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INTRODUCTION

This article is concerned with the boundary value problem (BVP)
(1) Lla@uh)] = Flu] (), (x<x<p),
® Wx) = o) (1 S xS ), ()= ¥(x) (B xS By)

where 1 Sn< o0, —0<a; <a<f<fy < +o0.

Let W/[a, b] be the Sobolev spaces of functions u: [a, b] — R, absolutely continu-
ous together with their derivatives of orders <p and with u® e Lq[a, b]; we assume
ae Wi, B, hie Wia, B], h; + 0 and hy[«, B]) < [y, ;] The operator F in
general is a nonlinear operator to be defined later. s

The BVP of type (1), (2) were first mentioned in [1]. The definition of the solution in
that paper was proposed by analogy to the n = 1 case. In the investigations which
followed it was found that the caseé n > 1 has principal peculiarities. Therefore
another definition of the solution analogous to the ‘“weak’ solutions was given in
[2] (see also [3]). Both these definitions are equivalent for sufficiently smooth
solutions (e.g. for u € W1), but differ for piecewise smooth solutions which appear,
as a rule, even in the case when all given functions are analytic.

In this paper we study the properties of solutions defined analogously to the defini-
tion in [3]. The solutions in the sense of [1] will be called pseudosolutions. We
investigate conditions of smoothness of solutions and of continuous dependence of
solutions on the boundary functions. It enables us in some cases (in particular for
linear equations with integer deviations and with conditions of regularity) to formu-
late the definition of a generalized solution continuously depending on the boundary
functions. This together with some other properties makes it possible to distinguish
solutions from pseudosolutions. It is the reason why solutions and not pseudosolu-
tions appear in variational and some other problems. (See [4], [5].)
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1. MAIN DEFINITIONS

We denote by Q[a, b] the subspace of the space W:o[a, b] containing the func-
tions f with finite limits f'(x*), f'(x”) and f'(a*), f'(b”) with the norm |f|o =
= max { max |f(x)|, vrai max ]f (x)]}- We also denote Q, = Q[«,, a] x Q[B, B1].

xela,

xe[a,b]

C, = Clay, o] + C[B, B,], (W”)b Wlay, o] x WE[B, B,]. It is easy to prove
that Q[a, b] is closed in W[a, b] (cf. [6]).

There are many ways to choose the solution space. Let {¢, Y} € Q, and F:
Q[ay, B1] = Ly[a, B]. Under a solution (it is of course a generalized solution) of
equation (1) we understand any function u € Q[a,, B,] satisfying for some C, € R
the equation

n

) 3 a ) () - j FLu] () ds = ¢,

for almost all x e (o, f). (In our case this is equivalent to — “‘for all, except, may be,
a denumerable set of values”.) It is evident that for u to be a solution of (3) it is

necessary and sufficient that R[u] = Y a/(+) u'(hd+)) € Wi[o, B] and
i=1 :

(4) [R[u] (x)]" = F[u](x) for almostall xe(x, f).

In particular, a function u € Wi[«, B,] is a solution of equation (1) iff it satisfies (1)
for almost all x € («, f). .
By integrating both parts of (3), we have

o g [ [ (ene-

_r(x_s)p[u](s)ds= Cix + C; (xS x < p)

with some Cy, C, € R which, under the condition that u € Q[a,, f,], may serve as
another definition of a solution of equation (1), equivalent to that given above.

The differentiation of both parts of (3) is possible if we understand u"(h(+)) as
distributions on (&, §). Equation (1) may be written in the equivalent form

i=1

3, as) H(x) W) = Flu] () = ¥ ai(s) whix) (@ <x < B).

2. CONDITIONAL PROPOSITIONS

The theorems proved in this section are of conditional type. We formulate a number
of assumptions concerning the behaviour of solutions of equation (1) and some other
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equations and deduce the properties of smooth and generalized solutions of BVP
(1), (2). In the subsequent sections we obtain sufficient conditions for these assump-
tions to be fulfilled.

In what follows the equation

(6) ‘Zla‘-(x) (sgn h}) z(h{x)) =0 (a < x < f)
plays an essential role. The boundary conditions for z are given on (x5, «] U [B, B 1)
and the solution z: (&, B;) — R has to satisfy (6) for all x € («, f).

Assumption A-1. The solution z of equation (6) satisfying zero boundary condi-
tions and the condition

(7 Ve >0 theset {x:xe(x B);|z(x)| = ¢} is finite,

is identically equal to zero.

