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CASOPIS PRO PESTOVANI MATEMATIKY

Yyddvd Matematicky dstav CSAV, Praha
SVAZEK 99 * PRAH A 20, 3. 1974 % &IsLO 1

ON THE SOLUTION OF BOUNDARY VALUE PROBLEMS
FOR LINEAR PARABOLIC EQUTAIONS OF HIGHER ORDER

Veapmir Durikovié, Bratislava
(Received February 17, 1971)

1. Introduction. In his paper [2] R. K. JUBERG has treated the Dirichlet problem
for the homogeneous linear differential equation Diu + D,u = 0 on the rectangle
(0, 1) x (0,7 with data u(x,0) = 0 for xe(0,1), u(0,¢) = a(r), u(1,t) = b(?),
D,u(0, t) = ¢(t), D,u(1, t) = d(t) for te (0, T) (D, = 6[0z). Reducing this problem
to solving a system of Voltera type integral equations with bounded and dif-
ferentiable kernels, the author proved the existence and uniqueness of solution.

The present paper deals with two modifications of Dirichlet problem for the non-
homogeneous parabolic equation Diu + Du = ¢(x, t) on (0, 1) x (0, T). We study
some properties of the fundamental solution of the operator Diu + D,u allowing
to determine limits and derivatives of certain parametric integrals. Further, the
Green function is constructed and with its help we seek an explicit representation of
the solutions of the considered problems. The method introduced below affords an
information on the behaviour of solutions at the points (0, 0) and (1, 0). The proce-
dure may be directly applied to the equation D2"u + (—1)" Du = ¢(x, 1).

2. The formulation of problems and some notions. Let R” mean the n-dimensional
Euclidean space and let 4 be the closure of A = R". By Q,, Q and 2, we shall denote
the Cartesian products (0, 1) x (0, T), (0, 1) x (0, T) and (— o0, o) x €0, ) re-
spectively. Let 4 be an open set of R%. The set of all functions v(x, f) € Co(4) with
continuous derivatives D;"v(x, t) and D,v(x, t) on A, where m is a positive integer,
will be denoted by N,,(4).

We consider the following two boundary value problems

(1) L(u;x,t) = Diu + Du = ¢(x, 1), (x,0)eQ
() u(x,0) =g(x), 0<x<1
(3) DI 'u(0,f) = aft), DI 'u(l,§) =bff), 0<t=<T

DIMu(0,8) = cft), DL'u(l, ) =dff), 0<t<T



forj = 1, 2, where ¢(x, 1), g(x), J{t) b(1), c,(t) and d(1) are real functions of certain
classes defined below.

The real functidn u(x, t) is said to be a solution of problem (1), (2), (3j),j = 1,2
if ueCo[2 — {(0,0),(1,0)}] and Dlue Co(R) for v =1,2,3, Due Cy(Q) and
u(x, ) satisfies conditions (1), (2), (3j).

Let A = R! and f(x) be a real function on A. Let B mean a bounded and closed
subset of A. If to each such defined B there is a constant K(B) depending only on B
such that

[fx) = f()| £ KB) |x = y[f*™*, n=0,2, >0

forevery x, ye Band 0 < & + n[4 < 1, then the function f(x) is called locally (¢ + n/4)-
Hélder continuous function on A. The set of all such functions is denoted by S,(x, 4).
If the function f depends on the parameter A (f = f (x ; 4)) and if the Holder constant
K(B) does not depend on 4, the function f(x; A) is said to be locally (¢ + n/4)-Holder
continuous with respect to x on 4 uniformly with respect to A. We denote the set of
all such functions by S,(x, 4; 2).

Under the fundamental solution of equation L(u; x, t) = 0 in 2 we understand
a continuous function I(x,t;¢,7) for (x,1¢,1)eQ x @, (x,1) * (£, 7) with
the derivatives D,I', D, I', DXI', D3I", DI such that the integral

u(x, ) = er‘c .[:I"(x, t; & 1) f(& 7)) dE

is a solution of the equation L(u;x,t) =f(x,f) on @ for any fe Co(Q)n
n So[x, (0, 1); £].

