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Summary. In this paper we investigate a cardinal function v which is defined on the class of
all lattice ordered groups. It is proved that each complete lattice ordered group is isomorphic
to a completely subdirect product of v-homogeneous lattice ordered groups.
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For a lattice ordered group G we denote by vG the least cardinal « such that,
whenever A is a bounded disjoint subset of G, then card A < «. The lattice ordered
group G is said to be v-homogeneous if vH = vG for each nonzero convex [-subgroup
H of G. (Cf. [8].)

Next, for 0 < x € G let v(x) be the least cardinal f such that card B < f for each
disjoint subset B of the interval [0, x] of G.

The notion of a completely subdirect product of lattice ordered groups was
introduced in [7].

In the present paper the following results will be established.

(A) For each infinite cardinal a there exists a complete lattice ordered group G
with G = {0} such that v(x) = o for each strictly positive element x of G.

(B) Each complete lattice ordered group is isomorphic to a completely sub-
direct product of v-homogeneous lattice ordered groups.

From (A) it follows that two results of [8] and [9] concerning completely sub-
direct product decompositions and ideal subdirect product decompositions of lattice
ordered groups (cf. (C) and (D) below) are not correct.

1. PRELIMINARIES

We apply the standard notation for lattice ordered groups. (Cf., e.g., [1], [4].)

We recall some notation from [9].

Let G be a lattice ordered group. Let vG be defined as above. If vG = N, then G
is said to be of countable type. G is called continuous if for each 0 < x € G there
are nonzero elements x; and x, in G such that x = x; + x, and |x1| A |le = 0.
Next, let R (the real group) and Z (the integer group) be the additive group of all
reals or all integers, respectively, with the natural linear order.
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The lattice ordered group G is said to be an ideal subdirect product of lattice
ordered groups G; (i €l) if G is a subdirect product of the system {G;:iel} (ie.,
if G is an I-subgroup of []i; G; such that for each i eI and each x’e G; there is
x € G with x(i) = x') and if, moreover, G is an I-ideal of [[;; G:. _

It is clear that if G is an ideal subdirect product of a system {G;: i eI}, then G is
a completely subdirect product of this system.

Let us remark that in [8] and [9] the terms subdirect sum (ideal subdirect sum,
completely subdirect sum) are used instead of subdirect product (ideal subdirect
product, completely subdirect product).

The following two assertions are contained in [8] and [9] (we modify the termi-
nology according to the above remark).

(C) (Cf. [8], or a quotation in [9], p. 292.) Each complete lattice ordered group
is isomorphic to an ideal subdirect product of real groups, integer groups and
continuous complete lattice ordered groups of countable type.

(D) (Cf. [9], Theorem 3.2.) Each o-complete lattice ordered group is isomorphic
to a completely subdirect sum of real groups, integer groups and continuous
complete lattice ordered groups of countable type.

The mapping v: G — vG is a cardinal function defined on the class of all lattice
ordered groups. An analogously defined cardinal function concerning Boolean
algebras was investigated by several authors (cl., e.g., [5], [6]).

2. AN EXAMPLE

Let B be a non-limit cardinal, 8 > N, B = a«*. Let I be a set with card I = .
We put G = [[;; G;, where G; = R for each iel.
For g e G we denote
Supg = {iel: g(i) + 0} .

Next, let H be the set of all g e G with Sup g £ «. Thus H is an [-ideal of G.
Put K = G/H. The set of all positive integers will be denoted by N.

2.1. Lemma. The lattice ordered group K is archimedean.

Proof. For x € G we denote x + H = x*. By way of contradiction, assume that K
fails to be archimedean. Then there are x, y € G such that

(1) 0* < nx* < y*

for each n e N. Without loss generality we can suppose that 0 < x < y is valid.

Put Iy = {i el: x(i) > 0}. Since x* > 0%, we must have cardI, = . For iel,
let m(i) be the least positive integer with m(i) x(i) > y(i).

Let ne N. We denote

I(n) = {iely: m(i) = n}.
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If card I(n) = B, then nx* £ y. which contradicts (1). Thus we have
(2) cardI(n) <« foreach neN.

If ny and n, are distinct positive integers, then I(n,) n I(n,) = 0. Each i €I, belongs
to some I(n), whence Iy = U,y I(n). Thus in view of (2), card I, < «, which is
a contradiction.

