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AFFINE DEFORMATION OF SURFACES

JinpRICH KERNDL, Brno

(Received October 21, 1969)

In the paper the so called conjugate correspondences between surfaces immersed
in (n + 1)-dimensional affine unimodular space A4, are studied. Conditions for an
affine deformation of the second order are derived supposing n > 3. The case of
a surface immersed in a 4-dimensional affine space A, is not sufficiently general and
it was studied in a special paper. (See [2].)

I would like to express my gratitude to Professor K. SvoBoDA for some suggestions
leading to the simplification of arguments.

L

Let (4) be a surface immersed in (n + 1)-dimensional affine space 4,.,, n > 3
generated by the point 4 = A(u, v), (4, v) € C%, (C = complex numbers). To each
point of the surface we associate a frame consisting of the point A and linearly
independent vectors I, I,, ..., I, such that

(1.1) [I,I,...I,.,]=1.
The fundamental system of difierential equation is

n+1 n+1

(1.2) d4 =ka°"1"’ dI; =k§_;1w,.,‘1,‘, j=1,2,..,n+1,

wy, ;, being linear differential forms in parameters determining the specialization
of the moving frame.
Differentiating (1.1) and using (1.2), we obtain

n+1

(1.3) z WOy = 0 .
k=1

Further, the forms w fulfil the structure equations of the affine space

n+1 n+1

(14) doj=Y o, Ay, doy=YwpAawy; i,j=1,2,...,n+1.
k=1 k=1
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Moreover, we shall suppose that the surface (4) is not developable and we shall
consider (4) being a surface immersed in the projective space P, ; obtained from the
space A,,, by its projective extension. Then each vector of A4,,; is an improper
point of P, ;. These points generate the n-dimensional improper projective space P,.
We can speak about the points I, I, etc. when thinking of the improper points of the
space P, determined by the mentioned vectors. According to our suppositions,
improper straight lines of tangent planes of the surface (4) generate the line congru-
ence L in the space P,. We shall suppose that the congruence L is non-parabolic with
the character three (see [1], p. 12).

We shall suppose the frame to be specialized so that the following equations hold

(1.5) w; =0, i=34,..,n+1; 0, Aw,*0;
(16) W3 = @y, Wyy = @,
w4 =0, w3 =0,

Wiy =00, , Wy =00, a0,

w1j=0’ w2j=0; j=5,6,...,n+1.

By exterior differentiation of equations (1.6) we obtain

(1.7) @y A 201 — ©33) — 0,0, A ©y; =0,
Wy A (20,5 — w4q) + 00 A 0y =0,
Wy A w3y =0,
W; A wyy =0,
w; A w3, + 0, A (doy — 001;) — adfo, A @, =0,
w; A (day, — 0,0,,) + @3 A 04 + B30, A @, =0,
Wy A w; =0,
Wy Nwgj=0; j=56,..,n+1.

As usual, let us denote by é the differentiation so that du = dv = 0 and let us write
®;;(8) = e;;. Then we have from (1.7)
oay = ayey, ou, = aey; .
Moreover, it holds
0wy = —e,0;, 00, = —ew,
and we are able to verify

Lemma 1. The form ¢ = a,0,0,0, is invariant (i.e. dp = 0). Equation ¢ =0
is the equation of the conjugate net of the surface (A).
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II.

Let us consider a surface (B) immersed in an affine space 4, ,, # > 3 and generated
by a point B = B(u’, v'). Let us consider the same suppositions on (B) as those on (A).
Let the frame of (B) consist of the point B and of the vectors Jy, J3, ..., J,41 such
that

(L.1) [JiJyodper] = 1.

Suppose this frame to be specialized in the same way as that associated with (4).
We denote all expressions connected with (B) by a dash. So the surface (B) is deter-
mined by the system of equations (1.3"), (1.5"), (1.6") together with the exterior
quadratic'relations (1.7"). There is no need of writing these equations here.