A continuous function G(x, t; &, 7) for (x, t;, &, 1) € @ x &, t > 7, having the first
derivative respect to t and the derivatives with respect to x up to the 4-th order, is
called the Green function of the problem (1), (2), (3,), j = 1,2, if

Gi(x, ;¢,7) = I'(x, ;¢,7) + v(x, 1; £, 7)

where I' is the fundamental solution of I(u; x, f) = 0 in Q and v, satisfies the fol-
lowing conditions: :

a. L(v;x,1) = 0fort > 1.

b. v,l,_ = 0 for (x; £, 1) € €0, 1> x @ if at leats one of the points x, £ lies in the
open interval (0, 1).

c. DI"'G)|,=0 = DI~ 16,],= = DI*'G)|,o = Di*'G,|,=y = 0.

3. The fundamental solution and its properties. Consider functions I',, v = 0, 1, ...
defined for (x, t; &, 1) e 2y x 24, (x, £) + (¢, 7) by the formula

(4) .“Fv(x’ t;.c’.t) = {k (x "o ) :i: 2 : tT <!



where

6) k(x,t; ¢ 1) = _('2-_7?_v J.w 0" exp {—ig(x — &) — o*(t — 1)} do

and i means the imaginary unit.

In this section we investigate some properties of limits, integrals and derivatives of
I',. The results are obtained by means of O. A. LADYZHENSKAYA’s estimate given

in[1]
©)  Dio(x, 158, 9)] = es(3) (£ = )74  exp {—ea[(x — &)*(r — 9]}

for (x,1; &, 7)€ Q, x Qy, © < t, where the constant ¢, depends on v and ¢, > 0 is
an absolute constant. This estimate may be transformed to

@) |DiLo(x, 5, &, )| <
e e N R N

SK@)(t—1)*|x = gt

for (x,2,6,1)€Q x Q, t<t, &+ xand p < (1 + v)/4, where v =0 1, ... and
K(v) is a constant depending only on v. In [2] the identities

0 0 . 0
(8) J- To(x, 150, 0) dx =f Iy(x,1;0, O)dx%‘[ Iy(x,1;0,0)dx =%

— o 0 - 00

are established.

Lemmal. Letv=0,1,...and A = {(x, 1, £, 7)€ Q; x Q, : (& 1) & (x, 1)}. Then

a. The function T'(x, t; £, ©) is continuous on A and the identities Iy, = DI,
(=1 DTy = DiI'y = (=1 D}y = (—1)' DTy and D)o = (—1)" DI,
hold.

b) I'(x, t; &, 7) is almost uniformly bounded on A in the sense that to each § > 0
there is N(6) > 0 such that |T'(x, t;, &, ©)| < N(6) in Afor(x — &)* + (t — 1)* = &%

c. If v=0,1,2,3 the integral ([o|I'(x, t; &, ©)| d¢ dt is uniformly convergent
with respect to P(x, t) € Q, that is, to each & > 0 there is & > 0 such that

J |Dy To(x, t; &, 7)| dédr < ¢
QnS(P,d)

for all Pe Q, . S(P, 6) denotes the circle (¢ — x)* + (zr — )* < 6% in Q,.



Proof. a. Fort — t = 8, 8§ > 0 we have
lez exp {—ie(x — &) — ¢*(t — D}| = ¢ exp {~¢*3}
which ensures the locally uniform convergence of k, on Q, x Q, for 7 < t. Hence

and by lim I',(x, t; &, 1) = 0 for ¢ # x (see (6)) the continuity of I', on 4 and the

Tt—

demanded identities follow.
b. For (x — &)* + (t — 1)? 2 62 again by the estimate (6)
[T(x, t; & 7)| S ci(v) sup o(y),
»e(0,8)

where ¢(y) = y~*"/% exp {—c,(8* — y*)*/® y~1/3} . The last inequality proves
the almost uniform boundedness of I',.

c. Consider the rectangle 0: ;> 0 ={(&17):|x - ¢ <6,|t—1 <8} >
> S(P, 5). Then by (7) for v[4 < p < (1 + v)[4andv =0,1,2,3

