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éasopls pro pé&stovini matematiky, ro&. 80 (1955)

VYPOCET SOUCTU RAD

BEDRICH KONIG, Praha.
(Doslo dne 18. biezna 1953.) DT - 517.522

V &lanku je podédna metoda pro numericky vypodet soudtu jistych
fad a odhad chyby pfi této metod® (§ 1 & 2). V § 3 jsou jako ukézka
propoédteny tfi pfiklady. '

1.

Budiz 8 = « 4 if (x > 1, B redlné); p = 0.

Rada 1) ='ap* + a;z*~1 + agz*~ 2 + ... (@ F0,2=2x+ iy) (1)

budiZ konvergentni a f(z) == 0 pro [z| > ¢. Pro |z| > ¢ méme tedy konver-
gentni rozvoj

1 1

T~ =b@ ™ 4 b2zl bzt ..., by=—%0. 2
g = T 2 " a @

Je-li k, > o ptirozené &islo, je fada > Ty (;c) absolutné konvergentni (jezto
. k=k,

1 1
i~ = 0 [5=]]; jde o stanoveni jejiho souétu.
T00) (k,)) ] i€}

Pritom k¢ = e*loe* kde log k znaéi hlavni hodnotu logaritmu éisla k.

| .
5~ MmiZeme rozvinout ve tvaru

ftky
1 — 1 . 1 1 _ 1
T("?) o A_l [(k _ %)“1 (k +%)s—1] + Ao [(k — %). (k + %),] “+ ...

1 1 1 1
—}-A,.[(,‘;___%)"_"_f — (k—i—-})"“'] + ... +Ad[(k__%)c+d - (k+§)'+‘] +

. + o(h). ®)
0zvoje —atry @
1 —8—r\1
(k - 5) - iZo (=1 ( ) ) 24 LA
17t & [—s—r\1
ul — — —(str+9)
(k + 2) {Zo ( ) ) 28 k

jsou pro viechna r a £ = 1 absolutnd konvergentni.
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_Rovnici (3) miZerne pak pséti‘ve tvaru (3a): - e
bok~* + bye~2-1 + bok—2-2 4 .. —|—bk8"+

1 1\ 1
——a ot e (T g +(2jjl)22,k—s-=r+...]_

— Ao [_ gk—s-1 + ( ) i k-3 + ...+ (27, +'31) o —_Jp-s—2r-1 4. ]

—_ Al[(_ 8 — 1) k-2 +(_ '33—‘ )§ ’?_3_4 +_ . +(;rs+ ! )22,. k-s—2r—2+ ]

8.

R e I

Aerntien s et g =N e e T e e o e e
. “‘ T\. 3 el M - - - g :_s_An_?'-—_Ji ¢ LR T e .. I,
L A "+L('-2r‘+ 1") 2=rlf RN +] . ERRRS

e[ a e (07 Ly

) —s—d\ 1. T
o ( 2r 41 )5? L J + (k) .

Srovnanlm koeﬁmentu vy]de tp(k) ve tvaru konvergentnl rady |
ST ‘P(k)_'o‘ok s+‘x1k—s 1+0‘2k = 2+
Koeflclenty A -1 Ay, A, ..., A,; 1ze stanoviti ]edn_pz‘na,cne. tak, Ze og = &, =

L= Mgty = =0, ‘nacdez

celes e ‘P(k) = ogpch"9-2 Q‘d+3’?_.s_d»—3. +. ceeo i Lo
hmémé" E C ‘ o T

1 R TN Pt
i _,“[(k =P <n+%)s-]+“‘ [(k o )s‘(nH)s] e

1 N i S h 1
oA [(k — (n+%>s+f]+ | =g &)s*d]”

‘ X
_ Kgtg Xg+3 . - .
seee sy R kzk fsta+2 + k’+d+3 + R . : O _‘(4)
Je v1dét ze koeﬁcxenty A -1 Ao, . Ad neza.v131 ;na volbé d Rovmce (4) H}ﬁ%é-
me pouzit‘téz proo <. I » Pokud o+ d, + 2 > 1 — !’* ——
Pro n'=>'0; o6 > 1 obdrmme A o t =i
‘v" Z —1—- = A —‘l_ 1 + 14? - ! + -+. _A 1 _,_f’a‘u.',“".(.‘."
o (I »_-1.;(]" )&—L i (Ic l), ‘i r.—_ﬁ—(k e T :
’ 1’ i f
ey + A¢ 3 + %
AR RN .?, ’ (k ‘%)s+ P f’::f;
“d+2 “d+3 e J
R 2 sdagit2 + kP HaE3e + v eadnelv o w(&)
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~“Touto ravnici je funkce &(s) definovand pro o > 1 f-adou
, N bt 1 ,

S St 5w
analytlcky prodlouzena. pro &« < 1, pokud x+d+2>1.

