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CHARACTERIZATION OF CENTRAL DISPERSIONS
OF THE FIRST KIND OF )" = Q(f) y

ERICH BARVINEK, Brno
(Received September 12, 1964)

If the dispersion { € (Q, Q) and the integral u € (Q) fulfil the relation (1) there is
found a necessary and sufficient condition that { be a central dispersion.

1. Introduction. Let Q(t) be a real function of a real variable, continuous in the
interval (a, b) of arbitrary type. Every complete solution {(¢), i.e. a solution passing
from one side to the other in the interval (a, b) x (a, b), of the differential equation

(0 0) JU (

Jc) + Q0 ¢* = Q(r)

is an increasing dispersion (of the first kind) of the differential equation

(2) Yy =00y.

We denote the set of all increasing dispersions of (Q) by the symbol (Q, Q). Non-
trivial solutions of (@) in (a, b) are called integrals; the set of all solutions of (Q) in
(a, b) is also denoted by the symbol (Q).

Dispersions were introduced by O. BorROVKA in his paper [1]. Here we confine
ourselves, without the loss of generality, to increasing dlspersxons The domaxn of
a function f(x) will be denoted by Dom f.

In treating equation (Q) we do not suppose anything about the oscillation of
integrals. Central dispersions and (increasing) dispersions are, in the general case,
defined in a similar manner as in [1]; these definitions are described in [2]. Every
dispersion { € (Q, Q) is defined in a certain sub-interval of the interval (a, b). For
every y € (Q) and every { € (Q, Q) the function y[{(1)]/\/¢'(?) is a solution of (Q) in
the interval Dom {. Dispersions { € (Q, Q) fulfilling in Dom { for every v e (Q) the
relation

) - NZ0)
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are called central dispersions of (Q); ¢ € (Q, Q) is a central dispersion if and only if
exist two linearly independent integrals u, v € (Q) satisfying (1); then the sign in both
relations is necessarily the same.

2. An arbitrary solution v e (Q) is determined uniquely at a given u € (Q), by
means of two values: of the Wronskian 6 of the ordered pair u, v, and of the value v(-c)
at an arbitrary 7 € (a, b) with u(t) # 0; the solution v € (Q) has the initial conditions

u(7), v'(x) = —(—) [6 + u'(z) o(7)] .

In this case we shall say that v belongs to the values u(t), 6.

Lemma 1. Let u € (Q) and let I be an sub-interval of the interval (a, b) such that
u(t) + 0 for tel. If tel, v(z), & are arbitrary numbers, then the solution v € (Q)
corresponding to the values v(t), 6 is given in I by the formula

o)
® o) = 520 + w0 [ 7
u(z) ui(r)

Proof. In determining solutions v of (Q) in the form v = uz, we obtain for z the
equation uz” + 2uz’ = 0. The substitution w = z’ yields w'/lw = —2(u'[u); thus
for an arbitrary fixed x €I and for every tel we obtain w(t) = w(x) u?(x)[u(t).
Hence z'(t) = z'(x) u*(x)[u?(¢) at an arbitrary fixed t €,

t
(1) — =(s) = 2/(x) w’(x) J Sy
< u(r)
hence and from relations z(t) = v(t)/u(t), z’(x) = 8/u?(x) there follows the formula (2).
Central dispersions make possible an explicit construction of smooth prolongations
of the part of a solution v from Lemma 1.
Here we call any part of the solution v in the interval the smooth prolongation of
any other part of v in the interval.

Theorem 1." Let u € (Q), and let ¢ be a central dispersion of (Q). Let I be an interval
such that I = Dom ¢ and u(f) # 0 for tel. Set x = ¢(t), £ = ¢(z) for ¢, t€l;
then the solution v € (Q) from Lemma 1 is given in the interval ¢(I) by the formula

. X) = (é)ux u\x ds .
@ o) = o )+ 9us) [ 5

Proof. For all te Dom ¢, at { = ¢ there holds, for the solutions u, ve (Q), the

formula (1) with the same sign. If we use in (2) the substitution s = ¢(r), r eI, we
obtain (3).
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3. Let the dispersion { € (Q, Q) and the integral u e (Q) fulfil (1); we shall obtain
a necessary and sufficient condition that the relation hold for all v € (@) in Dom {.