‘U [Fy(x, ;& 7)| dE dr < 2K(v) [(4p — v) (1 — )]~ L ot +3-v,
S(P,d)
The statement ¢ is pgoved.
Lemma 2. Let f e Co(Q2). Then the integral
1
I(x, t;7) = J. r(x,t;&1)f(&1)dé, v=0,1,2,...
o

has the following properties:

a. I, is continuous on 2 x {0, T), © % t and
) D} Iy(x, t;7) = I,(x, t; 7)
Jor (x,1;7)e(0,1) x <0, T> x {0, Tyt + t.
b. D, I(x, t; 7) is continuous on {0, 1) x (0,T) x <0, T),t + tand
1
(10) D, Iy(x,t;7) = J‘ D, Ty(x, ¢ 1) f(&1)dE = — I(x, 8 7)
0

for (x,t;7) e 2 x <0, T, © + t.

c. The uniform limit _ ,
lim Io(x, t; 7) = f(x, ) (lim Io(x, t; 7) = f(x, 1))
t=tt L ind tud

exists in any rectangle R1 = (a, wb) x €0,T) (R; =<a,b) x (0,T)), where
0<a<b<l
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Proof. Putting u = (1 + v)/4 in (7) we get an integrable majorant for I',, v =
=0, 1, ... independent of x and locally independent of ¢ and 7 for ¢ % 7. Then from
Lemma 1a and theorems for the differentiation of parametric integrals we have the
assertions a, b.

To prove the statement c of this lemma write
1
Io(x, t; 1) = f(x, -r)J Lo(x, t; &, 1) dE +
0
1
+J Lo(x, D) [f(E 1) = f(x,7)]déE=U, + U, t<t.
V]

If we transform the first integral by the substitution (x — ¢)/(t — 7)'/* = —z then
(Fo(z, 1;0,0) = I'y(—z,1;0,0))

rl‘o(x, t; € 1)d¢E = rFO[x/(t — Dl 1;
o 0

EJ( — )4, 0] (¢ — )~ Y* g = J' * Iz 1;0,0)dz,

where w; = x[(t — )%, w, = (1 = x)[(t — 7)'/*. In view of (8), limU, =
t=t+

= f(x, 1) ( hm Uy = f(x, 1)) uniformly with respect to (x, t) € R, ((x, t) € R;). Divide

the second mtegral U, in two parts integrating on the interval {x — 8, x + &),
where 6 > 0, x € {a, b) such that x — J, x + 6 € {0, 1> and on the set <{0,1) —
— {x — &, x + 6). From the continuity of f(x, t), for ¢ > 0 and sufficiently small &

j‘xHI‘o(x, t; & 1) [f(& 1) = f(x,7)] dfl =< sJ‘1|I‘o(x, ¢ 1) dE S

x=96
< eJ‘ |Fo(z,1;0,0)|dz < eK, K> 0.
bl o}
The remaining part of U, is a continuous function of x, ¢, T and limU, =0
(lim U, = 0) uniformly on R, (R,). This completes the proof. et

Tt—

Remark 1. At any point (x, t) € 2 the function I, may be continuously extended
for t = t by Io(x, t; 1) = f(x, ©).

Lemma 3. Let
Tx, 0) = j ' f L, £, 916 ©) dé de
0J0



Then
a. Forfe CO(Q) andv =0,1,2,3, T, is continuous on Q and

(11) D} To(x, ) = T(x,1), (x,)e(0,1) x <0, T).
b. For fe Co(@) n So[x, (0, 1); t], T, is continuous on @ and
(12) DiTo(x, 1) = Ty(x,2), (x,2)€(0,1) x <O, T).

c. For € Co(2) n So[x, (0, 1); t], the derivative D, To(x, t) exists, is continuous
and A

(13) D, Ti‘o(x, 1) = f(x, 1) — J1F4(x, t; & 1) f(€ 1) dEdr = f\(x, 1) — Ty(x, t)

Sor (x,t) € Q. Ty(x, t; &, ) is the fundamental solution of L(u; x, t) = 0.
Proof. Since T)(x, ) = [¢I,(x, t; 7) dt and the estimate
[L(x, t;7) S KOGt —1)7*, K()>0

holds for v/4 <p<(1+v)4 v=0,1,2,3 and (x,t;7)e<0,1) x <0, T) x
x <0, T), T =+ t, the first assertion follows from Lemma 2a.

