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THE GAUSS AND GAUSS-CODAZZI-RICCI EQUATIONS -
FOR RHEONOMOUS ANHOLONOMIC MANIFOLD

BrRUNO BUDINSKY, Praha

(Received October 12, 1967)

In this paper we shall follow mostly the terminology and notations of [2] and [3].
So we shall make use of Einstein’s summation convention, the indices o, 8, 7, ..., 4,
B,C, ... 1i,j, k run through the values 1,2, ..., n, while the indices a, b, c, d, e, f
and p, g, r, srun through the values 1,2, ..., mand m + 1, m + 2, ..., n respectively,
where the positive integers m, n satisfy the condition 1 < m < n.

1. Let L, be the n-dimensional affinely connected space. For the sake of simplicity
we suppose that there exists a one-to-one mapping f : X — {x*} of the whole space L,
on some domain of parameters O which lies in the linear space P, of all ordered
n-tuples of real numbers. For the point X we shall use also the notation [x*]. Let I be
an open interval. Evidently W,,, = L, x I is a stratified space. Let us denote the
stratum (L,, 1), tel by L,(t). If [x* t] is a current point in W,,; then evidently
[x% t] € L(t). Let P,,, = P, x I. Obviously, the mapping [x*, t] - {x% t} of the
space W,,, into P,. is one-to-one mapping of W,,, on the domain Q = O x
x I = P,,,. If we suppose that the admissible transformations of parameters
{x* t} - {x*, 1*} are described by all possible functions of the class C,,

(1,1) xa* - xa*(xﬂ) s t* =t + C

(Ce(—oo, + 00)) which realize the regular mappings of the domains O or interval I
on another domain O* < P, or another interval I* respectively, then we shall denote
W,,, by r — L,(t) and we shall call it the rheonomous stationary affinely connected
space (shortly the rheonomous space r — L,(¢)).

Let us suppose that by means of functions of the class C,

(1,2) B} = Bi(x*,1), n*=n%(x"1); {x°,t}eQ

and there is defined for every ¢ € I an anholonomic manifold L(t) in L,(f) = r — L,(1)
(cf. also [3], p. 154 and foll.). Let the following suppositions be satisfied:
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1. There are given a domain A < P, and such n functions of the class C,
(1,3) x* = x¥ut, 1), {u'}eAd, tel

that, for every t € I, the functions (1,3) realize a regular one-to-one mapping {u*} —
— {x*} of the domain A on the domain O.

2. The admissible transformations B; — Bj., ,n* — ,.n” are described in r — L,(t)
by the equations

(1,4) B:: = AZs B: 5 p.na = :.5,,?1“ N

while A4}, are all possible arbitrary functions of the class C_, defined on the domain £,

Det [Aﬁ. # 0 everywhere, and further
(1,5) (x}e 0, t,t,el = A%W(x(u?, 1)), t;) = As(x(u, 1,), 1,)
holds true.

Then we say that there is defined a rheonomous anholonomic manifold r — Lj(¢) in
r — L,(f). If the parameter ¢ does not occur explicitly in the functions (1,2) and (1,3)
we say that r — Li\(t) is stationary.

Remark. In L, the equations (1,2)—(1,5) describe simultaneously a one-para-
metric system of anholonomic manifolds Lj(r) with a special transformation group. All
results which we shall deduce for the rheonomous manifold r — Lj(f) may be directly
interpreted for this system.

Let us suppose that by means of functions :
(1.6) Zh e = e R 1), {x0 e @)

there is given for every t € I a mixed tensor field in L}(f) = L,(¢). For the functions
(1,6) we shall use the “matrix” form of notation Z = Z(x®, t) and we shall say that
by means of these functions there is given a mixed tensor field in r — Lj(t). The
covariant derivate of this field will be denoted (D_Z). It is defined in the usual way for
every t €1 (cf. [2], p. 93 and [3], p. 155). By means of “matrix” notation we shall
write shortly

(1,7) D.Z=d.Z+ BI,Z +T.Z, (where 8,Z = B.d,Z).