Theorem 1. Let A-1 hold, {@, Y} € C, and let the solution u of BVP (1),(2) satisfy
the conditions

(® w(a®) = ¢'(«7), w'(p7) =y'(8").
Then ue C'[ay, B].

Proof. Let Au'(x) = u'(x*) — u'(x™). Since u € Q[a,, B], this function is defined
for all x € (,, B,) and z = Au’ has the property (7). From (3) we obtain

) éjla,.(x) (sgn ) Au'(h(x)) = 0

for all x e (a, B). Besides, from the conditions on {¢@, Y} and from (8) we have
Au'(x) = 0 on (ay, @] U [, ). Therefore A-1 implies Au’(x) = 0.

Corollary 1. If in addition hy(x) 2 « (< p) and the conditions on ¢ (on ) in Theo-
rem 1 are omitted, then u € C'[a, B,] (C*[ay, B]).

Proof. Indeed, it is possible to change the function ¢ () and fulfil the omitted
conditions on [a,, «] ([B, B;]) without affecting the solution on [a, B,] ([a,, A]).

Assumption A-2. If z €'C[a,, B,] is a solution of the equation
(10) Y ai(x) z(h(x)) = f(x) (¢ <x <p)
i=1 .
with zero boundary conditions and f € W;[a, f], then z € Wi[a, f].

Corollary 2. Let A-1 and A-2 hold, {o, ¥} e(W?2), and let the solution u of BVP
(1), (2) satisfy (8). Then u e Wi[ay, B1]-
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Proof. Indeed, it follows from Theorem 1 and (3) that z = u’ — v, where ve
€ Wi[ay, B1] is any continuation of ¢’ and ¥/, satisfies A-2.

Assumption A-3. The solution u,, , of BVP (1), (2) exists and is unique for any
given {@, Y} € Cy, and {¢, Y} - u,,, is a continuous mapping of C; into Q[«,, B,].

Let us denote by S the set of {¢, ¥} € C; such that ¢'(a”) = u,, ,(«*), u,, ,(B7) =
= y'(B*). If A-3 holds then S is a closed subset of C;. It follows from Theorem 1
that if A-1 holds then S coincides with the set of {¢, ¥} for which u, , € C'[a,, B;].
In some cases it is possible, under the assumption A-3, to extend the conditions for
the existence of solutions of BVP (1), (2) to a class of boundary functions wider than
C, by introducing another definition of the generalized solution.

Assumption A-4. For any {¢, Y} e C, and & > 0 there exists > O such that
(V{(pi’ IV} € Cl:: ”{(pi -9 ‘//i - lﬁ}"Ch < 5’ i=1, 2) =
= [lupiyr — up22]lcresn < ¢-

Theorem 2. Let A-3 and A-4 hold. Then the mapping C; — Q[ay, B,] defined
"in A-3 may extended to the continuous mapping from C, to Clay, B,].

Proof. For any {¢,y} e C, there is a sequence {¢* y*} e C; approximating
{@,y} in C,. That proves the theorem.

The mapping defined by Theorem 2 is denoted as above {¢, ¥} —u, , and the
function u is called a c-generalized solution of BVP (1), (2) for {¢, Y} € C,. Thus,
if A-4 holds, then there exists a unique c-generalized solution and it depends con-
tinuously on {¢, y}. By {9, ¥} € C; the c-generalized solution coincides with the
above defined solution of BVP (1), (2). By analogy to Theorem 2 we can prove Theo-
rems 3 and 4.

Theorem 3. Let A-3 and A-4 hold and let it be possible to extend the operator
u i—»j (+ = s) F[u] (s) ds: Q[ay, B;] = C[a, B]
to a continuous operator C[a,, ;] — C[a, B]. Then every c-generalized solution

of BVP (1), (2) satisfies equation (5).

Assumption A-5. If any two solutions of equation (5) coincide on (ay, ] U
U [B, B1), then they coincide on (a, ).

Theorem 4. Let the conditions of Theorem 3 and A-5 hold. Then any solution
from Cla,, By] of equation (5) is a c-generalized solution of BVP (1), (2).

Pseudosolutions. In accordance with the definition in [1] for given {@, Y} €
e(W3),, a function ue Q[ay, B;] such that its restriction on [a, ] belongs to
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Wila, B] and satisfying equation (1) for almost all x € («, §) and boundary con-
ditions (2) will be called a pseudosolution of BVP (1), (2).