The part b will be proved if we find an integrable majorant of I(x, t; t) with respect
to 7. Let y € (0, 1) be an arbitrary point then by (9)

I(x,t;7) = D I5(x, t; 7) = f(y, 1) [Ts(x, £;0, 1) — '3(x, 1, 7)][,=x +
1
" f I 669 [(E ) = £ 0] &8l
o .
for (x,t;7)€ (0, 1) x €0, T> x (0, T), = % t. In virtue of Lemma 1b the

difference I';(x, t; 0, 7) — I'5(x, t; 1, 7) is a bounded function of (¢, 7) at every point
x € (0, 1) and has zero limit as 7 — ¢-. The last integral may be estimated as follows:

IIA

J.:Iu(x, t; & 1) (S f) - f( )] dél < K, J‘l ae

RN
SK[t—-, 1-(e)<pu<1
where K,, K are constants independent of x, t, 7.
Prove c. Since D, Io(x, t; 1) = —I,(x, t; 7) (see (10)), it is
(14) [DIo(x, t;7)| S Kt —7)™*, 1—3e<pu<l1,
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whence we have the continuity of D,T, on Q. Let te(0,T) and h > 0 such that
t + h < T and investigate the difference

t+h t
(15) %{To(x, t+ h) — To(x, 1)} = %z {J Io(x,t + h;7)de — J.Io(x, t; 1) d‘r}=
0 0
1 t+h t
= ;z_[ Io(x,t + h;t)dt + j D, I(x, t*;7) dr,

t 0

where t < t* < t + h. In view of the continuity of Io(x, #;7) on @ x <0, T) (see
Lemma 2a and Remark 1) and the estimate (14), letting # — 0 in (15) we obtain

D, To(x, t) = Io(x, t; 1) — Tu(x, 1) = f(x, 1) — Ty(x, t).

Lemma 3 is proved.

Lemma 4. Put
t
Jy(x, t; &) = Jf(T)Fv(x, t; &, 7)dr.
0
Then

a. For any fe Co(<0, T)) and v =0,1,... the integral J, is continuous on
Q x 0, 1), ¢ *+ x and the equation

(16) Dy Jo(x,t; &) = J(x, ;&)
holds for (x,t;&)e(0,1) x <0, T) x <0,1), & * x.
b. For fe Co(0,T)), D,J, is continuous and

(17) Dt Jv(x’ t; é) = J‘}(T) Dt Fv(x’ t; és T) df = _'Jv+4(x: t; é)

for (x,t; &) e @ x {0, 1), & * x.

Proof. The proof follows from the estimate (7) for 0 < u < 1.
Lemma 5. a. For any fixed point ye (0, 1) and (x, ) € (— o0, ) x (0, T

(18) P(x’ y) - J‘yro(x’ £ 6’ 0) df = J"[DgFO(x’ t; Y, T) - Dg FO(x’ t; 0’ t)] dr ’
0 . [

where
1 if 0<x<y
pxy) =4t if x=0 or x=y
0 if x<0 or x>y.



b. Let J, mean the integral from Lemma 4. If fe Co(0,T)) then for every
te(0,T)

(19) lim Jy(x,t;2z) =0, ze<0,1)

x-z+

limJy(x,t;z) =0, ze(0,1).

c. Let n = 2 or n = 3. Then for f€ S,,_4[t, (0, T)] at every point te (0, T)
(20 lim J,,—y(x, ;2) = 31— |n = 2)f(r), z€e<0,1)

Xzt

lim J5,_y(x, t;2) = =31 — [n = 2)) f(r), z€(0,1).