A partial solution of this problem is given in the

Lemma 2. Let { €(Q, Q) and let the integral u € (Q) fulfil (1). Let the intervat
I = Dom { be such that u(t) % O for t e I. If some v € (Q) fulfils (1) in at least one
point t = 1 €I with the same sign as the integral u, then it satisfies this relation for
all tel. : '

Proof. The dispersion { transfers neighbouring roots of the solution u again
into neighbouring roots of u. On the other hand, the dispersion { transforms two
arbitrary solutions y, z of (Q) into solutions

yI£@)] _ z[(]
0= 2= s

of the same equation, where the Wronskian remains the same, i.e. 4 = 6 for
=yz —yzand 4 =YZ - Y'Z
If 6 is the Wronskian of a pair u, v then the Wronskian of the pair U = u[C]/\/ =
= +u, V= o[(][\/ is also §, and therefore the Wronskian of the pair u, Vis +d.
Accordmg to Lemma 1 with t €1, the integral v e (Q) in the 1nterval I satisfies (2),
and the 1ntegral V therein has the expression

) V(i) = ()u(t)+5u(t) f a3

If (1) holds for v e (Q) and 7 €1, then from the comparison of (2) with (4) there
follows ¥(f) = +u(t) for all ¢ € I, which proves Lemma 2.

4. While formula (2) gives an explicit expression of the integral v € (Q) in an
arbitrary interval I between two neighbouring roots of the integral u, formula (3)
also gives explicitely the smooth prolongations of this part of the integral in intervals
¢(I), which are images of the interval I at central dispersions and between neigh-
bouring roots of the integral u.

In a similar manner one may use, instead of the central dispersions, also the
dispersions { € (Q, Q) fulfilling (1) with the integral u € (Q).

Theorem 1”. Let { € (Q, Q) and let the integral u € (Q) fulfil (1). Let I be an interval
with I = Dom { and u(t) % O for tel. With the notation x = {(t), & = {(x) for t,
1 €1, the solution v € (Q) from Lemma 1 then satisfies (3) in the interval {(I).

Proof. As the first two suppositions of Theorem 1” are the same as the first two
suppositions of Lemma 2, for ¥V = o[(]//{’ there holds formula (4); applying
a substitution s = {(r), r € I we obtain formula (3).
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Theorem 2. Let { € (Q, Q) and let the integral u € (Q) fulfil (1). Let I = Dom {
be an interval such that u(t) + O for te I. For every integral v e (Q) and for all 1,
tel there is

0 o]+ -]

where the sign is the same as in (1) with the integral u.

Proof. If we substract formula (2), from a 4+ 1-multiple of formula (4), we obtain
formula (5) after a substitution ¥ = o[{]//{.

Then Lemma 2 is a consequence of Theorem 2. The problem mentioned in section 3
is solved by the

Theorem 3'. Let { € (Q, Q) and let the integral u € (Q) fulfil (1). Then (1) holds
for all integrals ve (Q) and all t e Dom { if and only if they holds with the same
sign as for the integral u, for at least one integral ve (Q), lineary independent
of u, at least in one point t € (a, b) such that u(z) # 0.

Proof. Let there exist an integral v e (Q) with the properties mentioned above;
then e Dom (. Let I be an interval such that tel, I = Dom { and u(f) + O for
tel.

According to Lemma 2, (1) holds for this integral v and for all ¢ € I. Hence it follows
that for all integrals v e (Q) (1) holds for all t € I, and consequently for any ampli-
tude ¢ of (Q)in I,

¢
9o s

Let t, be an arbitrary point inside the interval I. There exists an integral y € (Q)
such that y(t,) = 0. According to (1), {(t,) is also a root of y; thus there exists
a central dispersion ¢ € (@, Q) such that ¢(t,) = {(t,). Both the dispersions ¢ and {
satisfy (6) and have the same initial condition; thus { = ¢. Hence it follows that (1)
holds for every v € (Q) and all t € Dom {.

The main result, characterization of central dispersions, is a consequence of
Theorem 3'.

Theorem 3. Let { € (Q, Q) and let the integral u € (Q) fulfil (1). The dispersion {
is a central dispersion if and only if there exists a number t € (a, b) such that u(z) +
% 0 and there exists an integral ve (Q) lineary independent on u such that v at
the point < fulfils (1) with the same sign as u.

Under the suppositions of Theorem 2, if the closure of I contains a root ¢, of u,
then from (5), for t — to, te,

: (e = VLE(t)]
™ U'(to) = o)
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follows for every integral v e (Q) linearly independent on u. The derivative {'(t,)
at a root t, € Dom { of u can also be obtained from the formula

() 0
® "= ot

which is a consequence of (1).
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Vytah

CHARAKTERISACE CENTRALNICH DISPERSI 1. DRUHU
DIFERENCIALNI ROVNICE y” = Q(t)y

ERICH BARVINEK, Brno

Piedpoklddd se, Ze Q(f) je spojitd funkce v intervalu (a, b) libovolného typu a ze
disperse { € (Q, Q) a integrél u e (Q) spliiuji relaci (1); jde o nalezeni nutné a postadu-
jici podminky, aby { byla centrdlni disperse.