Further in this section we suppose that A-1, A-2, A-3 hold if we insert (Wz),,
instead of C}.

Assumption A-6. Suppose V{o, '} € (W3}),, there exists a unique pseudosolution
of BVP (1), (2) #,,4, and the mapping {@, ¥} — 4, , is a continuous mapping from
(Wi to Q[ay, By]-

It follows then from Corollary 2 that for {, Y} € S n (W}), we have 4, , = u, .
On the other hand, in general we have i, , + u,, for {¢, ¥} e(W]),\S. F or
example, this will be the case if

[up.0(x™) = @'()] X ai(x)sgn i +

(x—a

FIV(E) — upy(B)] T adx)senhi% 0 (a<x<f).

The proof can be obtained by way of contradiction.

The essential difference between solutions and pseudosolutions is the impos-
sibility of extending the latter in the general case to the boundary functions from C,
preserving the continuity of the mapping {o, Y} i, , as a mapping from C, to

C[ah ﬁl]'
Let us formulate a simple result in this direction.

Theorem 5. Let A-3, A-4 and

(12) Ix, x,€(a, f): Y, afx;)sgnh)=+0,
hi(xi)=a
Y afx)sgnh;=0, Y afx;)sgnh;=0, Y afx;)sgnh;+0
hi(x1)=8 hi(x2)=a hi(x2)=p

hold and let S n (W}), be dense in C,. Then the mapping {@, ¥} — d,, ({0, ¥} €
€ (W3),) as a mapping from C, to C[ay, B1] is discontinuous at every point of
{o, ¥} e(W}),\S.

Proof. Suppose that the assertion is false for a pair {¢, ¥} € (W}),\ S. Choose
a sequence {¢', ¥’} € S n (W3),, {0, ¥'} = {®, ¥}, i > 0 in C,. Then our assump-
tion yields uy¢ 4 = @, i = 00 in C[oty, B1], but A-4 implies Uy yi = Uy, y, i > ©
in C[ay, B;] and we obtain that #,, = %,y Which contradicts (12) for {¢, y} €.

This also implies that (12) = ({(p, yreSa(Wi),<i,, = tyy)

3. EQUATIONS WITH A MAJORANT
In this and the subsequent sections we obtain sufficient conditions for the as-
sumptions A-1—A-6 to be fulfilled. These conditions are to be used together with

Theorems 1-35.
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Theorem 6. Let Vy € (a, B), 3y, € («, B), iy € {1, ..., n}:

hi(y,) = Vs > lai(71)| < |ai.(71)l .

iFig,hi(y1)e(a,B)

Then A-1 holds. On the stronger supposition that 3i, € {1, ..., n}:

&'<1

i

hi([o, B]) 2 [e BT, mmla | >0, ¥ max

i*iy

the assumption A-2 holds, too.

Proof. If the weaker supposition is true and equation (6) has the solution z(x) % 0
with properties mentioned in A-1, then denoting y = max {x: |z(x)| = max |z|}
and putting x = y; in (6), we obtain a contradiction.

Let now the stronger supposition of the theorem and A-2 hold. Note that equation
(10) is satisfied. For x = «, § let us rewrite it in the form

2(hi,(x) = Z by(x) 2(h{(x)) + g(x) (x=x =),
- In virtue of our assumptions we have h; ([, f]) 2 [«, 8] for all b; and g € Wi[«, ],
b=Y max|b| <1, zeClay, B;], z(x) =0 (xe[oy, ] U[B, B;]) and we have

i*iy

to prove that z € Wi[o, B].
In Wi[ay, B] let us introduce the equivalent norm

ful = max { max . » [ 9]0

where p > 0 will be chosen later. Define the operator A: C[a, ;] - C[ay, B;] by }
the formula

2. bihi, ' (x) ulk ki, (x)) + glhi'(x)) (2= x < B),

iFiy
®),

(4u) (x) = (4u) (@) (o < x
(4u)(B) (B =x=B)-

This operator maps W}[«y, f,] in to itself and Az = z. For any u,, u, € Wi[o,, §;]
we have

|4uy — Aus |, = max {max | 2 bk (%)) Lua(hilhi " (x)) — walhhi (<))

[a,B]1 i*iy
J;

s Cmax ol — j 5 | Dbk () dxfuy = ol +

A TIA

Y [bihi; (x)) (s (Ri(hi (%)) — wua(hihi ' ()] dx <

iFiy

alll
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+ pr'(”'_‘m) |bih7," () [us(s) — ua(s)]] ds} =

hithig = Y(a))
B
= max {bllux — s, (1’ ; |[oihi " (x)]| dx + b) flus - “2”1} -

Therefore, if p > 0 is sufficiently small, then the operator A is a contraction operator
not only in the space C[a,, f;] but also in the space Wj[a,, B,].