By means of functions (1,3) and (1,6) let us construct the composite functions
Z = Z(x*(u", t), t) and denote them shortly Z = Z(u*, t). Furthermore we shall use
the notation

a Fl.. A
0z = 0Z(x*, t) 0z = 0Z(u", t).
ot ot

1y Everywhere we suppose the differentiability of a ““necessary”” order of these functions.
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It is easily shown that
\ af,,A ¢
(1.8) 0;Z = B{0,Z + 0,Z, where B} = (2%—) .

Now we shall show that by means of function
(1,9 i DZ =0;Z + B[I',Z

there is defined a tensor field (D,Z) on the rheonomous variety which is of the same
kind as the tensor field (Z). Thus we want to show that by (1,1) or (1,4)

(1,10) D Zy gty = Ap D Zg e
or
(1,11) D Zg g v = Ap D Zg ety

respectively, hold true.

A) Let us choose y + z arbitrary but fixed Latin indices of the tensor field
and denote them by a bar. Along every curve x* = x%(,u*, t), tel the functions
Zyiogeie® define in L, a tensor Z ({,u”} is an arbitrary but fixed point in 0).

The absolute derlvate (V.Z) of this field along the considered curve satisfies the relation
V.Z = D,Z. Hence the correctness of the equation (1,10) follows.

B) Obviously

(1’12) Zﬁl, 73':‘:?‘1 b * = Az:. b’z,z Z;;, ’73': ‘;711 ‘;’]; .

.....

A analogical transformation law holds also for the functions 0;Z and B}I',Z. In the
first case we shall verify it by differentiating with respect to ¢ both terms of (1,12) and
using relations 9;4% = 0, 8;4}" = 0 which follow from (1,5). In the second case we
shall verify our assertion by a direct simple calculation. Hence (1,11) holds.

Let us add that we call the tensor field (D,Z) the absolute t-derivate of the tensor
field (Z) and that for any two tensor fields (U), (V) of the rheonomous manifold
r — Ly(t) the following relations hold:

(1,13) D(U +V)=DU + DV?*, D(UV)=(DU)V+UDV,
DU; = (DU);, DU; = (DU).2)

Let J be an open interval, J < I, and C a regular curve in r — L,,(lt) described by
the parametric equations

(1,14) . x*=x{T), t=T, Tel.

2) we suppose that U, V are of the same kind.
3) By means of indices «, § or a, b the “contraction” tensor operation is outlined.
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For every Te J let us have m numbers du®/dT such that

(1,15) d_ pedut g
T dr

Then we call C a trajectory which liesinr — Lj(f). The vector (1,15) is so-called tan-
gential vector of this trajectory (at its point [x*(T), T]). The trajectory x* = x*(,u,, T),
t=T, Tel(,u" = konst, {{u?} € A) is calleda parametric t-line. Obviously
the vector (Bj) is tangential vector of the parametric t-line. Also we may easily see
that the notion of a parametric t-line is invariant with respect to the admissible
transformations (1,4) of the rheonomous manifold r — L;(t).

At the point [x*, f] e » — L,(#) let us construct the n-dimensional tangential space
of the manifold L,(t). In this space, by means of equations

(1,16) Y =v"B;, v*e(—o0, +0)
or
(1,17) z* = w'B; + B}, w'e(—o, +m),

there are defined two m-dimensional linear spaces denoted by W[x ] or T[x%, t]
and called the virtual or tangential space of the rheonomous manifold r — L(?),
respectively. Let us agree that a vector, wich may be placed so that its starting point
is [x% t] and its end point lies in the virtual space W[x? t] or in the tangential space
T[x*, t], will be called a virtual vector or a tangential vector respectively of the
rheonomous manifold r — Li(¢).