Now, let us consider a correspondence C : (4) — (B) such that the point B = CA
of the surface (B) corresponds to the point A of the surface (4). Let C be regular.
Then it is given by

(2‘1) w7 = 1101 + A20;, A4y, Ay
, +0.
Wy = 2101 + A0, , |21, A2z |
We shall use the following specification
T =0 — 05, t;=e;—e;.

The correspondence C : (4) — (B) is called conjugate in the case it is given by the
relations

(2.2) (D; = /11(,01 Y wlz = 12(02 s 11}»2 =*= 0 .

Let us remark that the geometrical characterization of the conjugate correspondences
follows from Lemma 1.

By exterior differentiation of (2.2), we get
(2.3) w, A (dil + ﬂ’ltll) - ll(lza; - az) Wy AN Wy = 0 N
0y A (dAy + A,755) + (A2 —ay) o A @, =0.

Hence, we have : :
0Ay = —Mtyy, 64y = —Ayts;.

Now, it is easy to see that the choice 4; = 1, = 1 corresponds to the specialization
of the frames by the relations t,; = t,, = 0. The conjugate correspondence is then
given by the equations '

(2.4) w; =w;, w; =, .
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Corresponding exterior quadratic relations are

(2.5) (01 A 711 - (a; - a2) 0)1 A (1)2 = 0,
Wy ATy + (2] — o)) oy Ay, =0.

Using Cartan’s lemma, we obtain

(2:6) Ty =fioy + (@) — o) 0,
Ty2 = (0‘,1 - o‘1) o, + f0, .

By exterior differentiation of (2.6), we get (when denoting &, = a] — «,, &, = aj —
— az)

(2.7) w; A (dfl -—flw“ + T31) + w; A (d&z - &20)22) +
+ (g0, — ajay + 0y fy — ay8;) @3 A wy =0,

w; A (A&, — dy0y,) + w2 A (df; — fLo, + 145) +
+ (ajay — aya, + &0, — oy f}) 0y A @y, =0.

Finally, let us remark that the tangent plane of the surface (4) at any point A is
determined by [ AI,I,]. The above mentioned line congruence L is generated by [I,1,].
Similarly, L is the marking of the congruence of the improper lines [J,J,]. Suppose
C :(A4) > (B) to be the correspondence. Now, the correspondence y : L— L is
determined in a natural way so that the improper lines of the tangent planes at the
points A, B = CA of the surfaces (4), (B) correspond to each other. Particularly,
C : (A) - (B) being conjugate then y : L— L is developable.

I

In this section, we shall deal with the affine deformation of surfaces.

Let (A) be a surface immersed in an affine space 4,.1, n > 3. Suppose the frames
of the surface (4) to be specialized so that equations (1.3), (1.5), (1.6) hold. Let us
make the analogous suppositions concerning the surface (B) immersed in an affine
space A, ., n > 3. Finally, let us consider the correspondence C : (4) — (B) given
by relations (2.1).

The correspondence C : (4) — (B) is called an affine deformation of order k if
for each point A of the surface (4) there exists an affinity T': 4,,, — A4, such that
the surfaces (TA), (B) have an analytic contact of order k at the point B = CA.
We shall say that T realizes the affine deformation C.

Conditions for the correspondence C to be an affine deformation of the first order
consist in the existence of the affinity T so that it holds

3.1) TA =B, TdA =dB.
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Let the affinity T be given by
n+1

(3.2) ‘TA=B, TIJ=ZaJka; j=1,2,...,n+1-
k=1

Further, we shall always assume the determinant of the matrix M = [ja| being
equal to one, i.e.

(3.3) detM =1.
Now, we have

d4A = w0, + w,I,, dB = wiJ; + w3J,.

Making use of the affinity (3.2) and equations (2.1), we get from conditions (3.1)

Lemma 2. Any correspondence C : (A) — (B) given by relations (2.1) is an affine
deformation of the first order. The affinity T realizing this deformation is of the
form

(3.4) TA = B
All 121 0 0 ... 0
112 2122 0 0 « o e 0
M =|as a3; a33 az4 ... 43444
|a,,+11 ............. an+1"+1

Now, let C : (4) - (B) be an affine deformation of the second order. Then for
each point A of the surface (4) there exists the affinity T: 4 ,, — A, sothatitholds

(3.5) TA =B, TdA =dB, Td?4 =d’B.

