Casopis pro péstovani matematiky

Marian J. Fabian
Theory of Fréchet cones
Casopis pro péstovdni matematiky, Vol. 107 (1982), No. 1, 37--58

Persistent URL: http://dml.cz/dmlcz/108321

Terms of use:

© Institute of Mathematics AS CR, 1982

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/108321
http://project.dml.cz

Casopis pro péstovini matematiky, ro&. 107 (1982), Praha

THEORY OF FRECHET CONES

MARIAN FABIAN, Praha

(Received November 7, 1979)

INTRODUCTION

If nonlinear analysis, when working with mappings, we often use their Fréchet
differentials. This requires Fréchet differentiability of mappings and so the set of the
mappings coming into question is restricted considerably.

In this paper, we introduce a more general concept — the Fréchet cone of a map-
ping. It is shown here that this concept is almost as useful as the Fréchet differentials.
In this way, we have a possibility of generalizing many theorems in which the Fréchet
differentiability of mappings is required. ’

Let us give a brief outline. Let X, Y be normed linear spaces and F : X — 2Y
a mapping, singlevalued and upper semicontinuous at some x, € int D(F). Following
Durdil [5], we construct a cone Co(F, x,) (if it exists) in the space X x Y and call
it the Fréchet cone of F at x,. Its construction is based on the concept of the so called
conic limit introduced in [5]. The relation to the Fréchet differentiability is expressed
in the following

Theorem 4.1 (Durdil [5]). F is Fréchet differentiable at x, if and only if the
Fréchet cone CF, xo) exists and is (the graph of) a linear continuous mapping
from X into Y. In this case,

(the graph of) dF(x,) = Co(F, xo).

This shows that the Fréchet cone is a natural generalization of the Fréchet dif-
ferential. Moreover, it suggests that a calculus with the Fréchet cones, similar to that
with the Fréchet differentials, can be developed. Indeed, the proofs of many theorems
remain correct after replacing the Fréchet differentials by the Fréchet cones. Thus
we can easily generalize a lot of results from nonlinear analysis in normed linear
spaces.

" Let us go through the paper briefly. The basic object we use is a cone in a normed
linear space Z. In Section 1, we define a conic neighbourhood of a cone and derive
some statements about it. By using this concept, we define in Section 2 the conic
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limit. In Section.3,.on the basis of the conic limit, we introduce the Fréchet cone of
a set M c Z at a point ze M'. The main result here is Theorem 3.1, which tells us
what is the form of the Fréchet cone of B(M) at Bz,, where B : Z — 2% is a mapping
having fairly general properties. Bearing in mind that a mapping from X into- Y
is nothing else than a subset of X x Y, we define, in Section 4, the Fréchet cone of
a mapping at a point. Theorem 4.1 shows that the Fréchet cone is a generalization of
the Fréchet differential. Section S contains some computing rules about the Fréchet
cones. Namely, applying Theorem 3.1 we derive statements concerning the Fréchet
cones of the inverses, linear combinations and compositions of mappings. It is also
remarked that they at once yield the corresponding well known theorems from
differential calculus in normed linear spaces. The last section is devoted to the
formulation of a mean value theorem.

This paper is a shortened and rewritten form of the preprint [7].

The author would like to express his deepest gratitude to Prof. Josef Kolomy
for his advice and many helpful suggestions. Thanks are also due to Dr. Jiti Durdil
for discussing his papers with the author.

Finally, the author thanks to the referee for pointing out errors and suggesting
some improvements.

0. PRELIMINARIES

s (2] ”) , , ||-||) mean (unless

otherwise stated) nontrivial real normed linear spaces (abbrevnated to n.ls.). If we
Put Z=XxY, W=X x U, etc.,, we always take the maximum norm, that is,
for instance,

n<x;’y>|| = max (<, [y]), (x1)eX x Y=2.

Let M be a nonempty subset of, say, Z. The symbols int M, cl M, sp M and M’
denote the interior, the closure, the linear span and the derived set of M, respectively.

When writing F : X — 2%, we mean that F is a (multivalued) mapping from X
into Y,i.e.,0 + F =« X x Y, while F : X - Y means that F is a singlevalued mapping
from X into Y,ie,0+ F<c X x Yand :

(x,y1)€F, (x,y)eF)=y, =y,.

ForF:X —» 2", weset
D(F) = {xeX| 3ye Y (x,y)eF}, R(F)={yeY|3xeX (x,y)eF},

1 ={(y,x)eYx X| (x;y)eF}, Fx={yeY|(x,y)eF}, xeX,
) F(M) =U {Fx|xeM}, McX.
If Fx consists of one point only, we denote this point also by Fx. Further, we see
that F can also be defined by fixing Fx for each x € X. We say that F is singlevalued
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at xo€X if Fx, is a singleton, and upper semicontinuous (abbreviated to u.s.c.)
at x, if, to each ¢ > 0, there is § > 0 so that the set Fx lies in the e-neighbourhood
of the set Fx, whenever |x, — x| < 6. Of course, if F is singlevalued, then the
upper semicontinuity coincides with the continuity.

Let A be a real number and G : X — 2%, H : Y - 2Y two mappings. Then we define

(0.1) AF = {(x, Ay)| (x,»)eF},
(0.2) F+ G ={(x,u+v)| (x,u)eF, (x,v)e G},
(0.3) HoF = {(x,u)e X x U] 3er(x?y)eF, (v, u)e H} .