Let us remark that there exists an infinite number of Il-ideals H; in G such that G/H f
is not archimedean.

2.2. Lemma. Let x* be a strictly positive element of K. Then v(x*) = B.

Proof. Without loss of generality we can assume that x > 0. Let I, be as in the
proof of 2.1. Hence card I, = . Thus there are subsets I; (j € J) of I, such that

card J = 8,
cardl; = B foreach jelJ,

and Iy, N I;5) = 0 whenever j(1), j(2) are distinct elements of J.
For each je J we define x/ in G as follows: x/(t) = x(¢) if teI;, and x/(t) = 0
otherwise. Then 0* < (x/)* < x* for each je J, and

* %k _ *
Xjy A Xjay =0

whenever j(1) and j(2) are distinct elements of J. Therefore v(x*) = B.
In view of 2.1 we can construct the Dedekind completion of the lattice ordered
group K; let us denote it by Gg.

2.3. Proposition. G, is a complete lattice ordered group and Ggz + {0}. Let y
be a strictly positive element of Gy. Then v(y) = B.

Proof. The first and the second assertions are obvious. Consider the canonical
embedding of K into Gg. There exists 0 < x* € K such that x* < y. Thus in view
of 2.2 we have v(y) = B.

As a corollary we obtain that (A) is valid.

2.4. Lemma. Let T be a nonempty set, and for each te T let H, be a lattice
ordered group such that some of the following conditions is fulfilled: (i) H, = R;
(il) H, = Z; (jii) H, is of countable type and H, = {0}. Assume that G is a com-
pletely subdirect product of the system {H,: t e T}. Then for each 0 < g € G there
exists 0 < x € G with x £ y such that v(x) £ R,.

Proof. Let 0 < g € G. There exists t € T such that g(¢) > 0. Next, there exists
y € G such that y(t) = g(t) and y(t') = O for each t' e T\{t}. Then we have
U(,V) < No.

From 2.3 and 2.4 we obtain that neither (C) nor (D) hold.
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3. DISJOINTNESS IN COMPLETE LATTICE ORDERED GROUPS

In this section we assume that G is a complete lattice ordered group. For each
X = G we put ~

X*={geG: Ig| A |x| = 0 for each x e X} .

It is well-known that in view of the completeness of G we have a direct product
decomposition

(1) G = X4 x X%,

For y € G we denote by [y] the convex I-subgroup of G generated by the element y.
A strictly positive element x of G is said to be basic if the interval [0, x] of G is
a chain. Then (cf. [2]) [x] is a linearly ordered group and the relation

) G = [x] x [x]*
is valid. If g € G, then g([x]) will denote the component of g in the direct factor [x]
(a similar notation will be applied also for other direct factors).

Let B be the set of all basic elements of G. Next, let 4; (i € I(1)) be the set of all
nonzero convex [-subgroups of G which are linearly ordered. For each i € I(1) there
is x € B with 4; = [x]; hence in view of (2), 4; is a direct factor of G.

Put H, = B“and H, = B’. Assume that H, % {0}. ThenI(1) # 0 and [x] < H,
for each x € B. Let hy € Hy; we denote by ¢(hy) the element of [[;.s¢) 4; such that
@(hy) (i) = hy(4;) for each i € I(1). The mapping ¢ is a homomorphism of H, into
[Ticrary 4i- If @(hy) = 0, then |h1| A x = 0 for each x € B, thus h, € B%, and there-
fore hy = 0. Hence ¢ is an isomorphism of Hy into [ [ics1) 4;- Next, for each i e I(1)
and each ze A; we have ze Hy, ¢(z)(4;) = z and ¢(z) (4;) = 0 whenever je
e I(1)\{i}. Thus we obtain

3.1. Lemma. Let H, + {0}. Then H, is isomorphic to a completely subdirect
product of linearly ordered groups A; (i € I(1)).
Now let us deal with H, (if H; = {0}, then H, = G). In view of (1),

(3) G=H1XH2.

The case H, = {0} would be trivial for the above consideration; thus let us assume
that H, < {0}. Next, since H, has no basic element, for each strictly positive element
x of G the relation

(4) v(x) 2 Mo
is valid.