We can suppose that the affinity T'is of the form (3.4). Further, it holds

4
d2A = Z Qka N
k=1

where we denote

(3.6) ¢1 = da)1 + (Ulwll + azwlwz ’
QZ = dCOz + w,w,, + Xy, ,
¢3 = (Df > ¢4 = wg .

Making use of the affinity (3.4), we compute

(3.7) szA = (1-11451 + 112¢2 + a31¢3 + a41¢4).J1.+
+ (A21D1 + 22292 + a3,P5 + a4,P,) T, +

n+1

+kz3(03k¢3 + a4k¢4) Jk .
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Furthermore, we have
4
(3.8) d’B =) &, Ji
k=1
where we denote
(3.9) P = do| + o], + GO,
?), = dw) + w,w), + AW,
P =0, P, =0,
‘With regard to the last equation (3.5) and using (3.7), (3.8), we get by comparing
the coefficients of linearly independent vectors Jy, J2» -+, Jn+1
(3.10) ).11¢1 + /112452 + a31(p3 + a41¢4 = ¢’l ’
A31Py + 222®; + 43,83 + 04,P4 = P25
a3393 + a439, = D3,
A34P3 + a4,94 = D,
a3j<P3 +a4j¢4=0; j=5’6""’n+1'

Using (2.1), (3.6), (3.9), we obtain in the first place

(3.11) a3j=a4j=0, j=5,6,..-,n+1’
then
(3-12) az3; = '1%1 s Q43 = /1%2 s '111112 =0,

2 2 =
Q34 = 421, Gaq = A2z, Ap2h21 =0.

We can assume A;; * 0. Then (3.12;) yields A, = 0. Now, we have 1, # 0 (see
(2.1)) and (3.12) yields A,; = 0. Therefore, it is necessary for C to be a conjugate
correspondence. We may suppose that it is of the form (2.4). Moreover, equations
(2.6) hold.

Now, equations (3.10, ,) yield

(3-13) a1 =f1, a4 =a3, =0, a4, =/,
and also
(3.14) ap =ay, oy =a,.

These conditions are sufficient, too.
Theorem 1. Let (A) be a surface in an affine space A,.1,n > 3. Let (B) be a surface
in an affine space A, 1, n > 3. The correspondence C : (A) — (B) is an affine defor-

mation of the second order if and only if it is conjugate and equations (3.14) hold.
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As regards the affinity T realizing an affine deformation of the second order, we
find out

Lemma 3. Let C : (A) — (B) be an affine deformation of the second order. The
affinity T realizing this deformation is of the form

(3.15) TA = B
10000...0
01000...0
f,0100...0
M=1{0f010...0
a51 ----------- a5'"+1
an+ll --------- a"+1"+1

Let us notice the following fact. Supposing C : (4) — (B) to be an affine deforma-
tion of the second order then ¢ = ¢’ holds where ¢ = a,0,w,w, is the point form
of the congruence L([1], Prop. 1.). Taking into account [1], Prop. 2., we get

Lemma 4. Let the correspondence C : (A) — (B) be an affine deformation of the
second order. Then the correspondence y : L— L is a point deformation.

Finally, let us suppose that the surface (4) immersed in A4, is given. Let us con-
sider the pairs [C, (B)] where (B) is a surface in A4,,, and C : (4) — (B) is an affine
deformation of the second order. These pairs are determined by the system (1.3),
(1.5), (1.6"), (2.4), (2.6) together with the exterior quadratic relations (1.7), (2.7).
Of course, conditions (3.14) are to be considered. The system is involutive.

Theorem 2. Let (A) be a given surface immersed in an affine space A,.,, n > 3.
Then the pairs [C, (B)], (B) being-a surface in A,,,, n > 3 and C :(4) - (B)
being an affine deformation of the second order, exist and depend on 2(n + 1)
functions of one argument.
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