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THIRD BOUNDARY VALUE PROBLEM
FOR THE HEAT EQUATION I

MirosLAv DonT, Praha

(Received August 14, 1979)

INTRODUCTORY REMARKS AND NOTATIONS

We shall deal with the heat potential in the Euclidean plane R2. Points in R?
will be denoted by [x, t], [£, 7] etc.

Fix a,beR!, a < b and let ¢ : {(a, b) - R! be a continuous function on the
interval {a, b). Denote

(0.1) E={[x,t]eR?* te(a,b), x> o(t)},
0.2) K =K, = {[x,f]e R?* tea, b), x = ¢(1)} .

For ae R! let
R,={[x.t]eR* t <o}

and for «, B € R, o < B we denote
Raﬂ = Rﬂ - R—l .

By 2 we denote the class of all infinitely differentiable functions with compact
support in R?; the support of a function ¥ will by denoted by spt y. For « € R let

P, ={YeD; spty cR}.

Let G stand for the heat kernel in R?, that is, G(x, ) = O for t £ 0,

G(x, 1) = (n)~12 exp <—i‘f)

4t
for t > 0.

By the term measure we shall always mean a finite signed Borel measure usually
in R'. The set of all finite signed Borel measures in {a, b) (that is, measures in R
with supports contained in {a, b)) will be denoted by %#'(<a, b)) or simply #'.
For pe #'(<a, b)) let u*, p~ and || be the positive, the negative and the total
variation (respectively) of the measure u. Then

376



p=pt—p, |y =pt+p
The set #' is known to be a Banach space if it is equipped with the norm
Ji = el (o, 55).
For p e #'({a, b)) let us define the heat potential U, by

0.3) Uy(x, 1) = U%Gx, 1) = rc(x — o(0), t — 7) du(e)

for those [x, f] € R? for which the integral in (0.3) exists. The potential U, is certainly
well defined on the set R? — K and solves the heat equation on this set.

One can easily calculate that the following inequalities hold for «, e R!, a« < fB;

(0.4) J f Ol dxdrs 28 ~ a),

o[k

(see also (10), (11) in [15]). Putting

(x, f)

dx dt <-\/—\/(ﬂ ~ )

E(zB =En Raﬂ

we obtain from (0.4), (0.5) that for any p € #'({a, b)) the following estimates hold:

04) [[| e ol axar < 21ul (6 ~ .

o Lk

(see also (13), (14) in [15]). The validity of these inequalities allows us to define for
p € #'({a, b)) a distribution H, on 9, by

(0.8) W HY =~ H (aU-“a—‘” -U, ‘M) dxdt, (Vea,).

dx ox ot

Ui, 1)

dxdt < \/— lel V(B = @)

Let us suppose for a while that the function ¢ has a bounded variation on {a, b)
and that U, and U ,‘/ax can be extended continuously from E to E. Then the term
<Y, H,> can be expressed in the following way. Let &(r) = [¢(t), f] (€ <a, b)),

. oU,
p[- s v 2]
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In virtue of the fact that the potential U, satisfies the heat equation we have

%%_}_%U

. rot F = — P
ox 0x ot

on E. Since, by assumption, spt ¥ = R,, spt § is compact, and since U,(x, ) = 0
for t £ a, we obtain from the Green theorem that

b
Y, Hy» =ffrotF’dxdt= —JFd@:
E

- W00 00000, 9 00 + [ 9060, 052 010, 9 0

(¥ € @s)- In this sense one can view the distribution H, as a weak characterization of
the term

ou

—£ 4+ U,. 4

0x

considered on K, where i, is a measure on {a, b) derived from the function
@ (do(t) = de(t); note that any measure on {a, b) can be considered a measure in R*
with support contained in the set K — see [7], for instance).

In the following, € = %(<a, b)) and ¥; = %, (<a, b)) will denote the spaces
of all continuous functions on <{a, b) and of all continuous functions f on <{a, b)
such that f(b) = 0, respectively. Both ¢ and ¢, will be endowed with the supremum
norm (these spaces are then Banach spaces). Then #'(<a, b)) is the dual space of the
space %(<a, b)). The dual space of the space €g (Ka, b)) is the space

By = Bo(Ca, b)) = {n e #'((a, b)); u({b}) = 0}.

