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PERIODIC SOLUTIONS OF A CLASS OF ABSTRACT NONLINEAR
EQUATIONS OF THE SECOND ORDER

PaveL KRrEICi, Praha
(Received January 3, 1983)

INTRODUCTION

The aim of this paper is to prove the existence of weak periodic solutions of the
abstract differential equation

(1) F(u) = o(u) + h,

where F(u) = u” + Y(w') + «u, u’ = du/dt, ¥ and ¢ are nonlinear mappings of
a Hilbert space H into itself with linear growth and 7 isa linear elliptic operator
from V < H into V*.

The results obtained here are applied to the jumping-nonlinearity problem for
ordinaly and partial differential equations (many results for the linear case and
further references in this field can be found in [1])

In the case of partial differential equations { and ¢ are continuous real functions.
The requirement of linear growth of { is more restrictive than the assumptions made
by Prodi, Prouse, Krylovd and others (for the references see [2], see also [7]), but
on the other hand here the assumptions concerning the function ¢ are more general,
namely the values of lim ¢(u)/u as u - + o0 and w - — co may be separated by two
consecutive eigenvalues of the operator /.

The present paper is divided into two parts. In the first on the equation

() F(u) = h

is investigated and it is shown by rather elementary means that F is a homeomorphism
between suitable Banach spaces X and Y (see Assumption 2). Let us remark that
a little more general result can be obtained by using the Faedo-Galerkin method,
especially the assumption of the approximation of { by Lipschitz continuous map-
pings can be omitted.

In the second part the existence of a solution of (1) for each right-hand side is
proved by the fixed-point argument for the operator F~! by means of the topological
degree theory.
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Assumptions

1. Let H, V be two Hilbert spaces, V = H, Vdense in H and let embedding V — H
be compact. Let us identify H with its dual in such a way thatV = H < V*(for details
see e.g. [3]). The scalar product and the norm in H is denoted by (-, *)z and |- g,
respectively.

Let &/: V — V* be a linear operator such that the form

(v, v)) = (Lu) (v), u,veV
is a scalar product on V.,
Let /- H — H be a continuous mapping and b > 0 a real constant such that for
every we H,

Y(w) = bw + f(w).

Let us assume that f is monotone, (f(w), W)y 2 0for every we H, lim || f(w)| u/| W] s =
= Oas |w|z > + oo and there exists a sequence of Lipschitz continuous mapings f,
which converges uniformly to f in H.

2. Let T> 0 and put Y = [*(0, T; H) with the scalar product

(1, v) = f OT(u(t), o) di and the norm |u| = (I:"u(t)n;,dt)”z,

u,ve Y. Let us define (Ju = u” + «/u for each ue [*(0, T; V) such that w' e Y
and w”e*0,T;V*). Put X ={uel?0,T;V) ] weY, OueY, u(0)=u(T),
w'(0) = u/(T)}. The norm of an element u € X is defined as |ul| = [u’| + IDul.

3. Let C = H be a closed cone, i.e. a closed set with the properties C + C < C,
aC < C for each a =2 0, Cn (—C) = {0}. This cone induces a semiordering <:
v < wiff w — ve C. Assume that it has the following properties:

a) For every we H there exist w* = sup {w, 0} and w™ = sup {—w, 0} such that
(w*,w™) = 0, and the mapping w — w™* is continuous from H into H.

b) Denote € = {we YJ w(t)e C a.e.}. Put w*(t) = (w(r))* for te[0, T]. We
assume that (v*, v") = 0 for every ve X.

4. Let o() = {}i=1, 2 < Agays A = +00 as k > + o0, be the spectrum of o/
and let m,, be the multiplicity of the eigenvalue 4,. Let us denote by w,, k = 1,2, ...,
i =1,...,m, an eigenfunction of & corresponding to the eigenvalue J,, o/w) =
= J,w;. Assume that w. e C or wie —C only if k = 1.