Hence, AF: X 5 2Y, F+ G: X > 2Y, Ho F: X - 2Y.
The set of all linear continuous mappings L: X — Y with D(L) = X is denoted
by Z(X, Y). Also, we set '
Isom (X, Y) = {Le (X, Y)| L' e £(Y, X)} .
The real line with the usual linear structure and topology is denoted by R and we
put o = {1,2,...}.
Finally, recall

Definition. Let F : X — 2" be a mapping with int D(F) # 0 and take some x, &
e int D(F). We say that F is Fréchet differentiable at x, if it is singlevalued at x,
and there exists Le £(X, Y) such that
—l—sup{ny — Fxo — Lh|| | yeF(xo + h)} >0 as 0+ h—0.

A

In this case we write dF(x,) = L and call it the Fréchet differential of F at x,.

Of course, F has at most one Fréchet differential at x, and the Fréchet differentia-
bility of F at x, implies that F is u.s.c. at x,,.

1. CONIC NEIGHBOURHOODS

Let (Z, ||.|) be a n.Ls. By a cone (in Z) we understand each nonempty subset C
of Z such that C # {0} and Az € C whenever A = 0 and ze C.
A conic neighbourhood of a cone can be defined in various, topologically equivalent
ways, see [3], [5]. We prefer the following
Definition. (Danes, Durdil [3]). For a cone C = Z and & > 0, we set
Q) = {ze2] ZeeC |z = o] <ef2l} u {0}

and call it the conic e-neighbourhood of C (with respect to the norm -

| in Z).
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Of course, V,(C) is a cone and V,(C) = Z whenever & > 1.
Some elementary properties of the conic neighbourhoods are expressed in

Proposition 1.1. If C, D are cones in Z and ¢,6 > 0, then

C c V4(C) = V(C) whenever 6 <e,
V,(C) = V(D) whenever C< D,
VOO @ VersssdC)

V(e ©) = ¥(0),

V4 > 0 cl(V(C)) < V,,.(C),

dC =N VAC).

4>0

Proposition 1.2. Let C be a cone in Z, let W be another n.l.s. and assume that
there exist Le ¥(Z, W) and « > 0 such that

(1.1) VzeC az| £ |Lz|.

Furthermore, let g€ (0, «/(x + ||L|)) and put

A= IL|e -

o — aE — ||L|ls

Then L(C) is a cone in W and

L(¥(C)) = VI(C))- ,

Proof. (1.1) implies L(C) = {0} and the linearity of L then gives that L(C) is a cone
in W. Now take w = 0 in L(V,(C)). Then w = Lz with z e V,(C) and we can find
ceC so that |z — ¢| < &|z|. Hence

lel 2 Iz = llz = e[ > (1 = &) ],

1L el > (@ = ¢) 2] |] >

1—¢ 1—¢

1Lz =l 2
€ €

|Lz — Le] ,

o« 1—¢
|Lz| z |Le| = Lz — Le| Z ac] — |Lz — Le] > (H—LII — - 1) Lz — L,

Lz = Le|| < 4|Lz],
ie, w=Lze V(L(C).
If W= Z with an equivalent norm and L is the identity mapping, then we have
a stronger result.
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Proposition 1.3. Let C be a cone inZ,e > 0 and let ||| . | ” be an equivalent normonZ,
i.e., there are a, f > 0 such that

(1.2) VzeZ oz <]lz|| = B)2] -

Put A = (B|e) e, & = (Bla) 4 and let V,(C) denote the conic A-neighbourhood of C
with respett to the norm ||.||.
Then
V{C) < Vi(€) = V().
Let X, Y be n.ls.. For a cone C =« X x Y, we define (taking 1/0 = +o0, if
necessary)

(1.3) IClx = sup {H 0,0) + [x, )< c}.

1t should be noted that L e £(X, Y)isa conein X x Yand |L|y is equal to the usual
norm ||L|| of the mapping L.

Proposition 1.4. Let C be a cone in X x Y such thaty = |C|x < + 0.
Then, for €€ (0, 1/(1 + 7)),

(1.4) [V(C)|x < max <v + ye + ¢, A) .
1 —¢—ye

Proof. Let (0,0) # (x, y) = ze V,(C). As we deal with cones, we may assume
that |z|| = max (||x|, |»|) = 1. Choose ¢ = (a, b) € C so that

(1.5) |z = ¢ = max(|x — a|, |y — b]) <e.
Hence ¢ + (0, 0). We shall distinguish two cases:
1. |x| = 1. Then we have from (1.5)

DLy <o) + Iy - 8l <] + e

I
Solxl +lla—x) +esy+re+e.

2. |y| = 1. If b = 0, then (1.5) would imply 1 = ||y|| < e, which is impossible.
Hence, b + 0 and so y|a| 2 ||b| > 0, y > 0. Thus

|| = lla]] = |x = a] >y~*|b] —e =
2y 'y =6 =yl) —e>r7' (1 —¢) -,

R 1 _
x| =l ') - 1-e—1e

and (1.4) is proved.
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2. CONIC LIMITS
Let Z be a n.l.s.-The set of all cones of Z is denoted by 4(Z).

. Definition (see Durdil [5]). Let {C,},,, be a net of cones in Z and let there exist
a closed cone C, = Z such that

Ve>0 3r>0 Vse(0,7] Co = V(C,)) & C, = V(C,).
Then C, is called the conic limit of the net {C,},>o and we write

Co =climC,.
rl0
Of course, it follows from Propositions 1.1 and 1.3 that the conic limit is at most
one and is independent of which equivalent norm is taken on Z.
- The conic limit can also be introduced with help of the Hausdorff distance on the
unit sphere S of Z: For A, B = S put

d(4,B) = inf{e > 0| A =« H(B) & B < H(A)},
where
H(A) ={zeS| Jacd |z —a| <&}.