We shall show in what follows that under a certain condition on ¢ (namely a geo-
metrical condition on the boundary of E) the distribution H, can be represented by
a measure from %, and the equation

(0.9) H,=v

(where v is given and p unknown) has a unique solution in % for each v € %,
For a given A € %, we shall further define an operator 4,,

A,=H,+L,,
where

‘. - b - -
W L = [ Wol) ) U, ) ()
(¢ € 2). 1t will be also shown that under certain conditions on the function ¢ and
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on the measure A the operator A, can be represented by a measure from %, and
that the equation

(0.10) A, = v

has a unique solution in % for each v e %g. If p is the solution of (0.9) or of (0.10)
then the potential U, solves a certain third boundary value problem of the heat
equation on the set E with a prescribed condition on K.

1. THE OPERATORS W AND W

Before starting the study of the operator H let us consider the operators W, W.
For [, t] € R?, Y € 2 let us define W/(¢, 7) by

(1) (e, 7) =
= _J"L<£ Gx —¢& t — T)%E(x’ )= G(x—-¢& t— r)%(x, t))dxdt.

Let us introduce the following notation. Let # > 0, r > 0,7 Z a, r + t < b. Then

we put
Qz 0? -
Hé.:(’?:’)= §+Q,r+_;g>0a"—<ra
4n 4n

0 0?
HE.:’(%’)={[€—Q, T+—]; e>0, ——<r}.
4n 4n
A point a e Hf (1, 7) (¢ = +1) is called a hit of H{ (n, r) on E if, for each & > 0,
H(H: (n,r) " En Qfa)) >0,
H,(HZ.(n, ) — E) n @a)) > 0

(where H, is the linear Hasudorff measure in R?, Q(a) = {ze R%; |z — a| < &}).
The number (finite or infinite) of the hits of H§ (1, r) on E is denoted by #if.(1, r)-
Further, let

Agdn, 1) = A (n,r) + Agi(n, ).

1.1. Lemma. Let r >0, 1= a, r + 1 < b, E€RY. Then the function ﬁ;,:('l, r)
is a Baire function of the variable n on the interval (0, o). If we denote

(1.2) (& 1) = f 5 \1/71 e " hg (n,r)dn = J e™ fig (o, 1) da,
0 )

D, ={Ve Doy [E]éspty, V] £ 1},
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then

(13) sup {WY(¢, ) we@}—— ).

-

Proof. The proof is analogous to those of Lemma 1.6 in [15] and Proposition
1.8 in [15].
Let a<t<b, (R andlet E, = E - R,,

E} ={[xf]leE; x>&, E ={[xfeE;x<¢&.
For Y € 2 we then have

W (&, 7) =
(S i e e

H exp< 4(,:52)2>{ /(Z(:fT)S)Zf( A (t 5 6t( )}dxdt:

=Ix +12.

In the integral I, we employ the change of variables

9:~—"—Ex=n,x—§=g
)
that is,
( -
x=¢4+0, t=1+—;
4n

let us denote this mapping by S*). In the integral I, we employ the change of
variables

(x =0 _ =n, x—&=—¢
( 4t — 1)
that is,
2
Q
x=¢—-p, t=1+—;
Q‘ 4

let us denote this mapping by S~). If we write

EY = (S*)7'(EF), E=(S7)"'(E))

then

2 2
EI={[Q,n];e>0,n>0,—g~<b.—r,¢ t+L)<E+op,
; 4n 4n

s '3
E* =[en];e>0,1n>0=<b-1,0¢(t+=—)<E&-0}.
4n 4n
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Denoting further

2
U, ={e;0<e<2x/('l(b‘f)),¢(1+%)<f+9}»
1

Uy = {e.0<e<2~/(n(b-r)) <p(r+4n> é—e}

we obtain by the change of variables and by the Fubini theorem
1 (% 0 e :

I, = = , T+ - — , dodn =
1 J.E“J(nn)e (636(“_@T 4n>+2n6<é+et+4n>)gn
=_[ : e""—‘?-[ <é+e,r+ 2)]dedrl‘

Es* \/(Ttﬂ) 69 4"
[ e L alt E e D)oo
0 \/(7"1) Upt de 4n
1L (& I WL :
I, = " -0 — =& -p, dodn =
T ax(‘f oo )i (f e e g))een-
el (e g e
JE () de ™ | i
(1 0
- e ¢(é—e,r+ )]de}drl
J‘o {\/(“'l) .f - d¢ I: 4n