Thus the function z € C[a,, B, ] satisfying the equation Az = z belongs to the space
Wi, B,]- Hence the proof is complete.

Now consider the case when equation (1) has the form

13) . e+ éz[ai(x) w(h(x)] = F[u] () (x < x < )

with the same conditions on the given functions as in Sec. 1.
Denoting a;/h} = b; and transforming (13) to the form (5) we obtain

ux)=3, [—b;(x) () + [ ) ) ds} "

+ .r(x —s)F[u](s)ds + C;x + C,.

a

Finding the values of C, and C, by substituting x = a and x = f§, we get the equation

(14) w9 = 3 [—b.-<x) u(hx)) + j B0 u(h49) ds] "

=2

; j (= 5) F[u] (5) s + {u(m ) [b.-(ﬂ) u(hi(B) —

[ stnens] [ 0 -9 rrae e =2 -

- [ + S p @] T @5 x5 p).

For a given pair {¢, §} € C; we denote by M,, , the set of functions from Q[«,, B]
satisfying conditions (2). Define an operator A4, ,: M, , » M, , in such a way that
A, 4[u] (x) for @ < x < Bis equal to the right hand part of (14), and fora; < x < «
and B < x < B, is equal to the functions ¢(x) and y(x), respectively.

Suppose that for some L, L; = 0 and for all uy, u, € Q[ay, B,],

(15) ”AF[“]"Ll[al,m = L"Au”Q[an.ﬁx] >
(16) j (x = )AF[] () ds| = LyfAu]egerpnr
Cla,8]

where Au = uy — u,, AF[u] = F[u,] — F[u,].
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Considering the expressions for A4, ,[u](x), A[4, [u](x)]' we can verify that
if rmax laidx)], max |bi(x)], max §21bi(x)| dx (i = 2) and the constant Lin the ine-

quahty (15) are sufﬁcxently small then the operator A4, , is a contraction operator.
This proves that the solution of BVP (13), (2) exists and is unique. By using equation
(14) and the equation obtained by differentiating (14) we can prove that the mapping
{¢,¥}—u,, is a continuous mapping from C; to Q[cxl, B1]- In an analogous way
it is possible to prove that if the constant L, in inequality (16) is sufficiently small,
then all conditions of Theorem 4 are fulfilled. Thus we conclude that the following
theorem is true.

Theorem 7. If the operator F in (13) satisfies conditions (15) and (16) and all
constants L, Ly, max [a;], max [b;] and max [} |b}(x)| dx (i = 2) are sufficiently
x,i X, i

small, then all conditions of Theorem 4 are fulfilled.

4. THE EQUATION WITH FINITE TRANSITIVITY PROPERTY

Theorem 8. Let Vye(a, f), IM? = {x],...,x} } = (2 B): ye M": Uh(M’) c
e MU [ayg, o] U [B, B4] and
(17) det( Y ax2)sgnh) +0,p,qg=1,..,k,.

ithi(xp?)=xg7
Then A-1 holds.

Proof. The assertion of the theorem we immediately obtain if we put x =
= X], .0y Xi, I (6) and consider the resulting equalities as a system of equations for

z(x}), ..., 2(x},)-

Remark. The property of existence for any y € («, B) of the set M” having all the
properties mentioned above, except, may be, (17), is naturally called the finite tran-
sitivity of equation (1).

By analogy to Theorem 8 it is possible to formulate a sufficient condition for the
validity of assumption A-2 ,which is a nondegeneracy condition on a matrix-function
constructed with the use of the functions a; and h;.

