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GRAPHS WITH NON-ISOMORPHIC VERTEX NEIGHBOURHOODS
OF THE FIRST AND SECOND TYPES
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(Received August 8, 1985)

Summary. The paper is devoted to the relation between the classes ®;, ®, of graphs with
non-isomorphic vertex neighbourhoods of the first and second types; the main theorem of the
paper implies that each of the classes 8; — &,, &, — &, 8; N G, is infinite.
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INTRODUCTION

Let G = (V(G), E(G)) be a finite undirected graph without loops and multiple
edges, u € V(G) its vertex. The neighbourhood of u (defined in the obvious sense, i.e.,
as the induced subgraph on the set of all vertices which are adjacent to u in G) will
be referred to as the neighbourhood of the first type of u and denoted by Ny(u, G).
We say that an edge vwe E(G) is adjacent to u if v # u + w and either v or w is
adjacent to u. According to [3], [5], [2] we define the “line-version” of N,(u, G)
as follows: The neighbourhood of the second type of u (denoted by N(u, G)) is
the edge-induced subgraph (see e.g. [1], [6]) on the set of all edges which are adjacent
to u. (More precisely: the edge set of N,(u, G) contains all the edges vw € E(G) for
which min {¢(v, 4), e(w, u)} = 1, ¢(x, y) denoting the distance of vertices x, y).

J. Sedldgek [3], [5] introduced the following classes ®,, , of asymmetrical
graphs: ®, contains all graphs G such that for every pair of distinct vertices u,v € V(G)
the neighbourhoods of the i-th type N {(u, G), N (v, G) are non-isomorphic, i = 1, 2.

In [3] it is shown that for every integer n = 6 there exists a graph G, € 6, with n
vertices; the corresponding graph Gs (with the minimum number of vertices) is
shown in Fig. 1. The analogous question for the class G, is solved in [2]: A graph
G, € ®, with n vetices exists if and only if n = 7; the corresponding minimal graph
G, with 7 vertices is shown in Fig. 2.

As shown in [5], the graph in Fig. 1 belongs, in fact, to &, — 6,, and hence
®, — 6, * 0; analogously, the graph in Fig. 2 belongs to ®, — 6, and hence
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®, — G, + 0. Further, an example is given in [5] of a graph with 8 vertices which
belongs to ®; N ®,; hence ®; N G, * 0. In the present paper we shall show that
each of the classes &, — 6,, 6, — 6,, 6, n &, is infinite, and we shall find the
minimal member in the last of them.

Fig. 1 - Fig. 2

MAIN THEOREM

Theorem. Let n be an integer. Then there exists a graph G, with n vertices which
belongs to the class

a) &, — 6, if and only if n = 6,

b) &, — 6, if and only if n = 7,

¢) &, N 6, ifandonly if n = 7.

Corollary. Each of the classes G, — 6,, &, — 6, 6, N &, is infinite.
We shall first prove some auxiliary assertions. We say that a vertex u € V(G) is
universal if it is adjacent to all the other vertices of G.

Lemma 1. Let n = 6 be an integer; suppose that G, is a connected graph having n
vertices uy, ..., u,, and that none of them is universal. Let us construct the graph
G,+1 with n + 1 vertices by adding a new vertex u,,; to G, and making it univer-
sal in G,. 4. Then

a) G,€6®, <> G,,,€6,,

b) G, €6, < G,.,€6,.

Proof.1.Leti = 1 ori = 2and G, € 6;; suppose G+ ¢ ®,,i.e., for some distinct
vertices ,, us € V(G,, ;) there exists an isomorphism f: Ny(u,, G,+1) = Ni(ttg, G, 11).
Since u,+4 is universal in Ny(u;, G,+1) for 1 < j < n while Ny(#,+1, Gp4q) = G,
has no universal vertex, necessarily @ < n and B < n (= denotes isomorphism).
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Hence either f(u,.1) = #,,, and then the partial mapping f|y(.c..c,) i an iso-
morphism N(u,, G,) onto N(us, G,), which is impossible, or f(u,,4) is another
universal vertex u, in N,(u,,, G,+1), and in this case interchanging the universal
vertices u,, u,,; We again obtain a contradiction.

2. If, conversely, G, ¢ ®, for i = 1 or i = 2, then we have an isomorphism
f: N(u,, G,) > Ni(ug, G,); defining f(u,+,) = 4,4, we obtain an isomorphism
f: Nty Gusy) = Ny(ug, G, ) and hence G, , ¢ 6,.

Lemma 2. Let n = 6 be an integer; suppose that G, is a graph with n vertices
Uy, ..., U, such that the only universal vertex in G, is u, and that the minimum
degree of G, is at least 2. Let us construct the graph G,,, with n + 1 vertices by
adding a new vertex u, ., to G, and joining it to u, by an edge. Then

a) G,e 6, <G, €6,

b) G, € 6, < G,.y € 6,.

Proof. a) 1. Let G, € ®,. Evidently N,(u;, G,) = Ny(u;, G, )for 1 <i<n—1;
moreover, u, is the only vertex of degree n in G, and u,,, is the only vertex of
degree 1 in G, . Hence G,,, € G,.