Now we can conclude that (if te{a, b), (e R, Yy e D)

T R T
e T

It is easy to verify that
0 4 ¢
Z ,t+2) 14 -0, do$ =
539‘3{L"+ ae[‘[’ (¢4 T+4n>] ¢ L"- Gt o) d
S I e B B R B
ved: (Ja,+ 00 4n ved: (Ja,- 00 4n

Now we could complete the proof in a way quite similar to the proof of Proposition

1.8 in [15] (see also Lemma 1.3 in [39]). The crucial point of the proof consists in
using Lemma 1.3 from [15] (we also use 1.9 from [13]).

(1.4) Wy(e,
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1.2. Remark. We have defined #(¢, 7) in the case te<a,b), r>0, 1 +r <
< b(¢eRY). If t + r > b (including the case r = + o) then we write

- (& 1) =" 7).
In the case © = b we put

(& 1) =0

for each r > 0. Further, we shall also write #(&, t) = #°(¢, ) (r 2 a). The term
#(¢, 7) is called the adjoint parabolic variation of E (or of the function ¢) at the point
[¢, 1] We shall see below what is the connection between the adjoint parabolic
variation and the parabolic variation defined in [3].

1.3. Let us introduce the following notation. Let [&, 7] € R?, t€ <a, b) and sup-
pose that §(¢, t) < co. Then
A (n, b — 1) < ©

for almost all n > 0.
Forn > Owith A [(n, b — 1) < o0,for0 < ¢ <2./(n(b — )) andforx = +1 let

us put
sidem) =0 (= £1)

if there is a § > 0 such that

Hl({[é+x(g+au), z+%qﬂf]; ue(o,a)}ns>=o,

H, ({[5 + o — ou), T+ (_(,_:4:_“)2] ueo, 5)} - E)

Further, put

0.°

s:0,n) = —1
if there is a 6 > 0 such that

H,({[¢+xu,}+4ﬁﬂ; ue(O,é)}—E>=0.

In all the other cases put
stle,m) =0, (20, 7>0).
Let f be a bounded Baire function on {a, b). Then for > 0 we define

(1.5 20 = % (Z7(-+ &) sdem).

- x=%1 \g>0
For ¢ € 2, we define
(16) Zy(n) = Z,(n),
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where

f@) = ¥(o(t), 1), (te<a, b)).
Further, we define for ¢ € 9, (and for the above given [¢, 7])

(1.7) Zy(m) = Zy(n) + W(& 1) (4.0, n) + s5.1(0, m)) .
It follows from (1.4) that for y € 9,

(13) oz, 7) = f ’

1
/()

Especially, it is seen from here that the function £,(y) is a measurable function of
the variable n on the interval (0, o0) (if Y € 2,) and also that Z,(r) is a measurable
function on (0, c0) if Y € @, is such that Y(&, ) = 0. Since the term Z() is in-
dependent of f(7) and f(b), we can obtain (by means of limit processes) that the
function X (n) is a measurable function of the variable  on (0, o) for any bounded
Baire function f on (a, b). It follows from (1.7) that also the term

(52,40, m) + 5¢.(0, 7))

is a measurable function of the variable # on (0, o).

e "E(n)dny.

Let now f be a Baire bounded function on {a, b) (the set of all bounded Baire
functions on <a, b) will be denoted by # = %({a, b))) and let | f | < k (say). Then
certainly

‘Zf(”)l S kg (n,b—1).
As (¢, 1) is supposed to be finite the integral

1

(1.9) Wf(E <) = fo N ™" Z,(n) dn
converges and
(1.10) Wi ) < 2 k& ).
Jr
We obtain from (1.3) and (1.10) that
(1.11) sup {WSf(E ) febs(Ca b)), |f] 1) =

= sup (WS )i fe . |f] < 1) = - (o).

Moreover, we find that if f, € 4, lf,,l < k, f, — f pointwise on {a, b), then

(1.12) lim Wf, (& ©) = Wf(£ 1),

n—o

383



as
!qu(")l é k ﬁ:,z(n, b - T)

and (1.12) follows from the Lebesgue theorem.
Before finding another expression for Wf(¢, 7) let us introduce the following
assertion.

