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FUNDAMENTAL SOLUTIONS OF THE DIFFERENTIAL OPERATOR
(—=1)" DiD5 + a(iD,)" + b(iD,)" + ¢

VErRA HoLANOVA-RADOCHOVA, Brno

(Received September 4, 1978)

This paper is concerned with fundamental solutions of the partial differential
operator

(1) (=1)" DiD5 + a(iD,)" + b(iD,)" + ¢,

where D; = —i(0/dx,), D, = —i(0/0x,), in the space of generalized functions
[1], [2]. Conditions of existence of temperate fundamental solutions are derived
for the operator with constant coefficients and for arbitrary n.

INTRODUCTION
Let G be an open convex set in the real two dimensional space R,. We denote by
C*G), 0 = k < oo the set of all functions defined in G whose partial derivatives of
-]
order < k all exist and are continuous. We define C*(G) = () C*(G). The set of all
k=0

functions ¢ € C*(G) with compact support in G is denoted by C3(G). A distribution u

in G is a continuous linear functional on C§(G). The set of all distributions in G is

denoted by 2'(G), the space of all distributions with compact support in G by &'(G).
Further, we denote by & (R,) the set of all functions ¢ € C*(R,) such that

sup |x#D* p(x)| < oo
x

for all multiindices o and B, where D* = o"[ox}* 0x%, a; + a, = |oz|. A continuous
linear functional u on & is called a temperate distribution. The set of all temperate
distributions is denoted by &’.

The Fourier transform F[f] of a function fe L,(R;) is defined by

F[1](¢) = f J e imb =l f(x x,) dx, dx,.
R>
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If u € &', the Fourier transform F[u] is defined by

; Flu](o) = u(F[o]), ¢c¥.

A distribution E € 2'(R,) is called a fundamental solution of the differential opera-
tor P(D)if P(D)E = 8, where ¢ is the Dirac distribution.

We denote by P(£) the polynomial which we obtain by replacing the D; in the
operator P(D) by &;. We say that an operator Q(D) is weaker than P(D), when

0(¢)[P(¢) < € if &is real
where P(¢) = [‘aéo‘p(a)(é)lz]uz . () = [I,EO‘Q(G)@)‘Z]W ’

P@(8) = d*lplogt og5r, @W(¢) = d™lQfogy 085, ay + oy = |of .

Let o be the set of positive functions k defined in R, for which there exist positive
constants C and N such that

(E+n) = (L+ ClE)¥ k), &neR,.

If ke and 0 < p < o, we denote by &, the set of all distributions u e &’
such that F[u] is a function and

los = (5 10 PLI @ ) "< o

In the case p = oo we shall interpret Hqu,k as ess. sup !k(f) F[u] (&)

1. THE OPERATOR (—1)" D1D% + a(iD,)" + b(iD,)" + ¢ WITH CONSTANT
COEFFICIENTS

Let us consider the differential operator (1) with constant coefficients and abc > 0.
Then the following theorem holds.

Theorem 1. Letn =2m + 1,m =0, 1, 2, ... . Then there exists only one temperate
fundamental solution E of the differential operator (1) which is in the space B, p.
This fundamental solution is proper in the sense of the denition of L. Hormander.

Proof. The differential operator (1) can be written in the form
2) P(D) = —D'D} + iaD? + ibD} + c,

where the sign + holds if m is even and — if m is odd.
The corresponding polynomial is

3) P(¢) = — &0 + ial" + ibE} + c.
P(&) % 0, if ¢ is real.
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Since |P(¢)] = [(—¢&31&3 + ¢)* + (a&] + b&3)*]"/? + 0if & is real and 1/|P(£)] —» 0
if & - oo, there always exist K > 0 and N > 0 such that 1/|P(¢)| = 1/[¢]"¢5" +
+ a3 + b + ¢ + 2(ab — o) &5 ]2 S k(1 + lélz)". Thus it follows from
results of L. Hérmander ([3], p. 36) that there exists one and only one temperate
fundamental solution E of the differential operator P(D) for which we have

F[E] = 1/(—¢&1&5 +ia] £ ibE5 + ).
Since :
5 L lzola'“'(—é:é; + iag] + ib3 + c)fogy 9¢g|*]"?
¢) FIE] (&) = 2= < ©
PO FEC) | -¢€1¢5 + iag] & b5 + (|
the fundamental solution of the operator (2) is in the space % ,p.
As in [4], we call the linear manifold

A(P) = {n :n isreal and P(¢ + tn) = P(&) for any & and t}

the lineality space of the polynomial P, and we say that a polynomial P is complete
if its lineality space consists of the origin only. '

It is evident that the polynomial (3) is complete. Since P®(&)/P(£) — 0 if ¢ is real
and — oo for every a with |«| # 0, the operator (2) is of local type (see [4], p. 222).

Since every fundamental solution of the operator P(D), being complete and of
local type, is proper in the sense of L. Hérmander’s definition, the fundamental
solution of the differential operator (2) is proper.

It means that Q(D) (E * f) € LY® holds for fe L, with compact support and for
every differential polynomial Q weaker than P. ‘

Consider the special case when n = 1, ab =¢c=0,a > 0, b > 0. Then

F[E] (&) = —1/(¢, — ib) (¢, — ia) .