These conditions assume the simplest form when hy(x) = x + h;, where all h;
are commeasurable. In this case we may suppose without loss of generality that all h;’s
are integers (h; € Z) and write equation (1) in the form

(18) 3 [a@u+ )] = Flul () @<x<h),

where m = [ —«], oy =« — m, B; =B + m. Denote now 6 = —a — m.
Condition (17) for equation (18) has the form
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(19) det{a,_(x + p)} £ 0 (x<x<p),

where p,ge Z and x + p, x + g €(a, f), a(x) = 0 for |i| > m. The left hand part
of (19) is 1-periodic and absolutely continuous with the exception, in general, of
jumpsat x =a +i,x = g —i(i =1,...,m). If a(x) = const, then condition (19)
has the form of two inequalities

(20) det {a,-,}pg=0 =0, det{a,_ 7 1 +0.

qa-pSp,q=0

Inequality (19) for « < x < B and, in the case of a/(x) = const inequality (20),
is a sufficient condition for assumption A-2 to be fulfilled.

5. LINEAR EQUATIONS WITH INTEGER DEVIATIONS OF ARGUMENT

A simple class of problems, for which it is easy to formulate conditions for the
validity of assumptions A-3 to A-6, arises by studying the equations of the form

@) 3 [alule+ )Y = 3 [ ule + )+ o)l + ] + 19
with boundary conditions (2) and the condition

(22) det{a,_(x +p)} +0 (@=x=Zp),

which is sufficient for the validity of assumptions A-1 and A-2. In correspondence
with Sec. 1 we assume that all a; e Wi[a, 8], b, ¢, f € Ly[a, B]. For the moment

we suppose that {@, '} e (W}), and the number B — a is not an integer. Define
vector-functions u!, u* with coordinates

(23) uf(x) =u(x+a+i—-1) (0Sx=6,i=1...,m+1),
wlx)=ux+a+i—-1 =<x=1i=1,..,m).

By analogy with (3) and from (23) it follows that these functions belong to the
space W?. Therefore on each of the intervals (a, « + 8), (¢ + 8, « + 1), (a + 1,
@+ 1+ 6),...,(B — 9, p)itis possible to use the formula of differentiation of a prod-

uct for the left hand part of equation (21). Using also (22) and (23), we obtain two
systems of equations

m+1

(24)  u =Y [dx)u} +e(x)uj] +gi(x) OSx=6,i=1,..,m+ 1),
j=1

m

S =jz [@(x)u} +e(x)ul] +gi(x) F<x=Li=1..,m).

=1

Here all dj;. €};, g}; are integrable and the functions g} are constructed with the use
of the boundary functions ¢ and . Additional conditions on (24) arise from the
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continuity conditions on u at the points o, + 6, « + 1, ..., § — 6, f and the rela-
tions for the jumps of 4’ at the points o + &, ..., f — &:

(25) u{(O) = (@), uj(0)=ui©), ui(l)=uj,(0) (i=1,..,m),
u:rl-l(a) = 'l’(ﬂ) ’

(26) Ziaj(“ + 1) [ 544(0) — ui (D] =0 (i=1,..,m)),

m—i+1
afe+i—1+8)[uj (0) —uj(8]=0 (i=1,..,m),
Jj=-i+1
where we put u3'(1) = ¢’(a), u2,,(8) = ¥'(B).
The equalities (25) and (26) can be written in the short form

m+1
(27) [u'] + B[u?] = ¥ [aiu;(0) + bju;(9)] +
=1
+ zl[afju}(é) + blul()] =e (i=1,..,2m +2),
j=

Mu'] + 22[u?] =’:§: [a;ju}'(b) + Biuj' ()] +

+ Y [odui(6) + Brui (D] =& (i=1,...,2m).
j=1

Suppose that the general solution of each of the systems (24) has the form

2m+2
(28) up = '21 Aul'(x) + Si(x) (i=1,...m+1),
=
2m
d = ¥ B9+ 519 (1= 10m),
i<

where A;, B; are arbitrary constants. The main regularity condition for the BVP
considered is

(29  TH'Y B[R] PLwt?] L Bl T
det l;m+2[ull] e l;m+2[u2m+2,l] l§m+2[u12] e l§m+2[u2m'2] =’= 0
Mle] T ALt T 2] T AHum?) '
_l;m[u“] . lll’m[u2m+l,1] Agm[uIZ] . Agm[u2m,2] |

If (29) holds, then inserting (28) in (29) we can determine 4; and B, in a unique way.
It means that BVP (21), (2) has a unique solution.

Notice that the deferminant in (29) depends only on a;, b;, ¢; and not on the func-
tions ¢, ¥ and f. Therefore condition (29) is equivalent to the requirement that the
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corresponding homogeneous BVP has no nontrivial solutions. Notice also that the
numbers 4;, B; depend continuously on {¢, } as on an element of C} and on the set
of S} as elements of C', i.e. on the set of [q gi{s) ds as elements of C.