Proposition 2.1. A4 closed cone C, = Z is a conic limit of {C,},>, = 4(Z) if and
only if
limd(C,nS, Co,nS)=0.

rlo

Proof. For C, D € 4(Z) put

(2.1) e(C, D) = inf{e > 0| C = V(D)& D <= V,(C)} .

Then C, = c-lim C, if and only if lim ¢(C,, C,) = 0. Moreover, we have
rlo r}o

(2.2) o(C, D)< d(CnS, DnS)<20(C,D), C, De%(Z).

So in order to complete the proof it remains to show (2.2).

Let dCNS,DnS)<eand 0+ ceC. As CnSc H(DNS), there is de
€D S such that |¢/|lc| — d|| <& and so |c — |c| d| < &]c||, ie., ce V(D).
Hence C < V(D). In the same way we get that D < V,(C) and therefore ¢(C, D) < «.
We have proved the implication

dCnS, DnS)<e=¢(C,D)<ce,

from which the left hand inequality in (2.2) follows.

Let us prove the right hand inequality. If ¢(C, D) = 1, it holds because we always
have d(Cn S, D n S) < 2. Further, let o(C, D) <1 and choose an arbitrary &
such that ¢(C, D) < ¢ < 1. Then C < V(D). Take ce C n S. Then there is de D
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such that |lc — d|| < ¢|c| = &. Consequently, |1 — |d||| <& and d % 0. Let us

estimate
o=l Sl - e+ fa- gl <o+ M <

Hence ceH,(DnS), CnS < Hy(D N S). Symmetrically, we get DN S <
< H,(Cn S). So we have shown that d(Cn S, D S) < 2 provided that
o(C, D) < & < 1, from which the right hand inequality in (2.2) follows.

In the next sections we will often work with nested nets, that is, with the nets
{C,},>o which satisfy the following condition

(2.3) 0<s<r=C,c=C,.

Proposition 2.2. Let {C,},>, = 4(Z) be a nested net and denote
(2.4) ' Co=NclC,.

r>0

Then the net has a conic limit if and only if Co + {0} and
(2.5) ‘ Ve>0 Ir>0 C, c VE(CO) .
In this case Cy = c-lim C,.
rio

Proof. Let Co % {0} and let (2.5) be satisfied. From (2.4) it follows by Proposition
1.1 that
Ve>0 Vr>0 CocclC, c V(C,).

Now (2.5), (2.3) together with the definition of the conic limit yield that C, =

= c-lim C,.
rlo

Conversely, let D, be the conic limit of {C,},»,. It means by the definition that
D, + {0} is closed and that

Ve>03r>0Vse(0,r] Dy = V(C,) & C, = V,(Dy).
Now using (2.3), (2.4) and Proposition 1.1 we get

Dy =N NV(C)=NelCs=Co = Nl V(Do) = Do

§>0 ¢>0 s>0 e>0

Hence C, # {0} and (2.5) holds.

For a nested net {C,},, let C, be defined by (2.4). It may happen that C, = {0}
and so, by Proposition 2.2, the corresponding net has no conic limit. Such a net is
constructed in Example 2.1. Even if Cy + {0}, {C,},>, need not have a conic limit.
This is shown in Example 2.2. Hence, the condition (2.5) is substantial.
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Example 2.1. Let Z be a real separable Hilbert space with a total orthonormal
system {e,} T and set
i C,= U R*e,, r>0.

nz1/r

Ifze N cl C,, then (z, e,) = Ofor all n €  and so z = 0. Thus according to Proposi-
r>0

tion 2.2, {C,},>, has no conic limit.

Example 2.2. Z being as in Example 2.1, set
C,=R*e U U R'*e,, r>0.

nz1/r
Then (¢l C, = R*e; but C, is included in V;(R*e,) for no r > 0. Hence, by
r>0

Proposition 2.2, {C,},., has no conic limit.

Further examples will be given in Section 4. However, if Z is of finite dimension,
a compactness argument yields the following

Proposition 2.3. Every nested net of cones in a finite dimensional n.l.s. has a conic
limit.

Proposition 2.4 (Cauchy condition). Let Z be a complete n.l.s.. Then a nested net
{C,},>0 = 4(Z) has a conic limit (equal to (\cl C,) if and only if

r>0

(2-6) Ve>0 3Ir>0 Vse(0,r] C, < V/(C,).
Proof. Thanks to (2.1)—(2.3), (2.6) reads as follows:
Ve>0 3r>0 Vs,te(0,r] d(C,nS, C,nS)<e.
Now it suffices to use [11, Ch. 2. § 33, IV] and Proposition 2.1.

Proposition 2.5. Let C, = Z be the conic limit of a nested net {C,},», = 4(Z).
Let W be another n.l.s. and suppose that there exist Le .?(Z, W), «>0and 6 >0
such that

VzeC, ofz] < |Lz| .

Then

cl(L(Cy)) = c-lim L(C,) .
rio

Proof. By Proposition 1.2, L(C,), r € (0, 8], are cones in W. Proposition 2.2 and
the continuity of Limply that a|z| < ||Lz|| for all z e C,. Hence L(C,) is a cone as
well. Now, let 4 > 0 be arbitrary and put

| e = ad .
IL| + ad + | L] 4




If we take r > 0 so that
Vse(0,7r] Co = V,(C,) & C, = V,(C,),

Proposition 1.2 then asserts that

Vse(0,7] L(Co) = VA(L(C))& L(C,) = VAL(Cy)) .

Hence, by Proposition 1.1, the result follows.

3. FRECHET CONES OF SETS

Definition (Durdil [5]). Let M be a subset of a n.1.s. Z such that M’ # 0. Choose z,
in M’ and, for each r > 0, set

CM, zo) = {Mz — zo)| zeM, ||z — zo| < r, L2 0}.
Then the conic limit (if it exists)

c-lim C,(M, z,)
rlo

is called the Fréchet cone of the set M at the point z, and is denoted by Co(M, z,).