120, —-(‘9; l) b

Z rovnice (33) plyne

= — = -._1_ —
ATy AT A 12(s +1)
N o M
_142 = 12(8 + 2) ’ Aa == ‘ 3 K 5 . 24(8 + 3) . 3 atd.

Pror=1,2,3,...je

—s—d+1\1 . [(—s—d+3| 1
“d+2r=ba+2r+Ad—1( 91 )'2'2;+Ad—3( 2r + 3 )m-f—

| Ao (7% ) L (pro lich4 4) :
Ze—w\ 1 °(d+2r)2a+zr-,x (pro lichd d) ;
+A ( )2d+2r—v— + +<
' A,

Y d+ 27’ 8+1 1
, Ngqora1 garzr (Pro sudd d);
s—d\ 1 —8s—d+2\ 1
Kitort+y = bd+21+1 + 4, ( 2+ 1 ) 52—r+ Ad—‘-’ ( 2r + 3 ) 92rt2
—s+1 1 .
A e s— /A—-l d+2r+2)27+7+—1(pr° lich4, d)
et (d+2r—v+1)2d+2r—v \ 1 ’
A4, d+2r+1 gate: (Pro sudd d) .
_ ' (8)
Pro zbytek R obdrzime odhad, platny pro kazdé k, > o.
& 1 [Basql 1bgigl ]

1 |ba10] | 1 8
W<3ﬂwﬂhﬁd+mmw+mmw+ ¥
1[/—¢—d+1 —d+1 —s—d+1\| 1

+'A“‘1'§”( 3 )’+ ( 5 )4102“"( 7 )42k4+ ]+

T Sy Xl e s I
g )

. —8— 1 —8— 1
+'(d+4—1’)4_k§ (d+6—‘l’) Z%—f'..'.]-f—...

+

+
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1 1 — 38 liché
T R PR S P
; 841 —s+1 s+ 1\ 1
"4"'2“*[( d+3 )‘+ ( d+5 )Eﬁ( d+71 )H.‘,“L]}

(pro sudé d) +

© Bassl . [bass] ]
1
+.Zk.rk’+d+81 {"’“3'[ F gl T Toaras )T

o e B e R e P
RN
14 2d++= [( d_r;__"v)
s )

42_'k3 + |oo]+ see
1
IA—1|24—+5[
..+<

—s 1\ |—s+1)| 1 [f—s+1)[ 1 T\ (proli
[y i ey - ey R £
—8

P el

1
RS T

4"144-2l24[

4.

o+ o+ -]

%3
(pro suda d) .
Je-li ny nejmensdi pFirozené éislo takové, Ze ny,= p, plyne z konvergence fady (2)

’ bd+v+2
e I
bavony | = )

Je-li tudiz k, > n, pfirozené &islo, plati

bd+v+2

<a” kde o="0 <1. )
bd+2

ko

Providéjme tedy odhad zbytku pro .k, > 7, Potom

Bass] [ba+s] 1
Fo </
Iba+2lk [ba+o|R l—o

14 +

bniy

bk, <1
0

pro viechna pfirozend n. Obecn¥-plati :”’;‘ , £ 1 jen od jistého n polinaje, a tedy je
nutno v dal$fm vzorec (9) pfisluinym zpﬁsoobem pozmé&nit, coZ si tendf lehce provede
sédm.

*) Upozortiujeme Etenéfe, %e pro jednoduchost predpokléddme, Ze plati
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Zbyvajici fady, vyskytujici se pfi odhadu zbytku R, jsou tvaru:

— (8 +7) —(@+1) 1 i(—(s+7) 1
IR B ey -2 (Mg RS
e =181 |~ o+l — I8} 1
. — + 7l — — |x rl —
C (U b ISR
—le+r =B\ L, .
N Ll ES
pritom s =« 4+ if, m = 1;3;5;..;r= —1;0; 1; 2; ... .
Oznadme
'(— o + 7| — lﬁl)l
m -+ 2
= . 8
(= Pl Omr ®)
m
Pokud

ot 7]+ B> 1,

—, je-li k, tak zvo-

— Wy,

klesd w, , s rostoucim m a S; < l(_ o +n:l o lﬂl)’

leno, Ze w, ,, < 1.