The tensor field (DZ) that is defined along the trajectory (1, 14) by means of the
equation

(1,18) D,Z =

TeJ

is called the absolute derivative of the tensor field (Z) along the trajectory (1,14). If
the trajectory (1,14) is a parametric t-line or its part then du®/dT = 0 for all Te J and
the equation (1,18) is of the form D;Z = D,Z. It is easy to show that the absolute
differentiation along the given trajectory obeys the rules which we shall obtain from
(1,13) by replacing the operator D, by the operator Dy.

We shall write the equations (1,18) in another form. By means of (1,8) and (1,9)
and with the notation (1,7) the equations (1,18) may be easily written in the form

¥4 a
(1,19) p,z=% %¥r;, %z,
dT = dT dr

Thus to calculate the absolute derivative along a trajectory it is sufficient that the
tensor field (Z) is defined only at the points of this trajectory.
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2. At every point of a rheonomous manifold so-called Gauss equations hold:

(2’1) D“BZ = phab pna ’ Da pnu = *,l.',’ BZ + :Ua qn‘z

or

(2.2) DBt = wB} + Pm, n*, D, n* = — mB: +9Q n*,
D:Bf ='w,By + *'m, N, DBY = W'B; + *W ,n*

where

(2.3) Phay = "n,D,By, — b =BiD, n*, %, ="n, D, n’

or

(24) w)=B!D,B:, Pm,="nDB;, —,m"=BiD ,n*, 1Q="nD, n*,
'w® = BD,B*, *"'m, = *n,D,B}, W*® = B°D,B*, "W = "n,D,B},
respectively.

The proof of the Gauss equations (2,1) or (2,2) is not difficult. If we arrange these
equations by means of (2,3) or (2,4) respectively, we shall easily see that they are
satisfied identically for all {x®, t} € Q. Let us add that on a “fixed” manifold there
exists an analogy to the Gauss equations (2,1) only.

We introduce now the following notation:

(2’5) cha = aircba s
(2,6) Q= ¥3,B: — 9;BY).

The geometrical object (Q.,°) will be called the anholonomic object of the rheono-
mous manifold r — Lj(¢). It may be shown that in the holonomic case (Q.,") is a tensor
field. It is easy to calculate that (Q7) is a tensor field. This field will be called the feld
of rheonomous curvature of the manifold r — L;(¢). It is not difficult to verify that

27 OdnZ = Q10,2

holds for every tensor field (Z).
For the sake of completeness let us state that we shall use the well-known notations
(cf. [3], p. 155, Formula (15,6), p. 285, Exc. (15,5)):

(28 - Q4" = —Bi 0By = (0:Biy) By »
r,*= r,*B!BiB: — B!B} 0,B;,
'S,* = S, B!B}B:.
Let us remark that is easy to deduce from (2,8) the important equation

(2’9) F[cb]a = Scba - .ch“ .
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We shall show that the following equations are satisfied

(2,10) DD v* = 1K,,,"ByBIWf + Q) V0",

(2.11) DDy, = 2} 0,0, + $Qp, 0.,

(2,12) DD = 3K, BiBivh + Q) V.0i + 30,07,
(2,13) DD qv* = 3K, BBV — S, Dyv*

for the tensor fields (v%), (v,), (¢v3) of the rheonomous manifold r — Lj(z).

We calculate easily D,D,v* and D,D,w*. From it and in virtue of the formula
Ksys* = 20050 ,15" + 2@ 510°T ,35° and by (2,6) and (2,7) we obtain (2,10). In a similar
way we may deduce the equations (2,11), (2,12) and (2,13). Let us add that in (2,12)
we made use of the notation Vv = 0,05 + I',,*f. This (V,v}) is not a mixed tensor.
Nevertheless, the equation (2,12) is of tensor-like character because, as may be shown,
(@) V05 + 1Q,,°0%) is a tensor.