The Fréchet cone of M at z, gives us an information about the behaviour of M
in the vicinity of z,. This concept, with unsubstantial changes and without calling
it ,,the Fréchet cone™, is due to Durdil [5] In this paper, he used it to characterize
geometrically the Fréchet differentiability in infinite dimensional n.ls., see Theorem
4.1.

It follows immediately from the definition that the Fréchet cone is a local concept.

From Propositions 2.2 —2.4, we can at once derive the following three propositions.

Proposition 3.1. Let M < Z, choose z, € M' and set
T(M, z,) = (el C(M, z,) .

r>0
Then M has a Fréchet cone at z, if and only if
(31) T(M,z)+ {0} and Ve>0 3r>0 C/(M,z,) < V(T(M, z,)).
In this case, Co(M, zo) = T(M, z,).
Let us recall that the set T(M, z,) is called the tangent cone of M at z,, see for
instance [1], [12], [13]. In view of the above proposition, we can say that the Fréchet
cone is a tangent one with the additional property (3.1). It should be noted that there

are sets with T(M, zo) * {0} which, however, have no Fréchet cone, sce Example
4.2,
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Proposition 3.2, If Z is a finite dimensional n.l.s., then M < Z has a Fréchet cone
at each zoe M'.

Proposition 3.3. (Cauchy condmon) Let Z be a complete n.ls., M c Z and
zo€M'.
Then M has a Fréchet cone at z, if and only if
Ve>0 3r>0 Vse(0,r] C/(M,z,) < V,(C(M, z,)).

Next we shall attempt to find a relation between the Fréchet cone of a set M and
that of the image of M under a mapping from Z into another n.l.s. W. We shall first
consider a linear continuous mapping and then a nonlinear one, Fréchet differentiable
at z,.

Proposmon 34. Let Z,W be nls., M < Z, z,e M" and suppose there exists
Ae L(Z, W) such that

(32) x>0 38>0 VzeM |Az — Azo|| < 6= afz — z,| £ |4z — Az, .
Then, if M has a Fréchet cone at z,, then A(M) has it at Az, and

(3.3) Co(A(M), AZo) e cl(A(Co(M, ZO))) .
Proof. Let M have a Fréchet cone at z,. As A is continuous, (3.2) yields that
Azg e A(M)'. Also, (3.2) implies that

(3.4) VzeM |z — zo| < §=> |z — zo| £ |4z — Az, .

In fact, if there existed z € M fulfilling ||z — z,| < 8faand af|z — z,| > |4z — Az,|,
then it would imply |4z — Azo|| < 6, and so, by (3.2), «||z — zo| £ |4z — Az,
which is a contradiction. (3.4) and the continuity of 4 imply that ||z| < |A4z| for
all zecl C(M, z,), where r e (0, 6/x). We can thus apply Propos1t10n 2.8, which
yields

(3:5) cl(A(Co(M, z,))) = c-iiom A(C(M, z,)).
Denote B = || A||. Thanks to (3.2), B > 0. For each r > 0, we have
A(CAM, z0)) = A{Mz — z,)| zeM, |z = zo| <7, A2 0}
< {MAz — Azo)| Aze A(M), |Az — Azo| < Br, A2 0} =
| = GplA(M), 4zo),
(3. 6) Vr>0 A(C (M, z,)) = C,,(A(M) Azy).
For each re (0, 8/x), (3.2) yields :
. C,,(A(M), Azq) = {Mw - A?o)l we AM), |w — Azo| <ar, A2 0} =
e {M(Az — Az))| zeM, |z - Zf| <r Az 0} = A(C,(M, 2o)) »
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(3.7) Vre (0, 8a) Co(A(M), Azo) = A(C,(M, z,)).

Now, put D = cl(4(Co(M, z,))) and let & > 0 be arbitrary. (3.5) says that there
exists 6, € (0, 6/a) such that

Vre(0,8,) D < V(A(C(M, z,))) & A(C,M, z,)) = V{(D),
which, together with (3.6) and (3.7), yields that
Vre(0,6,) D < V(Cp(A(M), Azo)) & C,(A(M), Azo) = V(D).
Hence, putting §, = d; min (a, ﬁ), we have
Vre(0,8,) D < V(C(A(M), Az,)) & C,(A(M), Az,) = V(D).
That is, ’
cl(A(Co(M, zp))) = D = c:}iom C(A(M), Azo) = Co(A(M), Az,).

The proof is thus completed.

If (3.2) is not fulfilled, (3.3) need not hold:
Example 3.1. Let Z = W = R*, M = {(t, \/|1]) | t € R}, and define A € £(Z, W) by

A(x,y) = (x,0), (x,»)eZ.
Then

Co(M, (0,0)) = {0} x [0, +c0), A(Co(M, (0,0))) = {(0,0)} .
But A(M) = R x {0} and so
Co(A(M), (0.0)) = R x {0} + {(0, 0).
Corollary 3.1, Let Z, W be n.l.s., M < Z, zoe€ M' and suppose there exists A€
€ Isom (Z, ). B
Then M has a Fréchet cone at z, if and only if A(M) has it at Az,. In this case,
Co(A(M), AZO) = A(Co(M, ZO)) .

Corollary 3.2. The Fréchet cone is independent of which equivalent norm in Z
is taken.