T Xz

Proof. a. For x # y and x # 0 the convergence of the integrals in (18) follows by
(7) and for x = y or x = 0 by the identity D} I'o(y, t; y, ©) = D3 I'((0, 1;0,7) = 0.
Let y € (0, 1) be a fixed point. Integrating the equation

y
f D, Ty(x, t; &, 1) dE = D} I'o(x, t; y,7) — D} [y(x,£;0,7), t+ 7
1]

with respect to 7 from 0 te ¢ — ¢, ¢ > 0 we obtain

t—e
(21) J. [D} I'o(x, t; y, ) — D} To(x,1;0,7)] dr =
0

_ J‘ '“‘[ f "D, Iy, 1 ¢, 7) df] dr = f Tolx, 1581 — 8 d& — J "To(x, 14,0 d¢
V]

0 1] 0

for (x, 1) € £2. By the substitution (x — ¢)[e!/* = —z,
y 2
I Lo(x, t; &, t — g) dé& =J Iy(z,1;0,0)dz,
0 ‘ -

where @, = x[e'/*, w, = (y — x)[¢'/*. Hence and by (8), letting ¢ - 0+ in (21) we
get the relation (18). ‘
b. Since lim I'y(x, t; z, 7) = O uniformly with respect to 1€ <0,¢t — &), & > 0,

formulas (19) follow from estimate (6) for v = 1.

c. The function f(f), t € (0, T) may be continuously extended to the closed interval
0, T).For0£z<x<l1land0 <7<t =T weget

lH2n—1 ‘_—{ l[f(t) - f(T)] F2n—l(.x’ t; Z, T)I é
SKit—-11', 0<e<1, K>0

(n = 2, 3), whence lim [§ H,,_, dt = 0 at every point t € (0, T).
xz+

8



In virtue of (18) for y = z #+ 0 (D} Io(z, t; z, 1) = 0)

t z t
lim J' D3 Io(x,t;z,7)dt = f To(z, t; £,0)dE — J. D} I'y(z,t;0,7)dv = % .
0

x=z+ Jo 0
If z = 0 the formula (18) yields
t
lim | D2 Iy(x,t;0,7)dr =

x=0+ Jo

y t

=1 —JTo(o,t;c,o)dé—jD?FO(O,t;y,r)dt= 1-31=4%.
0 0

Since

t
Tama(%852) = — f Hyey do + f() L,

0

where L, = [§ D To(x,t;z,7)dr and Ly = —D, I'o(x, t; z, 0), the formula (20)
is true for x — z+. The reasoning for 0 < x < z < 1 is analogous.

4. The Green function. Theorem 1. The function

(22)) Gfx,t;¢,7) = f [Fo(x, t; & + 2k, 7) + (—1) To(x, t; =& + 2k, 7)],
e j=12 '
and its derivatives D;G;, v =1,2,... are continuous for (x,t;¢,1)eQ x O,
(¢ 7) * (x, 7) and G; constitutes the Green function of problem (1), (2), (3;).
Proof. Investigate the convergence of the series

(23) u(x, t; &, 1) = (—1) Lo(x, t; =&, 1) +

ki@[l’o(x, t; & + 2k, t) + (—1) To(x, t; =& + 2k, 7)]

k%0

(Gy(x,t; &, 7) = To(x, t; &, 7) + u§(x, t;£,7)). For 0<x<1, 0<¢=1 and
k= %1, +2,..,|x F & — 2k| = 2|k| — |+¢ — x| = 2|k| — 2. By (6) we get the
estimate

|D% To(x, t; & + 2k, 7)| <
cy(v) (t — 1)~ AV exp { =243 ¢,(t — 1)713 (K| — 1)*3}

forv =0,1,...and t < ¢t. Thus number series

4e,(v) a= XY exp {—2*3¢, T~ 13(1 — 1)}
=1

is a convergent majorant of

]