3. We may interpret the Gauss equations (2,1) and (2,2) as a system of differential
equations of the first order for the unknown functions Bj(x®, 1), ,n*(x, t), B}(x®, t). We
shall call the equations that express the conditions of integrability of this system, the
Gauss-Codazzi-Ricci equations. Making the usual modifications (cf. e.g. [2], p. 120)
we begin with the equations, the left-hand members of wich are of the form Dy Dy;B;
or Di.Dy; ,n* respectively. For the conditions of integrability we shall obtain the
equations wich are formally identical with the equations in [3], p. 160, Formulae
15.28a), b), ¢), d). We shall call them the Gauss-Codazzi-Ricci equations I. If, by
mentioned modifications the left-hand member of the equations is of the form
D .DB; or D D ,n* or D;.DyB7 or Di.DBj, respectively, we obtain the equations
which we shall call the Gauss-Codazzi-Ricci equations II. We shall show that these
equations may be written in the following form:

(3.1) Ko, BiBIBIBS + 20 V,BiBS + Q4" =
= de: - ql; qmb + qhdb qma s
(3,2) K,,5°BiB}B) Pn, + 2Q) V B} Pn, = Phywi + D, "m, +
+ 204 'my — DPhyy, — *hy 3Q
(3.3) K;,s"BiB) jn*B: + 2Q)V, ,n*Bi = —D; ,m® — 139Q +
+ D, li + Jlawe + Svg m°,
(3.4) K;,0"BiB} jnf *n, + 203V, n*n, = —%h,, ,m* + D, 20 +
+ 204 ;Q + Pl: qme b D‘ ;Ud - ;vd gQ 9
(3.5) K‘,YB’BSBZBfB: — 284" 'we = Dyg'wly — JJfa"mey,
(3,6) K;,4*BiBIB] Pn, — 28,.° P'm, = Py, 'w, +

+ DpPmy + qopmyy,
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(3,7 K,,,*BiBIBIB: + 2Q) V BiB: = D,W° — I59W +
—D/wg — 'wawg + "my; m*®,
(3.8) K,,5*BiBIB! Pn, + 2Q) VB Pn, = Phy,W* + D/W + Pv,'W +

74.0€ p’ ’ p
- 'wgPm, + D’'my; — Ymy 20 .

To prove thé preceding assertion we first deduce by means of (2,2) these equations:

+ n*Chgwy + DSmy + v8my — DShy, — qhdb;Q) >

(3,10) 2D[dD‘] pn“ = Bz(_Dd ‘,mc - qls ;Q + Dt plz + P ;W‘; + ;vd qmc) +
+ n*(="hye ym° + Dy ;Q + 0450 + i°m, — D, v, — ¥, :0),

(3.11)  2DyD 4B} = Bi(Dy'wey — lfa “mey) +
+ 1(Chpap Wey + Dpa'mey + qofmy)

(3,12) 2D[dD']B: = B:(DJWC - qlz qW - D,'W; - 'wsw:;‘ + q’md qmc) +
+ _‘na ShdeWe + DdsW + ;quW - ,W; sme - D,‘"md - q'md ;Q) .

From the equations (2,11), (2,10), (2,13) and once more (2,11) we may successively
calculate that

(313)  2DDyB; = K;,5"BiBiB; + 20} V,B; + Qu’B;,
(3,14) 2Dy D, ,n* = K;,5"BiB! ;0 + 2Q}V, n*,
(3,15) 2DDBi = K,,,"BiB!B! — 2S,"D,B} ,
(3,16)  2DD;B; = K,,,"BiB}B} + 2Q} V,B; .

If we make the tensor product of the diference of equations (3,13) and (3,19) and
the functions Bj or ?n, we obtain after a simple modification the equations (3,1) or
(3,2), respectively. In the same way we transform the differences of equations (3,14)

and (3,10) or (3,15) and (3,11) or (3,16) and (3,12) and obtain the equations (3,3) and
(3.4) or (3,5) and (3,6) or (3,7) and (3,8), respectively.
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