Theorem 3.1. Let Z, W be n.l.s., M =« Z, M' + 0 and z, € M'. Assume there exists
a mapping B :Z — 2%, Fréchet differentiable at z,, and such that the following
two conditions are satisfied:

(3.3) (zeM, we Bz, w—> Bzy) = z > z,,
(3.9) { Ju>0 36>0 VzeM
2 B e - 20 < 3= alz = 0] < 1480 = z0)]
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Then, if M has a Fréchet cone at z,, then B(M) has it at Bz, and

Co(B(M), Bzo) = cl(dB(zo) (Co(M; z0))) -

Proof. As Bis singlevalued and u.s.c. at z, (since it is Fréchet differentiable at z,),
it readily follows from (3.8) that Bz, € B(M)'. Let Co(M, z,) exist. For brevity denote
A = dB(z,). In virtue of Proposition 3.4, we know that A(M) has a Fréchet cone
at Az, and that

Co(A(M), Az,) = cl(A(Cy(M, z,))) .
So the proof will be complete when we show that

(310) Co(A(M), Azy) = c-lim C,(B(M), Bz,) .
rlo

For r > 0, define
|[w — Bzy — (Az — Az,)|

R e

Y(r) = sup {||z — zo| I zeM, weBz, ||w— Bzy| <r}.

zo¥z€Z, |z -z <, weBz},

Obviously, both ¢ and y are nondecreasing. The Fréchet differentiability of B at z,
and (3.8) imply that Y(r) > O forall r > O and

(3.11) limo(r) =0, limy(r)=0.
rl0 rio
Hence, there exists 6, € (0, ) so that
(3.12) Vre(0,6,) o(ra) < o &y(r) < §a.

Next, let ¢ > 0 be aribitrary. From (3.11), we can find 3, € (0, §,) so that

(3.13) vre (0, 5,) ol g2& 0= _oW) 2.

o« — o(Y(r))

Now, fix re(0,d,) and choose A(Az — Az,) # O arbitrarily in C,(A(M), Az,).
Then |4z — Azo| < r < 6, and therefore, by (3.9), ||z — zo|| < r/a. Thus, using
(3.12), (3.13) and the definition of ¢, we can estimate

|w = Bzo| £ ||Az — Azo| + |w — Bzo — (4z — Az,)| <
<r+o(|z = zo) |z — zo|| £ 1 + o(r|a) rlax < 2r,
42 20— (0 = Bzl S ol = zol) |2 = o] S

< 21 4z — az| < |z - dzl
) [+
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for each w € Bz. Hence

' MAz — Azo) e V,p({u(w — Bzo)| 1 2 0}) = V,/2(C2(B(M), Bz,)),

(3.14) Vre(0,0,) CAA(M), Azy) = V,y»(Co(B(M), Bzo)) .

Further, for fixed r e (0, 8,), take A(w — Bz,) + 0 arbitrarily in C,(B(M), Bz,).
It follows that |w — Bz,|| < r. Choosing z in B™'w, we have ||z — z,| < ¢(r) <
< 8Ja by (3.12). Hence, by (3.4) (which follows from (3.9)), |Az — Azo| =
2 afz — zo| > 0. Thus, by (3.13), we can estimate :

|4z — Azo| < | 4] [z = zo| = | 4] ¥(r),
||w - Bz(,” = “Az — Azol| - ||w — Bz, — (Az - Azo)” =
2 az = zo| = oz = zol) [z = zo]| 2 (x = () |z — 2| >0,
[w = Bzo — (42 — Az,)| < o]z = 2]} |z = 2o =
o(¥(r)
o« = o(¥(r)

Thus, denoting x(r) = || 4] ¥(r), r > 0, we obtain

A

I = Baol < v = Bzo].

_ Aw — Bzo) € Vo({ulAz — Azo)| p Z 0}) = ¥,/2(Cy(A(M), Azo)) .

(3.15) Vre(0,68,) C{B(M), Bzo) = Vy2o(Crir(A(M), Azy)) .
Finally, denote D = Co(A(M), Az,) and find &, € (0, J,) so that
(3.16) Vre(0,85) D < V,(CA(M), Azo)) & C,(A(M), Az,) < V,;5(D).
(3.11) implies that there exists 3, € (0, ;) such that x(r) < 6 for r e (0, é,). Com-
bining (3.14) and (3.15) with (3.16), we thus obtain, by Proposition 1.1 (iii), that
(089 {7 OO, ) < LC000, )
C(B(M), Bzo) = V,/2(Cyr(A(M), Az,)) = V(D).
According to Proposition 2.4, this means that (3.10) holds and the proof is complete.

Corollary 3.3. Let Z, W be n.l.s., M =Z, zoec M'. Let B:Z — W map a neigh-
bourhood of z, onto a neighbourhood of Bz, homeomorphically. Moreover, assume
that B is Fréchet differentiable at z, and that dB(z,) € Isom (Z, W).

Then M has a Fréchet cone at z, if and only if B(M) has it at Bz,. In this case,

Co(B(M), BZo) = dB(zO) (Co(M, ZO)) o
It should be noted that, for tangent and other similar kinds of cones, results like

Theorem 3.1 can be found in [12], [13].
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4. FRECHET CONES OF MAPPINGS

Let X, Y be n.1.§. and put Z = X x Y. Then each nonempty subset of Z is a (multl-
valued) mapping from X into Y. It leads us to the following

Definition. Let F : X — 2¥ be a mapping with int D(F) + @ and choose x, €
eint D(F). Let F be singlevalued and u.s.c. at x, and suppose that (the set) F
< X x Yhas a Fréchet cone at the point (xo, Fx,).

Then we call it the Fréchet cone of the mapping F at the point x, and write
Co(F, x,) instead of Co(F, (xo, FXo)).