Let [h, h'] be an interval of H, and let C < [h, h"]. If ¢; A ¢, = h whenever ¢,
and c, are distinct elements of C, then C will be said to be disjoint in [h, h']. Let us
denote by v[h, h"] the least cardinal y such that card C < y whenever C is a disjoint
subset of [k, h']. If 0 < x € G, then clearly v(x) = [0, x].
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3.2. Lemma. Let x and y be strongly positive elements of H, such that v[0, x] =
= v[0, y]. Then v[0, x + y] = 1[0, x].

Proof. Let {z;} ;. be a disjoint subset of [0, x + y]. Let i € I. There are x; € [0, x]
and y;€[0, y] with z; = x; + y;. Put

Iy ={ielix; 0}, I, =I\I,.

If i and j are distinct elements of I, then x; A x; = 0, hence card I, < v[O, x].
Next, if i and j are distinct elements of I, then y; >0, y; >0 nd y; A y; =0,
thus card I, < v[0, y]. Therefore in view of (4),

card I = card I; + cardI, < v[0, x] .

Hence 0[0, x + y] < v[0, x]. On the other hand, we obviously have v[0, x] <
< [0, x + y].

3.3. Lemma. Let ty,15,15,...€G, 0 <t, <1, £ ..., v, = 1.0[0,1,] = v[0.1,]
for each ne N. Then v[0, t] = v[0, t,].

Proof. Let {z;};; be a disjoint subset of [0, f]. Let i € 1. There exists the first
ositive integer n such that z; A t, > 0; we denote this n by n(i). Next, for each
neN we put

I(n) = {iel:n(i) = n}.
Then we have

(5) I=uU,yl(n).

Let n e N be fixed. If i(1) and i(2) are distinct elements of I(n), then 0 < z;4, A t,
0 < zi(z) A t,, and (Zi(l) A t”) A (Z,'(z) A t”) = 0- ThUS Card I(n) é U[O, tn] =
= [0, t,]. Therefore in view of (4) and (5) we obtain card I < v[0, t,] and hence
v[0, 7] £ v[0, #,]. On the other hand, the relation t; < t yields v[0, t,] < v[0, ¢].

3.4. Lemma. Let H' be a convex l-subgroup of H, H' = {0}. Then the following
conditions are equivalent:

(i) H' is v-homogeneous.

(ii) If x and y are strictly positive elements of H', then v[0, x] = [0, y].

Proof. This is an immediate consequence of the definition of v[ p, q] for p, g € H,
p<aq.
From 3.2, 3.3, 3.4 and from [3] (Theorem 1.21) we obtain

3.5. Lemma. The lattice ordered group H, is a completely subdirect product
of v-homogeneous lattice ordered groups.

Since each linearly ordered group is v-homogeneous, Lemmas 3.1, 3.5 and the
relation (3) yield that Theorem (B) above is valid.
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Sahrn

O DISJUNKTNYCH PODMNOZINACH UPLNEJ ZVAZOVO
USPORIADANEJ GRUPY

JAN JAKUBIK

V &lanku sa vySetruje kardinalna funkcia v definovana na triede v8etkych zvidzovo usporiada-
nych grup. Dokazuje sa. Ze kazda uplna zvdzovo usporiadana grupa je Gplne polopriamym
sufinom v-homogénnych zvdzovo usporiadanych grip.

PesromMme

O HEIMPECEKAIOIUXCSA ITOAMHOXECTBAX ITOJIHOM PEHIETOYHO
VITOPSIJOYEHHOW T'PVIIIIBI

JAN JAKUBIK

B cTaThe paccMaTpuBaeTCs KApAMHAIbHAS GYHKUMS v, ONpeaesIcHHast Ha KJIacce BCEX PELETOYHO
YNOPSAAOYEHHBIX rpymn. J{oKa3aHO, YTO KaxJas IOJIHAas PEIIETOYHO YIOPSJOYEHHAst IPyIIa HU30-
MopdHa BHOJHE NOJYIPIMOMY NMPOU3BEAEHHIO V-OAHOPOIHBIX PEIIETOYHO YIIOPSIOYEHHBIX TPYIIT.

Author’s address: Matematicky Ustav SAYV, dislokované pracovisko, Gresikova 6, 040 01
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