)

J&Ma+ﬂ+wh=hw8f=—iqu&HM+H+WP<LwSr<
1

1 1
Y 4%?

Pri odhadu zbytku R vyskytnou se &isla wa-1,5 @a-ss5 -+ Woass; ®_ya4s
T Wag Wg_g5; .3 Ooass Woq,a+4- L€ VSech téchto Sisel je nejvétsi w,; (jak lze
snadno ukézat). '

Pro R obdrzime tedy odhad:
S 1 1 1 1A |(— |« +d] — |g]
d <kgkaw (lbdﬂ[ =6 1= W4, {§ [ kq 3 +

[l ]+

(-— Ia+d5— 2| — lﬂlg)J + sy - l(— |o +d5— 3= Iﬂl)u .

B U I

0

1[4,
+2~4[|_d_2_|

22r k, 2r+1°

(—p+d—w+u—wm+n_

+ IAd—Z'r‘Fl"‘. ’ 2 + 1
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/2.,1+1[|, l’( I«;J:lz i '-HAI '( ,l;L;IﬂI) 4
e SETIUR g £ 'Ak;" “;J:L‘"Jﬂ', (pro liché ),
\g—dl—;; [l‘l‘:ol (*’—S‘L 3"3')J+1A_1|. ( I +1|3‘ d ]})(prosudé,d);
Ktery plati pro k, takova, e wgy < 1. | ) ©
- 2
Budiz s =« +if (x >0, =05 0 <z <1; 0> 0. /(k)]e déno Fadou

{2), konvergentni pro k, > o. Mame sta.nowt z ;:I:; . UvaZujme nasledujici
rozvoj f_(k—): . -
1 - Tzl ezl | e-Tal enei
= A - y | —
|y ~ < [(k G %)s]* : [(k——%)m % +%>s+1] +
4 e— Tzl emzi
- F "[(k (3 +%>s+.v]+‘
’ ezl enzi
.+ 4, [(k 3+ T &k + %)Hd] + p(k).. (10)

_qux;ineme-li (k — %)-¢+t7 a (b 4+ )¢+ jako v § 1, obdrzime:
' bok=* + bkt - bok—-2 + ... =

= 2Aoisinrrx[lc7*’+A( )k—s 2;+(_ )%k_—s—u—...]—

(“5 )%k—s-5+.;.]—

s—7\1 T —s—\1 .
2 )“k 2+( 4 )Eik o+

—4, cos nx [-— (s+») k—s—-14 ( §— ") . Te-s-v—3 4

—_8 —
' ( 5 )2—4]0—,8_”—54—...]-—
DL — 2A,isiﬂl-17'rq:.[k““"v + (_. '?2- d) _2!5 ks-d-2 + ('—; .?4_

,3- )_2_’k—s—d-;3+

l k-3 +

— A, cos nx [—- sk—s-1 4 (—;}s) 5

.. — 2A,i sin nx [k‘s—" -+ (__

]_

d\r.,
— Agcos [-r (3V+bd) T-s-d-14 (
| —§—d\1,_
+ ( 8:5 )24’“,_’4_5’*‘ ]+ (k) .
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Koeﬁcienty Ay, A4, ..., A; vypodteme zcela obdobné jako v § 1 pfi vypostu
f ( k) Pro ¢(k)Iobdrzime konvergentni rozvoj tvaru

P(k) = g4 k™0 gy k-t L
Obdrzime: -
bl A = bys cos nx + 2ib, sin nx

7 28innz’ ' 4 sgin® nx

’

by(s + 1) sin 2nz — i[b0 (8-|2_ 1) (1 + cos® nz) — 4b, sin® rcx]

8 sin® nx

Az = ) a.td.

Pror=0,1,2,... je
[
1 [—s—d
Katartr = bayors) — AgcO8 T . ( ) -

2r+4+1
—8—d+4 2 _
ger+2 2r+ 3

—8—d+3\
2er+d| 244

—8—d+1

_244.‘1_118i117t(v.Ez—’_T2 ( or 42

) — A4 ,co8 nx.

— 24, 4isinnx.