As immediate consequences of Propositions 3.1—3.3 and the above definition,

we get

Proposition 4.1. Let F : X — 2 be singlevalued and u.s.c. at some x, € int D(F)
and denote

(4.1) T(F, xo) = () ¢l C(F, (xo, Fx,)) .
r>0
Then the mapping F has a Fréchet cone at x, if and only if

(4.2) T(F,x,) + {0} and Ve>0 3r>0 C/[F,(xo, Fxo)) = VT(F, x,)) .
In this case, Co(F, x,) = T(F, xo)-

The set T(F, x,) is called the tangent cone of the mapping F at x,, see, for instance,
[1], [9]- Hence, the Fréchet cone of a mapping is the tangent one with the property

(4.2).

Proposition 4.2. Let X, Y be finite dimensional n.l.s. and let F : X — 2Y be single-
valued and u.s.c. at x, € int D(F).
Then F has a Fréchet cone at x,.

Proposition 4.3 (Cauchy condition). Let X, Y be complete n.l.s. and let F : X — 2¥
be singlevalued and u.s.c. at x, € int D(F).
Then F has a Fréchet cone at x, if and only if

Ve>0 3r>0 Vse(0,r] C/F, (xo, Fxo)) = V{C(F, (xo, Fxy)))-

In the following two examples, mappings which have no Fréchet cone at some
pointsvare constructed. The second one is a slight modification of [4, Example (2.2)];
see also [10].

Example 4.1. Let Y be a real separable Hilbert space with a total orthonormal
system {f,}7. The mapping F : R — Y is defined as follows:

f, for |x|e<—1—,1:|, new.

FO=0, Fx=f, for |x|>1, Fx=|x
n+1 n
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Clearly F is continuous at 0. It is easy to check that

Cy(F, (0, FO)) = U {(t. f)| te R},
the last cone being closed. If z € T(F, 0), then, by (4.1),

z€ Cy,(F, (0, FO)) = sp {(1, f,), (1, fu41), ...} forall new.

1t follows that z = (0, 0) and so T(F, 0) = {(0, 0)}. Thus, owing to Proposition 4.1,
F cannot have a Fréchet cone at 0.

Example 4.2. Let Y and {f,} be as in the above example and define the mapping
G:R-> Y by
G(i -1-) = lf,,, new, Gx =0 otherwise.
n/ n

Obviously, G is continuous at 0 and we have
C1/u(G, (0, GO)) = Cy(as1)(F, (0, FO) L {(t. 0)| te R}

for all ne w and thus T(G, 0) = {(1, 0)| te R}. But V,(T(G, 0)) does not contain
C1/x(G, (0, GO)) for any n € w and so, by Proposition 4.1, G has no Fréchet cone at 0.

In order to clarify the relation betwesn the Fréchet cones and the Fréchet dif-
ferentiability, let us recall

Theorem 4.1 (Durdil [5]). A mapping F :X — 2V is Fréchet differentiable at
xo € int D(F) if and only if Co(F, x,) exists and (considered as a mapping from X
into Y) is an element of (X, Y). In this case

dF(xo) = Cy(F, X,) .

In [5], this theorem was proved for singlevalued mappings. It can be checked,
however, that the proof, after small alterations, applies to multivalued mappings
as well. For another proof of this theorem we refer the reader to [6].

Theorem of Durdil suggests that the Fréchet cone is a natural generalization of the
Fréchet differential. Example 4.2 shows that, in Theorem 4.1, we must not replace
Co(F, x,) by the tangent cone T(F, xo). Here T(G, 0) = {(t, 0)| t € R} is an element
of #(R, Y) but G is not Fréchet differentiable at 0-(which follows from Theorem 4.1
and from the fact that G has no Fréchet cone at 0). It means that tangent cones,
although lying in Z(X, Y), need not always be Fréchet differentials in the case of
infinite dimensional spaces. And since our aim is to develop a theory that would
include differential calculus, we should prefer the Fréchet cones.

Now the question whether the Fréchet cones can be handled like the Fréchet
differentials arises. The answer is often affirmative as is shown in the following two
sections.
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5. CALCULUS WITH FRECHET CONES

We shall now prove statements concerning the Fréchet cones of the inverses, linear
combinations, and compositions of mappings. They will be derived from Corollary
3.1 and Theorem 3.1 by a suitable choice of the spaces Z, W and the mappings
A elsom (X, Y) and B:Z — 2". As corrollaries, we shall then obtain, with help
of Theorem 4.1, some classical rules from differential calculus in n.ls. It should be
noted that the intended program is similar to that of [6, §3].

Let X, Y, U be n.Ls. and let F : X — 2" be a mapping. We shall consider the fol-
lowing four cases:

Casel.Z=X x Y, W= Y x X. The mapping A : Z —» W is defined by
Alx, y) = (%), (x,y)eX x Y.
Then A(F) = F~', AeIsom (Z, W) and Corollary 3.1 yields

Theorem 5.1. Let F : X — 2¥ have a Fréchet cone at some x, € X. Suppose that

the inverse mapping F~! : Y — 2% is singlevalued and u.s.c. at Fx, and let Fx, €
€ int R(F).
Then the mapping F~' has a Fréchet cone at Fx, and
Co(F_l, FxO) = (Co(F, xo))_l .
Corollary 5.1. Let F : X — 2¥ be Fréchet differentiable at x, € X. Suppose that
Fxq € int R(F), dF(x,)eIsom (X, Y) and that F~':Y - 2% is singlevalued and

u.s.c. at Fx,.
Then F~! is Fréchet differentiable at Fx, and

dF~Y(Fx,) = (dF(x))™*.

Case2. Z=XxY,W=X x Y Let0 + A€ R be given and define 4 : Z - W
by .

Ax,y)=(x,2y), (x,y)eX x Y.