1.4. Proposition. Let [x;, ;] € R? (i = 1, 2, 3) be the points in the general position
(that is, [x;, t;] are not situated on a single line) and such that t, € <{a, b) (i = 1,2, 3).
If

b > to > max {ty, t,, t}

and if

( B(xi 1) < 0, (i=1,23)
then
(1.13) var [@; {to, b)] < 0.

Proof. We shall not prove this assertion in detail since the proof is quite analogous
to that of Proposition 2.3 from [39].
Let g € R!, ¢ > max {¢(t); t € {a, b)}. Using the same arguments as in the proof
of Proposition 2.3 from [39] one can show that the perimeter of the set
0, ={[x.1]eE - R,;; x < q}

is finite. But this implies that (1.13) is fulfilled.

1.5. We shall suppose henceforth that the condition
(1.14) var [¢; <a, b)] <
is fulfilled.

1.6. Now we shall show another way how to express the term Wf(¢, 7). For this
purpose we shall recall some definitions from [3] and introduce the following
notation.

We shall denote & = —¢, § = —1, = —1,

é® = —o(), fO =1(0), (Fel-b, —a) = b, a), fe B(a, b)),
R = {[¢(7), T]; 1e<b, a)} .

The notion of the parabolic variation of the function ¢ (or of the set K) has been
introduced in [3] (Definition*1.1). Now we shall-apply the definition to the function @
(that is, to the set K), denoting the parabolic variation of K by V in accordance with
the notation from [3]. Under our notation we get (see the equality (1.10) from [3])
that for [£, 7] e R?, e (b, @),
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(1.15) Va8, 7) = j:exp< (64(; q_p(;)) ) vt [25\/;(;)—(-?)7)]

Further, an operator T has been defined in [3] which we shall again consider here
not for the function ¢ but for the function @ (that is, not for the set K but for the set
K). By Tf(&, %) for fe B(<b, a)), [E ©]eR? #e(b,a) we thus mean (see [3],
Definition 2.1)

E- @)\, & a@)
1.16 Tf( %) = th)exp( ¢ )d -
(e mea =g )1 -1 ) 2w - 0
(if this integral converges, which, for instance, is fulfilled for each fe #(b, @))
provided Vg(é, %) < ).

1.7. Lemma. Let [¢, 7] e R?, te{a, b). Then

(1.17) (& 1) = V(€ 7).

If, in addition, #(&, ©) < oo then for any function f e #(<a, b))
N O 1 B WO B S

w29 w9 = 3 [0 (=107 )0 = = -

Proof. Let f e %(<a, b)) and suppose first that f is of the form

f(6) = ¥(o(®). 1), (te<a, b)),
where Y € 2y, [&, t] ¢ spt ¥. Denote

- [—Gw, -0 w], o) = [o(0). 1].
Then
(1.19) WHE ©) = WlE, ) = J f rot F dx dt =

= J‘bG(q’(t) = & 1= 1) ¥(e(1), 1) do(t) + J.b P (o) ~ & 1 = ) (o), 1t =

[0 g =g (- T w0 -

Ty
S
- - i [0ee(- EE ) G0 - -k
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(1.19) is valid without the assumption #(&, ©) < oo (f being of the mentioned special
form).

Now we obtain the equality (1.17) from (1.3), (1.19) and [3] (2.9). Furthermore,
we see that the equality (1.18) holds for each fe %(<a, b)) of the form f(1) =
= Y(o(t), 1) (tela, b)), YD, [& t]é¢spty. If we suppose #(¢, 1) < oo then
(1.12) holds for any bounded sequence of functions f, € #(<a, b)) such that f, — f
(pointwise on <a, b)). But as (1.17) holds we have Vg(&, ¥) < oo and we can use the
same limit process in the second and third terms in (1.18) (as in the first term in
(1.18)) and thus (1.18) is valid for each f e %(<a, b)).