5. Let g: H— H be a continuous mapping, lim |g(w)||x/[|w]x = 0 as |w|y —
— +o0, such that there exist real numbers u, v, () = pu* — vu™ + g(u).

Lemma 1. Let the assumptions 1 and 2 be fulfilled. Then for ue X we have

(Ou, u) = — |u’|2 + J: ((w, w)) dt and (OQu, w) = 0.
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Proof. Let o: |- TJ2, T/2[ - [0, + o[ be a C*-function with compact support in
]—T)2, T/2[. Let us define the sequence of “T-periodic mollifiers”

o) = n 3, ololt = k1),

=-

u,(1) = ‘[Tgn(t — s)u(s)ds.

0

The lemma is valid for u,. The passage to the limit n — + oo completes the proof.

Remarks

1. Let the assumptions 1 and 2 be fulfilled. Then X is a Banach space and the em-
bedding X — Y is compact. The last assertion follows from the fact that X is con-
tinuously embedded into X; = {ue [*(0, T; V) [ u' € Y} and from the “compactness
lemma” of [3].

2. For ue Y the mappings u > f(u), f(u)(t) = f(u(t)) and u > §(u), §(u) (1) =
= g(u(r)) are continuous operators from Y into Y (see [4]).

3. In the examples below, the methods of verification of the assumption 4 are
explained in [5].

Examples

1. Let G = R" be a bounded domain with a smooth boundary, H = I*(G). ¥/, ¢
continuous real functions, C = {ue H ] u(x) 20 ae}, V=HyG), o = —A.
One proves the existence of a T-periodic solution to the boundary-value problem
u, + Y(u,) — Au = ¢(u) + h, u = 0 on G, for arbitrary he Y = I*((0, T) x G),
where lim y(u)/u = b as u — + oo and lim ¢(u)/u is equal to pas u — +co and to v
as u —» —oo.

2. Analogous problem arises with ¥ = H*(G) n Hy(G), o/ = A%

3. Let Y, 9, C be as above, H = I*(0,1), | >0, ¢(u) = o(u) — u, Su =
= —d?u/dx® + u,V = {ue H'(0, I) | u(0) = u(l)}. Then the equation (1) represents
the generalized periodic problem for the nonlinear telegraph equation

wy + Y(u) — uye = @u) + h.

4. Let H,¥, ¢, $, C be as in Example 3, V = {ue H*(0, ) | w(0) = u(l), w'(0) =
= w(D},
4
Hdu = du +u.
dx*
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Then the equation (1) becomes the generalized periodic problem for the nonlinear
beam equation

e + Y1) + Uprer = G(u) + h.

5. Let , ¢ be continuous mappings from R" into R, H=V=R", C =
={ueR® | u=(u',...,u"), u' 2 0for each i = 1,...,,N}. Let 4 be a symmetric
positive definite (N x N)-matrix A = {a;;}, a;; > 0 for each i,j = 1,...,N. One

proves the existence of periodic solutions of the system of ordinary differential equa-
tions

w +yY(w)+ A u = o(u) + h.

I. INVERSION THEOREM

In this section we require the assumptions 1 and 2 to be satisfied. Our aim is to
prove

Theorem 1. F is a homeomorphism from X onto Y.
Obviously, F is a continuous mapping and for every u, v € X we have

o { = ol i - b0,
|[:|(u - v)l < |F(u) - F(v)l + |f(u') —f(v')| .
The assertion of Theorem 1 is a consequence of (3) and of the following two lemmas.

Lemma 2. Let f: H— H be Lipschitz continuous. Then F: X — Y is a homeo-
morphism.

Proof. Let ||f(w) — f(2)|ux £ L|w — z|u for every w,ze H. For se[0,1],
ueX put

4 F(u) = 0Ou + bu' +s.f(w),
and ¢; =1 + (L + 1)/b, ¢, =max {1,b + L}.
The inequality
) Ueru = of < |Fy(w) = Fv)| < caflu — ¢

holds for each u, ve X.