(24) Y [DLTo(x t;€ + 2k, 1) + (1Y DLTo(x, t, =& + 2k, 7)], j=1,2

k=-m .
k*0 )



if 0<a<t—1<T Hence the continuity of Duf’ follows on [<0,1) x
x (0, T)] x [€0,1) x <0,T)], = < t. We easily see that in & x @ the function
Dy I'o(x, t; —¢&, ) is discontinuous only for x = ¢ = 0, t = 7. The terms D, Io(x, t;
& + 2k, 1) of the series (24) for k = 1, —1 are continuous on 2 x & except the
function D} I'y(x, t; —¢ + 2, 7) which is discontinuous for x = ¢ = 1, t = 7. The
following majorant of (24) for k + 1, —1

s(t, ) = dcy(v) (1 — )= ¥W/4 gzexp {=2%B eyt =) 131 -1} =

— 4c1(v) (t —_ T)"(1+v)/4 q/(l - q)’

where g = exp {—2%/ c,(t — 7)7%/3}, has the zero limit as t — 1+ or T - t—.
Consequently all derivatives Diu{” are continuous on @ x &, (x, ) (& 7). By
Lemma 1a the continuity of D}G; on 2 x @, (¢, 7) % (x, t)isevidentforv =0, 1, ...

From the preceding argument and Lemma la we see that the equation
L(ug”; x, t) = 0 is not satisfied only at the points (0, #; 0, t), (1, #;1,) € @ x Q. Let
x or & be from the open interval (0, 1) then by the estimate (6) one obtains

lim u{(x, t; £,7) = 0. The properties c. of the Green function follow for
tor+

Gj(x, t; &, 7) from the identity
(25) D} Gx, t; &, 7)|x=: = (:2_—1): f Iw o'{[cos o(z — & — 2k) +
T k=—w | _yH
j+ (=1)Y cosg(z + & — 2k)] — i[sing(z — & — 2k) + (—1) sing(z + & — 2k)]} .

.exp [—¢*(t — 7)] deo

which may be obtained by the direct differentiation of (22,) and by Eulerian identity.
This concludes the proof.

Remark 2. In the compact set @ x Q the Green function G; contains three singular
terms I'o(x, t; &, ©), To(x, t; —¢,7) and Ty(x, t; —¢ + 2,7) and the function u§” is
continuous on 2 x 2 and 2 x Q. '

Theorem 2. Let G, be the Green function (22;). Then for u(x, t) € N (Q) the identity
3 ¢
(26) u(x, 1) =k20(— 1)"-" Diu(l,7) DI % Gy(x, t; 1, 7) dr —
= 0

3 t
-y (—1)"J‘ D} u(0, 7) D} G(x, t;0,7) dv +
k=0 o
t

1
+J. u(€, 0) Gy(x, 1; ¢, 0) d¢ +f
0

0

lej(x, t; & 1) L(u; &, 7) dé dr
0

is true on Q.
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Proof. In virtue of the decomposition G; = Iy + u§” and Remark 2 and Lemmas
2a, 3a, 4a we may assert that all integrals in (26) are continuous functions on Q.

Let u(x, t) and v(x, f) be arbitrary functions of N (@) and let M(v; &, 7) = D}v —
— D.v. Integrating the identity

u M(v; &, 7) — v L(u; .f; 7) = D;[kéo(— 1)* DjuD; *v] — D (uv) .

over the closed domain Q we get by the Green formula

H;)[u M(v; &, 1) — v L(u; &, 1)] dé dr = LQR(g, 0 dé + S(&, 1) de,

3

where R(¢, 1) = uv and S(&, 1) = Y, (—1)* DfuD} v and 0Q is the boundary of Q.

k=0
Consider the positive oriented rectangle @' =(0<S¢<1)x (0StSt—¢),
¢ > 0 with the vertices 4,(0, 0), 4,(1,0), M(0, t — &), M,(1, t — ¢) such that its
one side passes through the point P(x, f) € Q. In this rectangle we may put v(¢, 7) =
= G(x, t; £, 7) and the Green formula gives

3
(27) - H G;L(u; &, 1)dédr = Y, (~1)'°j DiuD;™*G, dt -
ok k=0 AM;
3
- 2(—1)"J‘ DuD;™*G;dt +j uG; d¢ ~ ullo d¢ —
k=0 AiM; ‘ AgA> MM

1
—f u(g, t —e)uf(x,1;¢,t — ) dE.
0
The integral I(g) = {[5, s, uI'o d¢ may be transformed to

w2
I(e) = j u(x + z3/e,t — ) I'y(2,1;0,0)dz, (x,1)eQ,
—o
where 0, = x[e!/*, w, = (1 — x)[e!/* by substituting —z = (x — x) £'/*. With re-
spect to the mean value theorem we obtain