Lema 1. Nech? u € (Q). Nech? I je podinterval intervalu (a, b) takovy, Ze u(t) + 0
pro tel. Jestlize t€l, v(t), & jsou libovolnd ¢isla, pak FeSeni v e (Q) s pocdtecnimi
podminkami v(z), v'(t) = [6 + u'() v(r)][u(x) spliuje v I relaci (2).

Lokdlni hladkd prodlouZeni ¢dsti feSeni v e (Q) z lematu 1 se dostanou pomoci
centrdlnich dispersi ¢ nebo pomoci dispersi { spliiujicich zminény pfedpoklad.

Véta 1. JestliZe interval I z lematu 1 spliiuje navic inklusi I < Dom ¢, resp.
I = Dom {, potom FeSeni v € (Q) z lematu 1 md v intervalu ¢(I), resp. {(I) vyjddFeni

(3), kde x = ¢(t), ¢ = o(z), resp. x = {(t), & = {(7). .

Véta 2. Necht { € (Q, Q) a integrdl u € (Q) spliuji relaci (1). Nechf I = Dom {
je interval takovy, %e u(t) % O pro t € I. Pro ka¥dy integrdl v € (Q) a pro vSechna ,
t I plati (5) se stejnpm znaménkem jako v (1) p¥i integrdlu u.

Hlavnim vysledkem je
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Véta 3. Nechr { € (Q, Q) a integrdl u e (Q) spliuji relaci (1). Disperse { je centrdl-
ni dispersi tehdy a jen tehdy, jestlife existuje Cislo 1 € (a, b) takové, Ze u(t) + 0
a existuje integrdl v € (Q) linedrné nezdvisly na u tak, Ze v bodé t spliiuje (1) a to se
Stejnym znaménkem jako u.

Pe3ome

XAPAKTEPUCTUKA LEHTPAJIbHBIX JUCIIEPCUM 1-OI'0 ?OL[A
JAUPDPEPEHIIMAJIBHOI'O YPABHEHUA y" = Q(t) y

OPUX BAPBUHEK (Erich Barvinek), Bpxo

Ipeanonaraetcs, 4to Q(f) HenpepbiBHas QyHKIus B MHTepBase (d, b) npou3BoIL-
Horo Tuna u ¥to gucnepens { € (Q, Q) v unterpai u € (Q) BHUIOIHAIOT COOTHOLICHHE
(1); TpebyeTcs HaWTH HEOGXOAUMOE U AOCTATOYHOE YCIOBHE IS TOTO, YTO6BI { Gpina
HEHTPaJIbHOM JUCHEepCUEH.

Jlemma 1. ITycme u € (Q). IIycmos I nodunmepsaa unmepsasa (a, b) maxoii, umo
u(t) # 0 041 te I. Ecau v € I, (), & npoussoashbie uucaa, mo pewenue v € (Q) c Ha-
yasbnbimu yeaosusmu v(t), v'(t) = [0 + u'(1) v(t)]/u(x) evinoansem e I coomnowenue
(2.

_ JlokanbHbIe riankue IPONOJDKEHUA YacTH peweHus v € (Q) u3 JeMMsl 1 moayuyum
IpH NOMOIIM LEHTPaJbHBIX NUCIIEPCHI ¢ WIM IPH MOMOLIM aucnepcuit { yaosJe-
TBOPSIOIIMX BHIKCA3aHHOMY IIPEIIOJIOKEHHIO.

Teopema 1. Ecau unmepean u3z semmol 1 gvinoaHAem ewje 6KAlOUEHUE I = Dom ¢
uau wce I < Dom(, mo pewenue v € (Q) uz semmor 1 umeem ¢ unmepease @(I) uiu
ace §(I) 6ud (3), 20e x = @(f), & = (), uau xce x = §(1), £ = §(v).

Teopema 2. ITycmo { € (Q, Q) u unmeepaa u < (Q) svinoansiom coomnowenue (1).
ITyems I = Dom § unmepsaa maxoii, umo u(t) + 0 0aa t € I. [Jaa kancoozo unmezpa-
aa v € (Q) u daa ecex t, t € I cnpasedruso (5) ¢ mem xnce snaxom, kax ¢ (1) npu unme-
2pane u.

I'maBHBIM pe3yJIbTaTOM SBJISETCS

Teopema 3. ITycmso § € (Q; Q) u unmezpas u € (Q) svinoanstom coomnowenue (1).
Hucnepcus € asasemcsa yewmpasvHold Oucnepcueii mozoa u moavko moz0d, ecau
cyyecmayem uucao 1 € (@, b) maxoe, ymo u(t) + 0 u cywyecmayem unmezpaa v € (Q)
He3asucCumblii AuHeiiHo om ¥ mak, umo é mouke T 8vinoanero (1), a umenHo cmem e
3HAKOM, KaK npu u.
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