1.8. From (1.8), (1.9) and (1.7) we obtain the following relation between Wf and
Wf. Let Y € 9, fe%({a, b)) be such that () = Y(e(t), t) (t € {a, b)). Then (for
[¢ 1] e R?, t€{a, b))

(1.20) WA ©) = J 0 /(’n 5
- j ) J(‘ ¢TI0 ~ V(& ) (10.0) + 5510 ] dn =
= Wy(E, ) - Mmﬂ/()

= WY(&, 1) + 20(&,7) 25 (&, 1),

o0

e "Z(n)dn =

e "(sz(0, n) + s:.2(0, ) dn =

where we put

© 1
121 P =- f
0 2/(mn)
The term 2 (&, 7) is called the parabolic density of the set E at the point [£, 7].
If[&, 7] € R* — E thens; (0, n) = s;.1(0, n) = 0 for every n > 0and thus 25 (&, 1) =
= 0. In the case [, 7] € E we have s; (0, n) = s;..(0,7) = —1 for every n > 0 and

e "(s:.(0, n) + sz.(0, 1)) dn.

© 1 , 2 [° _.
P (& 1) = e‘”dn=—j e da=1.
269 =), Jem Jndo

Let us now show how the paiabolic density 27 (¢, t) can be expressed in the case
te<a, b), £ = ¢(7). Let g be a function on *R' = R' U {— o0, + 00} such that
g(-) =0,

' t
g(1) =J‘ e da for t>—o.
Suppose that #(¢, 7) < oo. Then V(€ %) < as well and the limit

() = lim o) -¢ = lim j———_—(ﬁQ

s 2.t — T) - 2 J(t - 1)
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exists (see [3], Remark 2.2; the limit can also take the values + o). Let us show the
following simple assertion.

1.9. Proposition. Let te<a, b), £ = ¢(t) and suppose that (¢, 1) < co. Then
~ 1
(1.22) P(E 1) =1 — — g(a(2)).
NE

Proof. Let us distinguish the following three cases:
1) ap(t) =+, 2) at)= -0, 3) ar)eR'.

The following result holds in the case 1): for any k > 0 there is a 6 > 0 such that,
for each te (7, 7 + 6),

o() - ¢ ,
/> >k, thatis, t)>E+ 2k J(it—1).
W o() =9
It follows that s; (0, n) = s;./(0, #) = 0 for each n > 0, that is Z; (¢, ©) = 0.
In the case 2) we have: for any k < 0 there is a 6 > 0 such that, for each t e
e(r, 7 +9),

(1) - ¢ ;
—Z > <k, thatis, )< &+ 2k J(t — 7).
N off) < £+ 2k (1 -

We see that s; (0,n) = s;.7(0,7) = —1 for each n > 0 and thus 27 (£, 7) = 1.

Suppose now that the case 3) takes place. Then we have: for each ¢ > 0 there is
a 8 > 0 such that, for each t e (z, T + 9),

o(t) — &
2J(t=1)

%) — & < < a7) + ¢,

that is,
(1.23) &+ (ao(t) — &) 2/(t — 1) < o(t) < & + (2o(7) + €) 2/(t — 7).

If ao(t) = O then we obtain that s;(0,7) = —1, s;./(0, #) = 0 for each n > 0 and
thus 25 (¢, 7) = %.

Now Jet @(t) > 0. We easily see that s;,(0,7) = 0 for each n > 0. Let 0 < ¢ <
< y(7) and put

0 = (2(r) —€)2/(t — 7) : then t=

S S
" aoe) - o

The first inequality from (1.23) takes the following form:
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It follows that
s::(0,n) =0 for n = (xo(7) — &)?
Similarly we get

-

si:0,m) = —1 for n = (a(r) + ).
As ¢ > 0 was arbitrary we have

st0,7)= 0 for 0<n < (xr))?,

s::(0,m) = =1 for 71> (xo(r))*.
Now it is seen that ‘

. ® o 1 [ _.
4 e J-(aom)z 2 \/("'l) = Jr L;(r)e &

In the case a,(t) < O we similarly get that s; (0, 7) = —1 for each > 0,
5:.(0,m) = =1 for 0 <7 <(x(r))?,
s:.(0,n)= 0 for n> («r))?

and hence

(ao(1))2 1 1 0 )
Pe(E 1) = j “ndy +J e"’dn=—J‘ e da.
3 N M RN R v IS

In any case we thus have

e do = j— (a(+0) — g(ag(D))) = } (W — g(ea() -

2i69= |

The assertion is proved.

2. THE OPERATOR H

For y e #' we have defined by (0.8) a distribution H, on 9,. In the case that for
each pe &' the distribution H, can be represented by a measure on {a, b) (see
below), the term H can be regarded as an operator on #’. Let us now study some
properties of this operator.