2
I(e) — u(x, t) = f/ej zD;u(x + 6z i/s, t — 0¢) I'o(z,1;0,0)dz —

w1

—eJ ‘ D, u(x + 02‘{/3,t— 0¢) I'y(z, 1;0,0)dz —

-2

_u(x,t)(J —J.Z)Fo(z,l;O,O)dz, 0<6<1.
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If we denote N = max (|u], | D,u|, | D;u|) then
n

1(e) - u(x, 1) < Ni/aj.j |z Fo(z, 1;0,0)| dz +

@© -0y @
+ eNJ‘ |To(z, 1;0,0)] dz + N| (I + j )Fo(z, 1;0,0)dz

- - ® @2

and by the formula (27) for ¢ » 0+ we reach the assertion of this theorem.

Remark 3. The analogous formula to (26) may be shown for an arbitrary function
H(x, t; £, 1) = I'y + h (instead of G;), where h has the following properties:

a. L(h; x,t) = 0 for t > .
b. lim h(x, t; £, 7) = 0 for (x; ¢, 7)e<0,1) x & if at least one of the points

t—c+

x and ¢ lies in the open interval (0, 1).

5. The solution of boundary problems. The following theorem gives a formula for the
explicit representation of the solution of problem (1), (2), (3)).

Theorem 3. Let the right hand side of (1) ¢(x,t) be a function of the class
Co() N So[x, (0, 1); £] and the boundary functions belong to the following classes:

g(x) € Co(€0, 1)); ajft), bj)eS,[t, (0, TD] and cft), dft) e So[t, (0, TY] for
Jj = 1, 2. Then the function '

(28)
uy(x, 1) = (~1Y j

0

[a,(t) D{ 7Gx, t; 0, 7) + ¢(t) D} ) G{(x, t; 0, 'c)] dr +

t

+ (—l)f“J'

[b,(t) D7/ Gx,t;1,1) + djfr) D; 7/ Gyx,1; 1, ‘t)] dr +
0

1 t rO
+ I 9(8) Gf(x, t; ¢, 0)d¢ + J I Gi(x, t; &, 7) @(¢&, 7) dE dt
1] 0J 1

is a solution of problem (1), (2), (3)) forj =1, 2.

Proof. First of all we see that there exists a continuous extension of a;, b;, ¢; and
d;,J = 1,2 on the closed interval <0, T).

The functions D} I'o(x, t; —&, t) and D} Fo(x, t; +& + 2k, t)for k = +1, +2, ...
and v = 0, 1, ... are continuously differentiable on Q x & up to an arbitrary order
and satisfy the homogeneous equation L(u; x, f) = 0 on £ for every fixed (£, t) e 0.
With respect to formulas (10), (13), (17) and to the decomposition D}G; = DI’y +
+ Du§ it is obvious that u (x, t) satisfies condition (1).

12



Letting ¢t — 0+ in (28;) we get condition (2) by Lemmas 2c, 3a and 4a.
For the proof of conditions (3;) j = 1, 2 we shall need the following identity:

(29) DDy Gz, t; &, 1) =
(—iy* i o Q" {[(—1)" cos o(z — & — 2k) + (—1) cos o(z + & — 2k)] —

2T k= J_4
—i[(=1)'sing(z — & — 2k) + (—1) sino(z + & — 2k)]} exp [—o*(t — 7)] de

which may be obtained analogously to formula (25) by (22;). If the parameters
(v, v, j, z) attain the values (0, 0, 1, 0), (0,0, 1, 1), (2,0, 1,0), (2, 0, 1, 1) and(1, 0, 2, 0),
(1,0,2,1), (3,0,2,0), (3,0, 2, 1) then the derivative (29) is equal to zero for t < ¢.
Hence and by Lemmas 2a, 3a for the same values of parameters (v, vy, J, Z) as above
the derivatives of the both last integrals in (28;) with respect to x up to the order
v =0, 1, 2, 3 converge to zero as x — 0+ or x - 1— for every ¢ € (0, T). From the
continuity of J, on @ x <0, 1), £ % x and from (16) we have