Then A(F) = AF (see (0.1)) and A € Isom (Z, W). It should be noted that AF is dif-
ferent from the A-multiple of the set F in the space Z! Corollary 3.1 implies

’I_'ﬁeorem 52.If F:X —» 2" has a Fféchét cone at some x, € X, then F : X — 2¥
has it as well and

Col2F, x5) = A ColF, x0) [= {(x, )] (% )€ Co(F, xo)}]
Corollary 5.2. If F : X — 2Y is Fréchet differentiable at x, € X, then so is AF and
- | d(AF) (xo) = A dF(x,)
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Case3.Z=X x Y, W= X x Y. Let a mapping G : X — 2Y be given and define
B:Z - 2% as follows;
B(x,y) = {(x,y + v)] ve Gx}, (x,y)eD(G) x Y.

Then B(F) = F + G (see (0.2)). Let us note that F + G is different from the sum
of the sets F and G in the space Z! Further, suppose that G is Fréchet differentiable
at some x4, € X. A simple computation yields that B is Fréchet differentiable at each
point (xo, y), y € Y, and that

(5.1) dB(xo, ) (h, k) = (h, k + dG(xo) k), (h,k)eX x Y.

Theorem 5.3. Let F : X — 2¥ have a Fréchet cone at some xo € X and let G : X —
— 2Y be Fréchet differentiable at x,.
Then the mapping F + G : X — 2¥ has a Fréchet cone at x, and

(5.2) Co(F + G, x4) = Co(F, xo) + dG(x,) .
L= {05 + 46(30) 9 (5 3) € CulF 30}

Proof. In order to be able to apply Theorem 3.1, we have to venfy (3.8) and (3. 9)
for zy = (xo, Fx,). Let .

zeF, weBz, w- Bz, = (xg, Fxo + Gx,),

where z = (x, ), w = (x, y + v), (x,v) e G. Hence x — x, and, from the single-
valuedness and u.s.c. of F at xo, it follows that y — Fx,. Thus, z = (x, ) —

— (xo, Fxo) = z, as (3.8) asserts. (3.9) will be proved by contradiction. Let it bé
false. Then we can find a sequence {z,} = {(x,, y,)} = F, z, % zo, n € o, such that

4B(z0) (24 — 20) » 0 & J9BC) za = 20)|

e Zol
Hence, by (5.1), xo + x, = X, and

max (||x, — Xo|, [[¥a = FXo + dG(x,) (x» = Xo)[) -0,
max (| x, = Xo|» [|¥n - Fx,|)

which implies

5= ol o b= Fso+dG(se) (a= 5] _ o

b

|y = Fxof |72 = Fxof
Hence ) S
0 = tim 12 = FXo + dGlx0) (x, = )] 5 ;o) |dG(x )” l—ﬂ-" — %o )
n— o ”yn - Fxou _—n—nso — Fx 0”

which is impossible. Thus (3.9) must hold.
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Now, applying Theorem 3.1, we obtain that at the point Bz, = (x,, Fx, + Gx,)
the set B(F) = F + G = X x Y has the following Fréchet cone:

Co(F + G, Bzo) = cl(dB(z0) (Co(F, 20))) -
But this set is equal to Co(F, z,) + dG(x,). Indeed, (5.1) and (0.2) yield
dB(z,) (Co(F, 2o)) = Co(F, zo) + dG(x,),
and this cone can be shown to be closed. In fact, let
{(m 7o + dG(x0) x,)}  ColF, zo) + dG(x,)
be a sequence converging to some (x, y)e X x Y. It follows that
dG(x,) x, = dG(xo) x, y, = y — dG(x,) x .

Since Co(F, z,) is closed by definition, (x, y — dG(x,) x) lies in Co(F, z,), i.e.,
(x, y) € Co(F, zo) + dG(x,). Therefore,

Co(F + G, (xo, FxO + Gxo)) = Co(F, (Xo, FxO)) + dG(xO)v.
Finally, x, € int D(F + G)and F + G is singlevalued and u.s.c. at x,. Thus the map-
ping F + G has a Fréchet cone at x, and (5.2) holds.

In the above theorem, the Fréchet differentiability of the mapping G cannot be
replaced by the existence of its Fréchet cone. Indeed, taking X = Y= R, x, = 0,
Fx = xsin(x™1'), x £ 0, FO = 0, G = —F, we can see that

Co(F, 0) = Co(G, 0) = {(x, ») e R*| [y = [},
Co(F,0) + Co(G, 0) = {(x, ) e R?| |y| < 2|x|} .
But C(F + G,0) = R x {0}.

Corollary 5.3. If F, G : X — 2Y are Fréchet differentiable at x, € X, then so is
F+G:X-2and

d(F + G)(x,) = dF(xo) + dG(x) -

Case4.Z=X x Y,W=Y x U. Let G: Y- 2V be a given mapping and define
B:Z - 2% by *

B(x,y) = {(x,u)| (»,u)eG}, (x,y)eX x D(G).