We know that F, is a linear isomorphism between X and Y. Let us suppose that

for some s € [0, 1] the mapping F, is a homeomorphism from X onto Y. Then for
arbitrary ¢ > 0 the equation

(6) Foofu)=h
is equivalent to

=F7'(h —ef(w)).
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The existence of a solution of (6) for arbitrary h € Y is therefore ensured by the
Banach contraction principle, whenever we choose ¢ < (Lc,)™". Since ¢ is independent
on s, the mapping F,: X — Yis onto for each s € [0, 1], and by (5) the proof is com-

plete. -

Lemma 3. Let {f,} be a sequence of continuous mappings from H into H which
converges uniformly to f in H. Let h be an arbitrary element of Y and let u, be the
solution of

Ou, + bu, + f,(u,) = h.
Then u, converge in X to the solution u of the equation
Ou + bu' + f(w)=h.

Proof. For n+ m we have [O(u, — u,) + b(u, — u;,) + f(u,) — f(u,) =
= f(w;) — f(w;) — f(u,) + fu(w,). Hence, {u,} is a fundamental sequence in X.
Let us denote by u the limit of u,. We have (u + bu’ + f(w) = h + O(u — u,) +
+ b(w' — u) + f(w') — f,(u,) for arbitrary n, and the proof follows immediately.

II. JUMPING NONLINEARITY

Throughout this section we make use of the assumptions 1—35.
Denote by A, the set of all (i, v) € R? such that the equation

) Ou + bu' = put — vu~

has only the trivial T-periodic solution (i.e. u = 0), and

Al = (]— OO, A’l [2 v ]A'l’ Az]z UkU [}'k’ 2/,‘.'. 1]2) \kUZ{(lk, )’k)} .
=2 =
The following lemma is an easy consequence of Lemma 1.

Lemma 4. Let u € X be a solution of (7) Then u = const., ue V, and

(8) Su = put — v,

Lemma 5. Let A ¢ o(/). Put R; = |[(/ — A1d)™!||(gpry = sup |(&/ — A1d) 7 u].
. eH

u
lul=1

Then

(a) R, = [dist (4, o())] ™%

(b) if [(o# — 21d)7! u| = R;.|u|, then u = Y iu,';w,';, where ul e R, o, =
ke s 1=1

= {k||A — 4] = dist (4, o(=))}.
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The proof of Lemma 5 is immediate if we represent u in the form of the series

[ my

Y. Y ujwi. The set o, contains two points in the case A = ¥(4, + X4,,) and one
k=1i=1

point in the other cases.

Lemma 6. A; < A,.

Proof. Let us consider two cases.

a) (u,v) lies in the interior of A;. Put A =4(u + v), x = 3(u — v). Let ueV
be a solution of (8). Obviously u = u* — u~, hence

) (o — 21d)u = »(u* + u”)
and Lemma 5 (a) yields

o] i o) o
Since |x| < dist (4, o(s#)), necessarily u = 0.

b) (1, v) € 84,. Set |x| = dist (4, o()). Assume p = Jyyy, v =14, k> 1 (the
other cases are analogous). Lemma 5 (b) implies

mg+1

myc

o N i i

ut +uT =Y W + Y ey Wieq -
i=1 i=1

The fact that u is a solution of (9) implies

my mpe+1
— gt - i, i i
u=ut —uT = =Y W+ Y Uy Wiy -
i=1 i=1
mk#l . . mk . .
Finally, weobtainu™ = 1 ¥ w,, Wiy, u™ =1 ujwi, henceu* and u™ are eigen-
i=1 i=1

functions of the operator /. Using the assumption 4 we obtain u = 0. -

Let us define the system of operators F,: X — Y as in (4). For he Y put u, =
= F;!(h), se[0, 1]. Then

Fo'h — F7'h = sFg'(f(u)) .
Making use of the a priori estimate |uj| < (1/b)|h|, from the assumption

L) a/[w]z — O asw|z = + o we deduce that for each & > 0 there exists K,
such that

(10) [Fo'h — F7'h| < e|h| + K, .