t
(30) D;J'fj(t)D;‘ {x 6 1)dr >0 if x>0+ or x—1-
0

(f; represents any ome of the functions a;, bj;, c; d; of (28;)) for all values
(mvi2)=(0,1,1,2), (0,3,1,2), (2,1,1,2), (2,3,1,z) and (1,0,2,2),
(1,2,2,2), (3,0,2,2), (3,2,2,2), where z =1 — Eand ¢ = 0,1 (E +z). If ¢ =z
then Lemma 4a enables us only to interchange the differentiation and integration in
(30). For the calculation of the limits of the integrals in (28;) if x - 0+ and x — 1—
we have to use Lemma 5b,c. (There are two singular integrals in (30). If z = 0 then
both integrals for k = 0 — see (22;) — are singular and if z = 1 the first integral for

= 0 and the second integral for k = 1 are singular.) The remainder of integral (30)
is a continuous function on @ x @ and we find out as well as in the previous case that
its limit is zero. Thus the function u(x, ) given in (28;) satisfies condition (3,).

The function u(x, ) is sufficiently smooth. Indeed, the continuity of derivatives
Diujforv =0,1,2,3,4and Dyu;, j = 1, 2 in Q follows successively by Lemma 2a,b
and 3a,b,c and 4a,b and by the continuity of u§” on Q x . Letting t — 0+ in (28,)
for x € (0, 1) and then x — 0+ and x — 1— for t€ (0, T) we get the continuity of
uj(x, t) on & — {(0, 0), (1, 0)} by Lemma 2c and 5a,b,c. Theorem 3 is proved.

Remark 4. In Theorem 3 we have proved the continuity of u J,(x, t) in
@2 - {(0, 0), (1, 0)}. For the continuity of u(x, ¢) in the whole closed domain  we
have to put further conditions on the boundary functions. For instance, it is sufficient
to assume that g(x) and a,(f), by(f) have a compact support in <0, 1) and <0, T)
respectively. Really, substituting (x — &)/t'/* by —z we obtain for a sufficiently small
e>0

1
I(x, t; 0) =J 9(&) T'o(x, t; £, 0)dE =
0
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w2

1-¢
=I g(&) T'o(x, t; £,0)dE = j g(x + t'/%2) I'o(z,1;0,0)dz,

e -0y

where oy = (x — g)ft'*, @, =(1—¢— x)[t*'*, xe€0,1), te(0,T) and
Io(x,t,0) > 0 as (x, £) = (0, 0) or (x,t) — (1,0) for (x, ) € . In virtue of (6) for
(x, t) e @, £€<0, 1) and f(1) € Co(<0, T)) we get

Saft), vy=0,12

J.tf('t) DEI Gj(x7 t; é: T) dr
0

t rl
o(&,7) Gi(x, t; £, ) dé dr| < Bi(r),
0

where lim o;(f) = lim B;(f) =0, j = 1,2. Let £ = 0,1 then [§ f(z) D} G,(x,t; £, 7)dz
t=>0+ t—>0+

is a continuous function at the point (1 - ¢&,0) (see Lemma 4a). Furthermore
by (18) for y = 1 and x € (0, 1)

|73(x, £; 0)] <

t
al(l)j D} I'(x, t;0,7) dr
0

< |ay()] {

where K > 0, 0 < p < 1 and lim y(f) = 0. Thus J4(x, t;0) - 0 if (x, #) - (0, 0).
t—-0+

Analogously J,(x, t; 1) — O as (x, 1) > (1, 0).

+ Itlal(r) —ay()||DE T'o(x,1;0,7)| dr <

D} I'y(x,t;1,7) dr |+

IS + 1} + 9(?)

Remark 5. The above procedures are directly applicable to the boundary value
problems
Lyu; x,t) = DZ"u + (—1)'Dju = o(x, 1), (x,t)eQ

u(x,0) = g(x), xe(0,1)
Diy+j—1 u(O, t) — avj(t) , D§v+j—1 u(l, t) = bvj(t) s

te(0,T>,v=0,1,...,n -1, j=1,2.
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