locally
tree-like graph with n vertices is 2n — 3. Now we determine the upper bound for the
number of edges of the locally path-like graphs.

The following simple lemma is proved in [1].

Lemma 4. Let G be a graph with n vertices and let d; be the degree of a vertex x,.
Let

(1)
Then

@

d; =nk.

v

1

d? = nk?.

M=
v

i=1

Theorem 2 (Zelinka [3]). Let G be a locally tree-like graph n vertices, m edges
and t triangles. Then
2m —n

€)) t = )

3
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As .%(P) < A T) it is evident that the assertion mentioned above holds also for
locally path-like graphs

Lemma 5. Let G be a locally path-like graph with n vertices and m edges. Let
(4) 2m = nk.

Then exactly one of the following assertions holds:
(i) G contains a triangle T with vertices xy, x,, X3 for which
(i) for each triangle T, (j = 1,2, ..., t) we have
(6) ' Y d, = 3k.
xi€Ty

Proof. Let ) d; =3k +r;forj=1,2,...,t Then

X(ETJ

Z Y d; —3kt+Zr

Jj=1xeT;
It follows from (3)‘and (4) that t = (nk — n)/3 and hence

t

(7) ZZdi—nkz—nk+Zr

Jj=1x.eTy
As each vertex x; belongs to d; — 1 tnangles then the degree d, of x; is in (7) included

(d; — 1) times and thus, in order to obtain z d; on the left-hand side of (7), we have

to subtract the expression d;(d; — 2) from the right-hand side of (7).
Hence

n t n
Zdi=nkz—nk+zrj—2d,-(d‘—2)=
= =t i=1

i=1
t n n
=nk2—nk+zrj—2d§+22d,.
j=1 i=1 i=1
This yields

Using the inequality (2) from Lemma 4 we get

n t
0L —nk+Yd +)r;.

i=1 i=t

; n .
As we assumed that ) d; = nk, we can see that

i=1

t
>r;z0
Jj=1
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If r; = 0 for each je{1,2,...,t} then Y d; = 3k. In the opposite case at least
xieTy
one r; is positive and T; is the triangle T from the assertion of our lemma.
Now we can determine the upper bound of the number of edges of locally path-like

graphs.

Theorem 3. Let G be a locally path-like graph with n vertices and m edges.
Then v
m=< M .
- 6
Proof. Suppose that m > n(n + 6)[6. If we substitute k = (n + 6)[3 in (4),
Lemma § implies that G contains a triangle T with vertices x;, X,, X3 which satisfy

3
Ydi>n+6.
i=1

As there exists no vertex x adjacent to all the vertices Xy, X5, X3 (in the opposite
case Ng(x) would contain C,) thus there exist at least two vertices x4, x5 adjacent
to both end vertices of an edge e € T. Without loss of generality we can suppose that
it is the edge x,x,. Then x, is of degree 3 in the graph Ng(x,), which is a contra-
diction. :

References

[1] D. Fronéek: Locally linear graphs. Math. Slovaca 39 (1989), 3—6.

[2] B. Zelinka: Locally snake-like graphs. Math. Slovaca 37 (1987), 85— 88.

[3] B. Zelinka: Locally tree-like graphs. Casopis p&st. mat. 108 (1983), 230— 238.

{4] A. A. Zykov: Problem 30. In: Theory of graphs and its applications. Proc. Symp. Smolenice
1963 (ed. M. Fiedler), Prague 1964, 164—165.

Souhrn

LOKALNE CESTOVITE GRAFY
DALiBOR FRONCEK
JestliZe G je graf a x jeho vrchol, potom Ng(x) je podgraf grafu G indukovany na mnoZin¥
viech vrcholu G, sousednich s x. Graf G nazveme lokalng cestovitym, je-li M;(x) cesta pro kaZdy

vrchol x z G.
V &lanku je stanovena horni hranice po&tu hran lokaln& cestovitych grafua.
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Pesome

. JIOKAJIBHO LEITHBIE I'PA®BI
DALIBOR FRONCEK
Hna rpada G u ero sepmuHbl X mycTh Ng(x) oGosnavaetr moarpad rpada G, nopoxaeHHbIR
MHOXECTBOM BCEX BEPIIMH CMEXHEIX C X B G. B craThe anamm3upyrorcs rpadsi, J1s KOTOPHIX

Ng(x) saBnsteTcs NpocTOit Lembio ANA BeexX x u3 G, M HalineHa BEPXHAA IPaHb YHCIA pebep TaKHX
rpados.

Author’s address: Katedra matematiky VSB, tf. Vit&zného tinora, 708 33 Ostrava.

180



		webmaster@dml.cz
	2012-05-12T17:00:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