.. 1 [—s—d
Kgtorts = Dgiorts — 244isin x . 2?;2( ) -

2r+4 2
1 [—s—d+1 —8s—d+2 _
'22r+2( 2r+3

24, sin nx . ) (pro lich4 d) ;

1
gateril (d 2r+1
+ 2r+ (11)

— 8

A, cos nx . 2d+2r(d+2+1)(prosuda,d);

_A-d—l COS 1t )— 2Afl_2i8in . 2—2‘;1—1( 27'+4
—8s—d+3
——Ad_scosm:.m( 21 5 )-—

A, cos nx .

1
e gataret (d+2 +2)
AN

(pro lichd d).
(11a)

1 .
. W(d+2r+2) (pro suda d) .

24,i sin nx

Z rovnice (10) plyne

®  e2knai A A A, ]
— e(2k,~ 1)7zi 0 1 et R;
2w~ e [ko—— P R e Vi I
[21 & .
R = Z (ks-::—il-l + ks::-:z + ) * (12)
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Pro « + d > 1 obdrzime obdobng jako v § 1 nésledujici odhad zbytku R:
[ba+ | 1 1 |[—s—4d
|R| < Z Ika+a+1| ( o 1 — g IAdl |s+d|+ Eo- 2 +

i

+ gy s l[( ";r”l) + 5 (d—_"vjrg)]q-
AT A T ™

Oddélime-li ve (12) é4st redlnou a imagindrni, obdrzime vzorce pro souéty fad

o o8 2krx a < sin 2knz
"g‘o H(k) =%, f(k)

3. P¥iklady.

1. Vijpolet funkce L(s) = 2, ki kde s = & + i (x > 1, B realné).
k=1
Pddle (3) obdrzime

Bt = Ay [0 — 37 — (b D)7+ Al — 3 — (6 + DT
Al — 3 — (B 4+ 34+
A — P = e+ D+ o)

k) = 0gyok 202 - xgy gk 9% g ko 4Ll

Srovnénim koeficienti dostaneme pro licha d:

A2,=0(T=0, 1,.“’d_;-1); Kgrgr =0 (r=l’2:---);
1 . _ 8 | - 7 s + 2 s + 2 3.
da=7=7i h=—5 4 3—5—2( 3 ) ( ;|0 107;
31 s + 4 s + 4
4= — 531 7( : )2—( 5 )3’85'10—3;
__[s+6 127 [s+ 6 s
Av*( 7 )3—5—2‘( 7 )4’14-10 ;
s+8 7.73 s+ 8
A9=—(: )3_11 2u=_(z )7,55.10—3;
1414477 (s 10\ [s+10 ..
A11=5.7.13.:3=.214( 11 )=( 11 )2’10‘102’
s 412\ 8191 s 412
A1,=—( T )3 215:-( A )8,33.10-2;
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s+14) 118518239 (s 14 .
Aw:( 15 )3.5.17.220‘ 15 | 4431075
s + 16\ 5 749 691 557 s+16
Ay = —( 17 )W}‘ 17 )3’054; atd.
Z (5) plyne pro vypodet {(2):
1 L 7 _ 31 +
kzmka 19,5 12.19,5% " 3.5.2¢.195° 3.7.2%, 195
N 127 . 5.7.73 1414 477 _
3.5.2°.195° 3.11.20 1951 ' 3. 5.7.13.22, 19,55
7. 8191 118 518 239 5 749 691 557

T390, 1055 | 5.5.17.29.10507 ~3.7.10. 0%, 1950 T

Podle (9) je

© —19\| 1 —17\| 1 —15\|1
R]<k_zo%—2—2-["417l-]( 3 )§;+IA15’-I( 5 )§1+,A13|.( " )@"‘

13\ 1 — 11 9 7\| 1
+|A11| ( )“2—3+IADI( 11 )210_*—[‘47!( )212+I I (l5)§ﬁ+

— 5\ 1 -3 1\| 1

+IA3'(17)§]E+|A1 (19)ﬁ+]A_1|( )220]102<
|

<2,6.104k§;0W<26 104.3,8.10-2 < 1.10-24,

19

> 7i = 1,093 663 243 913 023 316 640 878 87...;

k=1
1 11 N 7 31 , 127
19,5 12 °19,58 3.5.24.19,55"3.7.26.19,57+3.5.23.19,59

5.7.73 1414 477

_3.11.210.19,5u+3.5.7.13.212.19,513=
= 0,051 270 822 935 203 119 882 765 21 ;

_7.8191 118 518 239 5749 691 557 .
3.214 19555 ' 3.5,17.216,19,57 3.7.19.218 1951