2. Suppose conversely that G, ¢ 6, i.e., some distinct vertices u,, u; € V(G,) have

isomorphic neighbourhoods. Since u, is the only universal vertex in G,, necessarily
a + n + f; hence

Nl(uan G+ l) = Nl(uaa Gn) = Nl(uﬂ’ Gn) = Nl(up’ Gu+ 1)

and therefore G, ¢ ®,.

b) 1. Let G, € G, and suppose that G, ¢ ®,, i.e., there exists an isomorphism
f: Ny(uy, G,1y) = Ny(ug, G,4,) for some u,, uze V(G,4,), u, + u, First observe
that the neighbourhoods of u; for i + n have n vertices while N,(u,, G,+) hasn — 1
vertices; hence « # n % f. Further, evidently N (u,+1, G,1y) 2 Ky gy If 0 =
=n + 1 then Nz(u,,, G,+1) 2K, ,-; and 1< B < n — 1; considering neigh-
bourhoods of the neighbouring vertices of u; we obtain a contradiction. Hence
o % n + 1; similarly B + n + 1 and therefore 1 < «, § < n — 1. The vertex u, .
has degree 1 both in N,(u,, G,+,) and in N,(up, G,+,); hence either f(u,,,) = u, 4,
and then the partial mapping f|ywyu..6.) iS an isomorphism N,(u,, G,) onto
N(ug, G,), which is impossible, or f(u,+,) is another vertex u, of degree 1 in
N(ug, G,) and in this case by interchanging the vertices u,.,, u, we again obtain
a contradiction. ‘

2. Suppose conversely that G, ¢ ®,, i.e., we have an isomorphism f: N,(u,, G,) -
— N,(u;, G,) for some u,, uze V(G,), @ + B. Necessarily « & n + p since u, is
universal in N,(u;, G,) for 1 < i < n — 1 while N,(u,, G,) has no universal vertex.
Further, u, is the only vertex of degree n — 1 both in N,(u,, G,) and in N,(u, G,),
and hence f(u,) = u,. Therefore, if we define f(u,,,) = #,,,, we obtain an iso-
morphism N,(,, G, 1) onto Ny(ug, Gy ), i.6. Gpyq € 6,
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Lemma 3. Let n = 6 be an integer; suppose that G, is a graph with n vertices
Uy, ..., U, such that the only universal vertex in G, is u,_, and the only vertex of
degree 1 in G, is u,. Let us construct the graph G, with n + 1 vertices by adding
a new vertex u, . to G, and joining it to u, by an edge. Then

a) G,,G Gi1 had Gn+l € (51’

b) G, e 6, < G,y € G,

Proof. a) 1. If G, € ®,, then, since Ny(u;, G,) = Ny(u;, G,4y)for1 i <n—1,
Ny(tp41, Gy+1) is the graph which consists of an isolated vertex and N(u,, G,+,)
consists of two isolated vertices, evidently G, ., € 6.

2. If, conversely, G, ¢ ®,, then there exist vertices u,, ug, o + B, such that
N,(u,, G,) = N,y(up, G,). Evidently 1 <o, p < n — 1 and hence N,(u,, G,y) =
= N,(u,, G,) ~ Ny(u;, G,) = Ny(up, G,11), ie. Gppy ¢ 6.

b) 1. If G, e 6,, then evidently G,., € ®,, since N,(u;, G,41) = N,(u;, G,) for
1<iZn, i+n-—1, and these neighbourhoods have n — 1 vertices and are
connected, while N,(u,—;, G,+,) is disconnected and N,(u,+, G,+;) has exactly
two vertices.

2. If, conversely, G, ¢ ®,, then N,(u,, G,) = N,(u;, G,) for some & # B. One can
easily observe that necessarily « &= n — 1 % B and hence evidently G, ¢ ®,.

Proof of the theorem. The assertion concerning the non-existence of the graph
G,€ 6, — G, with n vertices for n < 5 is contained in [3], the non-existence of the
graph G, on n vertices which belongs either to &, — &, or to ®; n 6, follows for
n < 6 from [2], Theorem 2.1.

a) For n = 6 define the graph G, € &, — ®, by using the following construction:
— for n = 6 see the graph Gg in Fig. 1; '
— having obtained G,, construct G, ; using

Lemma 1 for n = 0 (mod 3),

Lemma 2 for n = 1 (mod 3),

Lemma 3 for n = 2 (mod 3).

b) For n = 7 define the graph G, e &, — ®, by using the following construction:
— for n = 7 see the graph G, in Fig. 2;
— having obtained G,, construct G, using

Lemma 1 for n = 1 (mod 3),

Lemma 2 for n = 2 (mod 3),

Lemma 3 for n = 0 (mod 3).
c) For n = 7 define the graph G, € 6, n 6, by using the following construction:
— for n = 7 see the graph G, in Fig. 3; one can easily observe that G; € 6; n 6,;
— having obtained G,, construct G, ; using

Lemma 1 for n = 1 (mod 3),

Lemma 2 for n = 2 (mod 3),

Lemma 3 for n = 0 (mod 3).
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Fig. 3
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Souhrn

GRAFY S NEIZOMORFNIMI OKOLIMI UZLU 1. A 2. DRUHU
ZpENEK RYJACEK
V &lanku se zkouma vzéjemny vztah tfid &,, &, grafi s neizomorfnimi okolimi uzld prvniho,

resp. druhého druhu; z hlavni v8ty &lanku jako dusledek vyplyva, Ze kazdd z ttid G, — ©,,
8, — 6,, 8; N G, je nekonetn4.

PesomMme

T'PA®BI C HEM3OMOP®HBIMHN OKPYXXEHUWUSMMU BEPIINH ITEPBOI'O
1 BTOPOI'O THUITOB

ZDENEK RYJACEK
B crathe m3ydaeTca B3aEMobTHOmerMe kiaccoB ®;, &, rpados ¢ memsomMopdEEIME OKpyKe-

HASMH BEPIIMH NEPBOTO M BTOPOTO THmA. VI3 I1aBHOM TEOPEMEI B KaueCTBE CIIEACTBHS BHITEKAET,
9TO Kax/pi 3 knaccos §; — &,, 8, — G, @; N B, Geckoneuen.
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