Lemma 7. Let (1, v) € A,. Then there exists m > 0 such that for every ue X the
inequality
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(11) |u — Fg'(uu* — vu™)| 2 3 mlu
holds.
Proof. Let us suppose that (11) does not hold. Then there exists a sequence {u;},
|u;| = 1, lim |u; — F5*(uu} — vuj)| = 0. Let us choose the sequence {u;} in such
J=oo

a way that Fg'(uu] — vu;)—> u, in X and Fg'(uuj — vu;)—> u, in Y.Con-
sequently u; — uo in Y, |uo| = 1 and uy = Fg '(uug — vug) is a nontrivial solution
of (7), which contradicts the assumption (g, v) € 4,. -

Let us define A, as the set of all (u, v) € 4, such that there exists a continuous curve
(a(2), b(z)) = Ay, z€[0,1], a,be ([0, 1]), a(0) = u, b(0) =v, a(1) = b(1) =
= A ¢ o(=/). Obviously A4, = A, and from Lemma 7 it follows that 4, and A4, are
open sets in R2.

Theorem 2. Let (u, v) € A,. Then the equation (1) has at least one solution ue X
for every right-hand side he Y.
Proof. Let (4, v) € 4, and h e Y be given. For any r, s€ [0, 1] and u € Y we have
Fol'(uut — vu™ + r(g(w) + h)) — F5'(uu* — )| <
< r|F5'(a(w) + h)| + |Fo ' (uut — vu™ + r(g(w) + b)) —
— gt = + r{glu) + ).

Using the assumption 5 and (10) we conclude that there exists a constant K,, > 0
such that

(12)  |F7'(uut = vu™ + r(g(w) + h)) — Fo'(uu* — vu”)| < mlu| + K,
Put R = K,,[m. The inequalities (11) and (12) imply that
(13) lu — F7Yuut — vu™ + r(g(u) + h))l > m|u|

for every u ey, ]ul > R. The operators F ' may be considered as compact mappings
from Y into Y. The property (13) enables us to define the topological degree of the
mapping u—u — F7'(uu* — vu™ + r(g(u) + h)) in Y with respect to the ball
Bg(0) = {ue Y| |u| < R} and to the point 0 for every r, s € [0, 1].

Let (a(z), b(z)) = A,, z€ [0, 1], be a curve such that a(0) = p, b(0) = v,a(1) =
= b(1) = A ¢ (). Then the homotopy property of the topological degree yields

d(u — F7'(p(w) + h), Bx(0), 0) = d(u — Fy'(uu* — vu~), Bg(0),0) =
= d(u — Fg '(uu* — vu"), BR(O), 0) = d(u — AFg*(u), Bg(0),0).

The mapping Id — AF; "' is linear, consequently its degree is odd. This ensures the
existence of u e Y such that u = Fy'(¢(u) + k). Hence, u € X and u is a solution
of (1). The theorem is proved. Cm
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Corollary. Let k > 1. Then there exists ¢ > 0 such that for arbitrary (u, v) € R?,
I — < V< M+ &< <My + ¢ and for each he Y there exists at least
one solution of (1).

Remarks

4. In special cases there is possible to describe the set 4, precisely. In the situation
of Example 1 with N = 1 and Example 3 this problem was solved by Fugik (see e.g.
[1]). He found a countable system {S,}, k = 2 of continuous curves in ]4;, + oo[?,

(Ax> 4) € S, such that 4, = (]—o0, 4,[2 U Ay, +0[2)\ U S,
k=2

5. In [6] it is proved that in the cases of Examples 2 (N = 1) and 4 there exists
a system of curves with the same property as above, but it is not found explicitly.
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