As Flg(x,)f(x2)] = Flg](¢1) . F[f](¢2) and F[O(x;)e™*"] = —i[(, — ia) if
a > 0, F[O(x,) e *'] = —i[(&, — ib)if b > 0, we have the temperate fundamental
solution of the differential operator

P(D) = —DIDZ + iaDl + isz + c
in the form
E(xq, X;) = O(x4, x,) e~ ®x1+a) |
where O(x,, x,) = 1if x; > 0, x, > 0, O(xy,x,) =0if x; <0, x, < 0.
The support of this fundamental solution is the convex angle
A = {(x4, x5) : x; > 0, x, > 0}, with vertex at the origin.

Let n be even. Then we have for the differential operator (1) with constant cos
efficients and abc > 0 the following

Theorem 2. Let n =2m, m = 1,2,3,.... Then there exists only one temperate
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fundamental solution E of the differential operator (1) if m is odd and a < 0,
b <0 or if mis even and a > 0, b > 0. This fundamental solution is in the
space B, p and it s proper.

If we assume that ab — ¢ = 0, then we can write

FE](8) = 1/(&" + B7) (&5" + o),
wherea = o?,b = f%ifa>0,b > 0and —a =ao*, —b =% ifa<0,b <O.
Proof. The corresponding polynomial is
P(¢) = &rem £ ali™ + bE" + ¢,

where the sign + is for the even m and the sign — is for the odd m.

Itis P(£) # 0if £ is real. We prove analogously to Theorem 1 that P(é) is complete
and of local type.

In particular, for n = 2 and ab — ¢ = 0 we have the differential operator

P(D) = D}D; — aD} — bD} + ab, a <0, b<0
and
F[E] = 1/(& + B*) (&3 + @¥),
so that the temperate fundamental solution is

E= e lfinl 450, f>0.

4ap

The support of this temperate solution is the whole plane (x,, x,).

2. THE OPERATOR —D,D, + iaD + ibD, + ¢ WITH VARIABLE COEFFICIENTS

Consider now the case n = 2 and the differential operator
4) P(D, x) = —D,D, + ia(x,, x;) Dy + ib(x,, X,) D, + c(xy, %),

where a(x,, x,), b(xy, x,), ¢(x;, x;) € C*(R,).
We say that a distribution u(x,, x,) € 2'(R,) is a generalized solution of the dif-
ferential equation

(5) P(D, X) u = f
in the domain G = R,, if the relation
‘” (=DyDyu + iaDyu + ibD,u + cu) ¢ dx, dx, =ff fo dx; dx,
G G
holds for all ¢ € C5(G), supp ¢ € G, f € 2'(G).
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Let G = {(xl, xZ) . (21 < xl < ﬁl’ az < xZ < ﬁz, al, az, ﬂl’ ﬁz
are real and positive constants}
and assume that
da
(6) — +ab—-c=0.
0x,

Then the differential equation (5) may be replaced by the system

™ —al+au=z,
0x,

) 92 L b=,
0x,

For the generalized solution of the differential equation (8) we have

Lemma 1. Let f € &'(G) and let K € 9'(G) be an arbitrary distribution which is
independent of x, (see [2], p. 55). Then the generalized solution of the differential
equation (8) in G is given by

z(xy, x;) = K exp [ —B(x, x,)] +

+ exp [~ B(x;, X3)] If(xl, x,) exp [B(xy, x,)] dx; ,

where B(xy, x,) = [b(x, x,) dx;.
Similarly, for the differential equation (7) we obtain

Lemma 2. Let H e@'(G) be an arbitrary distribution independent of x, and let
z(xy, x,) € 8'(G). Then
u(xy, x,) = Hexp [—A(xy, x,)] +

+ exp [ —A(xy, x5)] | 2(x1, x,) exp [A(x,, x2)] dx, ,

where A(xy, x,) = [a(x,, x,) dx,, is a generalized solution of the differential
equation (7).
Hence under the condition (6) we have

Theorem 3. Let G = {(xy, x;) 1y < x; < By; o < X3 < By, &y, %y, By, B, are
real positive constants}; let fe &'(G), let K € 2'(G) be an arbitrary distribution
which is independent of x,, H € 9'(G) an -arbitrary distribution which is inde-
pendent of x,. Let O(xy, x;) = 1 if (x4, x,) € G, O(x4, x;) = 0 if (x,, x,) € CG.

Then the generalized solution u(xy, x,) of the differential equation (5) in G is
given by

u(xy, x;) = Hexp [—A(xy, x,)] +

+ exp [—A(x4, x,)] J@K exp [—B(xy, x;) + A(xy, x,)] dx, +
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+ oxp [= A(xy %2)] '[ { exp [ B(xy, x5) + A(x1, %)]
- ..[f(xl, x2) exp Blx, ¥5) dxl}dxz .

This is a simple consequence of Lemma 1 and Lemma 2. If we put f = J, where 6
is the Dirac distribution, we obtain the fundamental solution E of the differential
operator P(D, x).

In the case ay =a, =0, By =, =0, a = const, b =const, H =
=1 0O(xy, x,) e, K = } be™™* we obtain the temperate fundamental solution
which has been derived in the first section.

Let us assume the relation (0b/0x,) + ab — ¢ = 0 to be valid instead of (6).
Then we have the fundamental solution of the differential operator P(D, x) in the
form '

E(xy, x;) = K exp [ —B(x,, x,)] +

+ exp [~ B(xy, x2)]j' OH exp [—A(xy, x,) + B(xy, x,)]dx, +

+ exp [—B(xy, x,)] J‘{ exp —A(x,, x;) + B(x,, xz)Jé exp A(x;, x;) dxz}dxl .
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