Let now {¢, Y} € C,. Construct a sequence {@,, ¥,} € (W})y, {0,, ¥,} = {(p, v},
p— o in C,, and the corresponding solutions u,. All sequences {[, g7,(s) ds}
converge in C and therefore all sequences {uf,} converge in C'. By integrating both
parts of equation (21) and passing to the limit as p — co we obtain that the function
u = lim u,, is a solution of BVP (21), (2). The continuity of the mapping {¢, ¢}
> u,, as a mapping from C; to Q[oc — m, B + m] is proved analogously to the
proof of existence of a solution. Uniqueness follows from condition (29). Thus A-3
holds.

For verifying A-4 we suppose in addition that in (21) all b, e Wi[«, g]. If A-4
does not hold, then we can construct, as made above, a sequence of boundary
functions {¢,, ¥,} € (W}), having the property |[{¢,, ¥,}|c, = 0. At the same time
the corresponding solutions u, of (21) with f(x) = 0 satisfy max Iupl = 1. In ac-

[«

cordance with (23) denote
u(0) = Mj,, ui(0)=N

and rewrite equations (24), after double integration of both parts of the equations
and subsequent integration by parts, in the form

m+1

(30) ul(x) = M}, + Njx + Z mi(x, s) uj,(s) ds + hj(x)

0=x<=0; i=1,...,m+1),

us(x) = Mj, + Ni,x + Z mZ(x, s) up(s) ds + hi(x)

b=x=1; t=1,...,m).

Here our conditions guarantee that all hj, > 0, p > o0 in C and all {u},} and
{M},} are bounded. It follows that all {N7,} are also bounded and therefore, passing
to a subsequence, we obtain that Mj, —» Mj,, Nj, — N7,. Then (30) yields that
uj, - uj, in C, ie. u, - u, in C[al,ﬁl] It means that u, e Q[ — m, B + m],

(x) =0 on [« —m, cx] [B, B + m] and max |#o(x)] = 1. On the other hand,

the equation for u, analogous to (5) is

(31) 3 a@ule+ )= 3 [ ) + b0 +

+ (x - s) [Ci(s) — bi(s)]} u,(s + i)ds + Ax + B, (a = x < P)
where, as above, 4, - 4,, B, - B,

Therefore, passing to the limit as p — oo we obtain that u,, is a solution of equa-
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tion (21) and u,(x) = 0 since the boundary functions are equal to zero. This contra-

diction proves that A-4 is fulfilled.
It is evident that the remaining requirements of Theorem 4 with Vb, e Wi[a, £]

are fulfilled.
If we consider the pseudosolutions, it is necessary to change (26) to

uj () = u}'(6), ui(1) =ui,(0) (i=1,...,m).

Condition (29) will be changed correspondingly, giving necessary and sufficient
conditions for A-6 to be fulfilled.
The set S (see Sec. 2) is defined by the equalities

w1 (0) = ¢'(@),  unsi(9) = ¥'(B).-

By using (28) and deciphering the meaning of the notations introduced we transform
these equalities to the form

i [riele — i+ a) + 81" (e — i + @) + EW(B + i + b)) + /(B + i + b)] +

+ ( [07(x) p(x — x) + ' (X)Y(B + x)]dx = p~ (r=1,2),
v 0
where a' =0, a> =5 — 1, b' = —6, b? =0, the coefficients and (integrable)
kernels on the left side are defined by the coefficients of equation (21) and the

numbers y" also by the function f.
If B — o = me N then the proof is simpler. Functions u} vanish, the system (24)

reduces to its second part (with § = 0) and equalities (26) transform to

ui(0) = 0(), ui(l) = uins(0) (=1 ..om—1), u(l) =¥(p),

T o+ ) [6251(0) = (0] =0 (i = Loy — 1)

j=-i

while condition (29) transforms to

(32) Il R F{ st B
£

et BLurz) L fwime] | FO
22 [wt?] L a2 futm?] |

with the obvious meaning of notations. Further consideration are the same as in the

case 6 > 0.
We formulate the main result as a theorem.
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Theorem 9. If for equation (21) with a;e Wi[«, 8], b;,c;, f € L[, B] inegualities
(22) and (29) ((32) if B — a is an integer) hold, then A-1 and A-3 are fulfilled.
If in addition b, € Wi[a, B], then all conditions of Theorem 4 are fulfilled.
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