Then B(F) = G o F (see (0.3)) is a mapping from X into U. Assume that G is Fréchet
differentiable at some y, € Y. It is easy to check that B is also Fréchet differentiable
at each (x, y,), x € X, and that

(5.3) dB(x, yo) (h, k) = (h, dG(yo) k), (h,k)eX x Y.
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Theorem 5.4 (Chain rule). Let F : X — 2" have a Fréchet cone at x, € X and let
G :Y— 2Y be Fréchet differentiable at y, = Fx,. Moreover, for each sequence
{(x ¥n)} = F with X, % x, = x,, let the following implication hold:

(5.4) Mﬂ - 400 = lim inf 1dG(yo) (¥s = ¥o)| >0.
l%a = xof ne |yn = ¥oll

Then the mapping G o F : X — 2V has a Fréchet cone at x, and
(5.5 Co(G o F, xo) = ¢l (dG(yo) o Co(F, xy)) -

Proof. The validity of (3.8) and (3.9) can be verified from (5.4) in a similar way
as in the proof of Theorem 5.3. Thus, we can apply Theorem 3.1, which asserts that
at the point B(xo, yo) = (X0, Go), the set Go F = X x U has the Fréchet cone

ColG o F, (o, Gyo)) = cl(dB(xos Yo) (Co(F, (Xor ¥0)))) -

But according to (5.3) and (0.3),

Co(G o F, (x0, Gyo)) = cl(dG(yo) o Co(F, (xo ¥0))) -

Hence, bearing in mind that G, F is singlevalued and u.s.c. at x, € int D(G o F),
we get the result.

If (5.4) is not satisfied, (5.5) need not hold. We shall demonstrate this on the
situation which corresponds to Example 3.1. Take X = Y=U = R, Fx = |/ le,
xeX, Gy = 0, y € Y. Then (5.4) is violated. Further,

Co(F,0) = {0} x [0, +0), Co(GoF,0) =R x {0},
G o Co(F, 0) = {(0, 0)} .
Hence, (5.5) is false.

Moreover, the Fréchet differentiability of G in the above theorem cannot be
replaced by the existence of the Fréchet cone. To check it, put X = Y=U =R
and let F be a one-to-one mapping of X onto Y, with FO = 0, not Fréchet dif-
ferentiable at 0. Now it suffices to take G = F~1.

Corollary 5.4 (Chain rule). Let F : X — 2" be Fréchet differentiable at x,€ X
and let G : Y — 2V be Fréchet differentiable at Fx,.
Then G o F : X — 2" is Fréchet differentiable at x, and

d(G o F) (xo) = dG(Fx,) o dF(x,) .
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6. A MEAN VALUE THEOREM

.We shall use the fdllowing

Lemma 6.1 ([14, 11.3.5]). Let Y be a n.l.s., B = 0 and f : R — Y a singlevalued
mapping with [0, 1] < int D(f), such that

vie[0,1] 34() >0 |s — ] < 4(f) = | f(s) — f@)]| < BJs — 1] .
Then
I7(1) = @] = 8.

Theorem 6.1 (Mean value theorem). Let X, Y be n.l.s.and F : X — Y a singlevalued

mapping with a convex open domain D(F), having a Fréchet cone at each point of
D(F).
Then F is Lipschitzian with a constant y 2 0 if and only if (see (1.3))

(6.1) Vx e D(F) | Co(F, x)|x £
Proof. If Fis L1psch1tzxan with a constant ¥, then
et CF. (s, Pl < »

for all » > 0 and so Proposition 4.1 yields (6.1).

Conversely, let (6.1) be satisfied. Fix arbltrary Xo, X1 € D(F), xo #+ x;. We have
to show that

(6.2) | Fxy — Fxoll < yflxs = xof -
Let € (0, 1/(1 + y)) be given. To every te [0, 1], we can find &(t) > 0 such that
(6.3) Cof(Fs (x0» F%,)) = V(Co(F; x,) »

where

X, = Xg + t(xl "'Xo)

Since, by definition, F is continuous at X t there exists 4(f) > 0 so that |s — ¢ < A(t)
implies x, € D(F) and .

I(xs = %, Fx, — Fx,)| < 8(t) .

Hence, by (6.3), (x, — x,, Fx, — Fx,) belongs to V,(Co(F, x,)). Thus we get from
(1.3), (6.1) and Proposition 1.4 that '

vee[o, 1] §A(t) >0 |s—1 <4()=
= [Fx, = Fx] S 90) [ - x = 90 [ — xol s = 1.
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where

(6.4) 7(¢) = max <y + ye + ¢, ——1——)
1 —¢&— ye

Hence, if we take f(t) = Fx, and f = (¢ |x; — x,| in Lemma 6.1, we get
(6.5) [Fxi — Fxof < ¥(e) [x1 — %o -

Finally, we can see from (6.4) that, for ¢ | 0, y(¢) converge to y and so (6.5) reduces
to (6.2), which was to prove.

Corollary 6.1. Let F : X — Y have a Fréchet cone at each point of a neighbourhood
of some x, € X and suppose there exists L € £(X, Y) such that (see (1.3))

(6.6) [Co(F,x) — L|x >0 as x—x,.
Then F is strongly Fréchet differentiable at x, and dF(x,) = L, that is,
Ve>0 30>0 VYueX WweX
(Ju = xoll < 8. [0 = %ol < &) = |Fu = Fo — Lu = 0] < ofu o]
Proof. Let ¢ >0 be given. By (6.6), there is & > 0 such that
[x — xof <8 =|Co(F,x) — L|x <e¢.

But, according to Theorem 5.3, Co(F, x) — L= Co(F — L, x). Hence Theorem 6.1
yields the result.

Corollary 6.2. If F : X — Y is continuously Fréchet differentiable at some x,€ X,
then it is strongly Fréchet differentiable at x,.

Proof. Use Corollary 6.1 and Theorem 4.1.

CONCLUDING REMARKS

The Fréchet cones are useful in generalizing such theorems in which the Fréchet
differentiability plays an active role; that is to say, theorems of the following type:
“If F is Fréchet differentiable at x and dF(x) has some properties, then ....” As
Examples of such a generalization, let us mention the so called mapping theorems
[7, Section 7] and the exponential stability of differential inclusions [8].

It should be remarked that, as a generalization of the Gateaux differential,
a Gateaux cone can be introduced and a theory analogous to that involving the
Fréchet cones can be developed, see [7].
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