= — 5,122 934 . 10-20 ,

Tedy ¢ (2) = 1,644 934 066 848 226 436 472 414 T4... + R; |R| < 1.10-2,

Spravné hodnota (2) = in? = 1,644 934 066 848 226 436 472 415 17...; tedy
R = 43.10-2%,

2. Vijpobet Z V4 =% 1.

Protoze pla.ti & +d + 2 > 1, lze pouZit rovnice (4) a také odhadu z § 1.
Z rov. (3) dostaneme
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Vars =% +1 = 2k* — § + 33k + Akt — 1,0071 . 10-2%k~* —
— 4,69 .10-%~3 4+ 3,79 ., 10-%k~1° + 7,45 . 10~%k-12 4 9,2 . 10-5k~1 + ..
=A_[(k— 32— (k+3T+4k—3)— &+ D]+

1 1 1 1
+A[ =3 k+%]+A5[(k—-'})3_(k+%)‘]+¢()'
V tomto piipad® pifme g(k) ve tvaru

Mg+ M, k2 + M k44 ...
¢(k) — 8 l(l(k2 — k)alﬂ
A°=Aa= ...::A,,:O (7‘=0, 1, 2,...); M7=M9=
=My =0;(r=3,4,...).
Vynéasobime-li hotej&i rovnici (k* — })3, dostaneme

2k® — 1k° + $3k¢ — $35k2 + 1,5808 . 10-2 + 4,69 . 10-3%~2 + 1,55. 107%k~* —
—2,61.1074%~¢ —3,23.10~%k—2 + ... = — [A_,(3k* + }) + Al](k’ -+
+ Ay(k* — 1y + 453k 4 &)+ Mo+ Myk—2+ Mk + .

Srovnénim koeficienti vypodteme:

A_l = - %, 'Al = -1-6‘5, As = %%, .A5 = — -5%-2-, Ms = — 3,05 . ].O—4 N
M, =4,60.10-3, M,,—1,55.10-3, M,,= —2,61.10-%, M= —3,23.107%, ...
Tedy podle (4)

k_zmv'”“‘ T+ 1=— 3[9,6° — (n+ )+ 595 — (n + H] T

15[ 1 1 511 1
Wl et _ 1 4R
+ 64[9,5 s 1}] 512[9,53 T %)s] +
% |- 3,05.10-1+4,69.10-%k2 + ...| R 1 -
Rl <2, & — 1 <42 T

< 4.10-%.1,01 2k6<4 10-4.1,01.2,6.10-% < 1,1.10-°.%)
10

km

kTt
v p cos® . @ gin ? )
3. Vgpoce 2501/4104 — kB +1 %0 V4 — 21

bl
ea

o /it — B+ 1

-]

Nejprve WPOéteme Z rovnice (10) plyne:

k16 e -2%-8 4 4,93, 10-%~1 4 5,31 . 10~k +
2k +16k 256k 2,10.10-2%-8 + +

4+7,1.10-%% — 1,03.10-3k-1% — 3,5. 10~ %8+ ... =

*) Z vlastnosti koeflclentﬁ rozvoje (k% — i)3V4Jc‘ 7@ + 1 plyne toti% pro k 22 10,
¥o |— 3,05.10-¢ 4+ 4,69.10-%%k~2 + 1,66.10°3%k4...| < 3,05.107* — 4,69 .10-3k% +

+ (104 4 10-% 4 10-8 + ...) < 4.10°¢.
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—2—3\1
+( § ’)—Q;k—7-V+...]—...+¢>(k).

i V3 4li 45 1=
A0=—2-, Alz—?’ A2=—--——1—-6-, As=-—-—§-v3.
Z rovnice (12) vypodéteme:
ki
© e 3

k-220V4k‘ — k241 -

- B e

Ze vzorce (13) odhadneme zbytek R:

13 45.)/3.5.1,08 141
|R| < Z k“1°1[255+—8—"“+'2‘i§ 10.1,05 +
V35 5 103] 694%—<694 7,46 . 10~% < 5,2,10-%,

Oddélime-li v (a) ¢4st redlnou a imagindrni, obdrzime:

kﬂ:

cos? 1/2\2 41 /2\¢
21/4704——70'—{—1 §(§§)+E(3_9)+R1~
= — 0,001 30 4+ R, , |R1| < lR] < 5,2.10-%;
kTt

@ sin ® Y32\ 4632
—_— R, =
Sym—rri el v (] + 5

—0,00011 + R,, |Ry| < |R| <5,2.10-,
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