Let 6, stand for the Dirac measure on R! concentrated at the point 7 € R®.

2.1. Remark. The following indentity holds for ue @’((a, bY), Yy € 9,:

@1) W HY = - J’ J' (%% (x, t)%(x, ) - Uy, t)%(x, ;)) dxdt =

H U e du(r)— (x 1) —
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_ J "6(x — (<), t — 1) du(o) %% (x, t)} dxdr =

([ = o0 1= 9 2 00 - s = 00011 - 9 250 ko)

" caxde= [ 4= ([ (= o)t =) (x,0) -
LG ~

b
- G(x = o), t — 1) %? (x, t)) dx dt} du(z) = I <Y, Hy ) dp() .
At the same time we have

(2.2) G, Hsy = Wil(p(), 1), (WeD,).

With respect to (2.2) and (1.3) one can prove analogously to the proof of Lemma
1.9 in [15] that H, can be represented by a measure if and only if #(¢(z), 7) < co.
H,, is a functional defined on 2, and if #(¢(t), 7) < oo then H;_ can be regarded
as a measure in R?. This measure is then uniquely determined by the condition

|Hs| (R* — Ry) = 0.

It is easily seen that the support of H,_ is contained in the set K(= {[¢(t), 1]; te
€ <a, b)}). This implies that H,_can be regarded as a measure on {a, b) — if fe &
then there is a Baire (bounded) function y on R? such that f(f) = y(¢(f), f) and then
we put

<f’ H&,> = <‘ll, H6,> .

The measure H,_as a measure on {a, b) is then uniquely determined provided

Hae({b}) =0

(which corresponds to the fact that the set of all functions f € %4 ({a, b)) of the form
f(®) = ¥(o(1), 1) (te<a, b)), ¥ € D,, is dense in %5 (<a, b))). Recall that the space

Bo = {ue®’; u({b}) = 0}

is the dual space of the space %5 (a, b)). We can assert that if #(¢(z), ) < co then
the distribution H;;_can be represented by a unique measure from 2%,. In the sequel,
we shall identify H, with that measure.

2.2. Let v, be the zero measure on <a, b). Let 7€ <a, b) and let §(¢(7), t) < .
Define a measure v_on {a, b) by putting

2 _ (o) = o0 4 o) = o(2)
(2.3) v(M) = - J‘Mn(r'b)exp< 4 0 _‘PT) )d, (; J .(.pt)
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for any Borel set M < {a, b) (the integral on the right hand side of (2.3) is considered
a Lebesgue-Stieltjes integral). Let y € 2,, f(f) = Y(o(?), 1) (te <a, b)). It is seen
from (1.18) and (1.20) that

(2.4) <f,H;> = ¥, Hs> = Wi(o(z), 1) = jbf(t) dv(1) = 225 (o(7), 1) 6(f) -

Until now we have not defined the parabolic density 25 (£, 7) in the case 7 = b;
in this case let us put 2z (¢, ©) = 0. Then (2.4) is valid for each t € {a, b) for which
#(¢(7), ) < o0. Now it is already seen that if #(¢(z), ) < oo (and H,, is regarded
as a measure from %) then

(29 Hy, = v, — 225 (o(2). 7).

As v, is a non-atomic measure, we have

@6  |Hs| = || +225(0(x).0) = —j— ¥(0(c), 7) + 225 (0(z), 7).

With regard to the fact that H;, is the zero measure we can and will in the sequel
deal with the space %, instead of #’'. The following assertion is valid.

2.3. Theorem. The distribution H, can be represented by a measure for each
ue B, if and only if

(2.7) Vx = sup {#(¢p(z), 7); T€<a, b} < .

If Vx < oo then for each yu € B one can identify H, with a unique measure from %;.
The operator
H:p—H,, (H:%, — %)

is then a bounded operator on %#;, and
2 ~
(2.8) |H| = sup {:/—7—1 #(e(), 1) + 225 (¢(z), 7); t€a, b>} .

Proof. Again we shall not prove this assertion in detail since the proof is quite
similar, for instance, to that of Theorem 1.11 from [15]. In the proof we should
use the equality

b
W H, = j W Hyd dus), (b€ Dy we B).

If H, is a measure for each yue %, then the condition Vx < oo follows from the
uniform boundedness principle. (2.8) follows from (2.5).
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2.4. In what follows we shall always suppose that the condition (2.7) is fulfilled.
Note that then for any function f e %({a, b)) and any measure pu € %o(<a, b)) we
have :

b
29) GHY = J Cf, Hy> due).

2.5. If the condition (2.7) is fulfilled then also
sup {Vz(&, 7); [E F]eK} < o
and for each 7 e (a, b) and each f e %5 (¢a, b)) the limit (see [3], Theorem 2.1)

W_f(x) = lim wE, )= - lim Tf(&, %) =
[, "1~ [o(r), 1] (&, #]1-[¢(%), 7]
t'eda,b), & <o(t’) t'ecb,a), &’ >¢(t)

= [ 776619 + 2709 (1 - o o(xo0) ) | = Wstote) ) = 21625616 )

exists (ao() has the same meaning as in 1.8). W_(W_ : f> W_f) can be regarded
as an operator on €, (W- : 65 — %5 ). Then we have for f€ 5, u e %; (see (2.4))

b
(2.10) f.Hp =J <f> Hs. dp(r) =

- j I ) = 205 (0(5), D10} (e) = <F-f, > -

Thus we see that the operators H (on %;) and W_ (on % ) are adjoint to each other.
Consider now operators H,, W,:

H1=H+I, W1=W_+I

(where I denotes the identity operator on %, resp. on €, ). Then, of course, the
operators H,, W; are adjoint to each other as well. Using the notation from [4]
(see (1.4), (1.7) [4]) we can write for fe 65, Te<a, b)

@1) W @)= - [Tf(rf» @9 + 2i(f)<1 - Ji g(ao(r») - f(f)] ~
= —[1.J@) - 1@ = - ().

The Fredholm radius of the operator T;, has been evaluated in [4] and it has been
shown there under which condition there exists an inverse operator to the operator
T., hence (as is easily seen) also to the operator W_ and also to the operator H
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(see Theorem 1.1 [4], Lemma 2.1 [4], Theorem 2.1 [4]). This condition is

0Ty = lim sup (i Ve(r; @(), %) + ozx(f)> =
r-0+ 7e(b,a) \/7{

= lim sup (—2—
Vv

r—0+ te(a,b)

- 7(0(0). 1) + 225 (60, 9) - 1]) — oW, < 1

((wW,)~ 1 is then the Fredholm radius of the operator W, (resp. Tp)).
Now we can formulate the following assertion.

2.6. Theorem. Let

lim sup (i 7(o(z), 7) + [225 (o(), 1) — 1\) <.
r-»0+ tela,b) \/TC

Then for any measure v € %, the equation
(1.12) H,=v
has a unique solution pe %y.

2.7. Remark. Let us notice that if u is the solution of the equation (2.12) then
according to the introductory remarks the heat potential U, (considered on E) is
.an integral expression of a solution of a special case of the third boundary value
problem for the heat equation on E with the boundary condition

%'l';uo.U“:V !
Ox

on K (where 1, is a measure on {a, b), dio(f) = dop(f) — see the introductory
remarks). At the same time the. operators H and W_ are adjoint to each other.
Hence we can say that the above mentioned special type of the third boundary value
problem for the heat equation on E is adjoint (in the sense of integral equations) to
the first boundary value problem for the heat equation on the set £, = {[x, f] € R?;
te (b, @), x > ¢(t)} with a boundary condition prescribed on the set K = {[x, ]
e R* te(b, @, x = @(t)} (and also to the first boundary value problem for the
adjoint heat equation on the set E_ = {[x,t]e R* te(a, b), x < ¢(t)} with
a boundary condition prescribed on the set K). It is very well known that for the
Laplace equation the interior Dirichlet problem and the exterior Neumann problem
are adjoint to each other (again in the sense of integral equations). J. Kral has shown
in [15] that in R"** (roughly speaking) the interior second boundary value problem
for the heat equation and the first exterior boundary value problem for the adjoint
heat equation are adjoint to each other (in a similar sense) provided the sets con-
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sidered are of the form C = D x (Ty, T), where D < R". But we now see that in
the case of the time moving boundary the situation is rather more complicated.

As we have just noted, only a special type of the third boundary value problem
can be solved by solving the integral equation (1.12). An investigation of a rather
more general type of the third boundary value problem for the heat equation on the
domain E will appear in another paper.
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