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A NOTE TO THE APPROXIMATION OF ONE MATRIX
BY A MATRIX OF ANOTHER RANK

Jikf SE1TZ, Praha
(Received March 14, 1964)

Let A be a matrix of order (m, n). Let us define the norm of the matrix A by the
relation ‘

4] = sup Jax],

lIxll=1
where x is a column vector of order n with elements x,, ..., x, and where I[x” is the

quadratic norm of the vector x [||x| = \/(Zn |%i|*)]. 1t is known that
i=1

a] = 4] = |uav],

where A* is the conjugate transpose of A and where U and Y are arbitrary unitary
matrices of order (m, m) and (n, n).

On using these notations we shall prove following three assertions:

Lemma 1. Let C be a matrix of order (m, n) and of rank r; let r < n. Then there
exists a vector X = (x,, ..., X,) of order n such that

1. "x" =1;
2. Cx = o, where o is a zero vector of order m;
3. x;,=0forr+2=<i=<n

Proof. Let € be a matrix of order (m, r + 1), whose all columns are by turns
equal to first » + 1 columns of the matrix C. As it is known by the theory of linear
homogeneous equations, there exists (in regard to the fact, that the rank of matrix €
is at most equal to r) a non zero vector X = (%, ..., X,4,) such that &x = &, where &
is a zero vector of order m. Then the vector x = (x,, ..., x,) defined by relations
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x;=0forr+2=<i<nand

x‘=——-——x—‘———~ for 15igr+1

JE D

fulfils obviously properties 1, 2 and 3 of the lemma.

Theorem 1. Let A be a matrix of order (m, n) and of rank h; let B be a matrix of
order (m, n) and of rank r. Further let a; 2 o, = ... 2 «, be square roots (taken
with positive signs) of eigenvalues of the Hermitian matrix A*A. Then |A — B| 2=
2 d,.4, where we put o,y = 0 in case r = n.

Proof. The assertion of the theorem is obvious if » = n. For that reason let us
assume that r < n. As stated in [1], there exist two unitary matrices U and V of
order (m, m) and (n, n) such that UAV = D, where D is the diagonal matrix of order
(m, n) whose elements d are defined by relations d;; = «; for i = 1,...,h and
d, = 0 otherwise. -

Since the matrix UBY is of rank r there exists according to the lemma 1 a column
vector x of order n such that x| = 1, UBVx = o (where o is the zero vector of
order m) and whose elements x,, ..., x, satisfy relations x; = Oforr + 2 < i < n.
Then we can write

|4~ 8] = [UtA - B)Y] 2 D] = (Tt 2 s

Theorem 2. Let A be a matrix of order (m, n) and of rank h. Let oy = ... 2 a,
be square roots (taken with positive signs) of eigenvalues of the Hermitian
matrix A*A. Let r be a non-negative integer such that r < h. Then there exists
a matrix B of order (m, n) and of rank r such that |A — B| = a,,,.

Proof. In the case of r = h'the theorem is obvious. Let us therefore assume that
r < h. Let U, Y and D be matrices of the same meaning with respect to the matrix A
as in the proof of the theorem 1.

Further let us define a matrix B by relation B = U*D,V*, where D, is the diagonal
matrix of order (m, n) with elements d{} satisfying relations d{ = a;for 1 S i < r
and d{f = 0 otherwise. Then the rank of the matrix B is obviously r and further it
follows that

|4 - 8] = |uav - uBY] = [D — D] = 2,1,

A note to the theorem 2. In terms of theorem 2 there can exist in general infinitely
many matrices B of rank r satisfying the relation |A — B|| = a,., even in the case
that all square roots of the eigenvalues of the matrix A*A are different from each
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oy, 0
0, 0y
different square roots of the eigenvalues of the matrix A*A; but every matrix

other. For instance if A = ( ) where a; > a, = 0, then «, and a, are two

B = 5,0 , Where IB - ozll < ay, is the matrix of rank 1 and such that

|4~ 8] = .
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Vytah

POZNAMKA K APROXIMACI MATICE MATICI
S JINOU HODNOSTI

JiIki Sertz, Praha

Necht A jest obdélnikovd matice typu (m, n) s hodnosti h. Normu matice A defi-

nujme vztahem ||A|| = sup | Ax||, kde x jest n-glenny vektor a ||| jest norma vekto-
lIx] =1

ru x dand vztahem ||x|| = \/(Z lx,-lz). Necht ddle «, = a, = ... = a, jsou druhé
. i=1
odmocniny charakteristickych &isel Hermiteovsky symetrické matice A*A. (Zna-

kem A* zna¢ime matici Hermiteovsky sdruZenou s matici A.) Potom plati ndsledujici
dve véty:

- Véta 1. Necht B jest matice typu (m, n) s hodnosti r. Pak jest |A — B|| = a,. 1.
kde klademe a,,, = O v pFipadé, e r = n.

Vita 2. Necht r jest nezdporné celé ¢islo, r < h. Potom existuje matice B typu
(m, n) s hodnosti r takovd, e |A — B| = a,, ;.

V pozndmce ke vété 2 je ukdzdno, Ze miiZe existovati nekoneéné mnoho matic
s hodnosti r, které spliiuji vztah |A — B| = a,, i kdy% viechna charakteristickd
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isla matice A*A jsou vesm&s riiznd. Kupf. je-li A = (al’ 0

01 oy
pak a, a a, jsou rizné druhé odmocniny charakteristickych &isel matice A*A; pfi tom

), kde «; > a, 20,

viak kaZdd matice B = (g ’ g), kde Iﬂ — oy| < a,, je matice s hodnosti 1 a zdro-

veil jest |A — B| = a,.

Pe3rome

3AMETKA K ATIIPOKCUMALIUA MATPULIEI MATPULIEN
APVIOI'O PAHTA

MHWPXU CEWII (Jifi Seitz), IIpara

IycTs A — IPAMOYroJIbHAS MATPHIA PAHra h ¢ pa3MepaMu m X n, HOpMa KOTo-
poit ompepenesiercs no paseHctBy ||A| = sup [|Ax|, rze x — n-MepuEi BekTOD
hxll =1

n
u || x| — Hopma \/ < Y |x,-|2) Bexropa x. ITycTs, nanee, o, = ... = &, — KBaJApaTHbIE
i=1

KOPHM (C HOJIOXUTEIBHBIM 3HAKOM) COOGCTBEHHBIX 3HAUEHMH SPMHMTOBEH MAaTPHIBL
A*A (3nech A* — 3PMHTOBa CONMPSKEHHAS MATPUIA 10 OTHOILIEHHUIO K MaTpuue A).

Torna CHIpaBEIJIUBBI CIICAYIOIIUE IBEC TCOPECMBI:

Teopema 1. ITycmv B-mampuya panza r ¢ pasmepamu m x n. Tozda |A — B| =
= o, 4, npuuem o, = 0 6 cayuae r = n.

~ Teopema 2. ITycmb r—neompuyamensHoe yeaoe uucao, r < h. Tozoa cywecmgyem
mampuya B panza r ¢ pasmepami m x n, 015 xomopoii |A — B| = o, .

B 3ameTke k Teopeme 2 OKa3bIBa€TCA BO3MOXHOCTH CyIIeCTBOBaHHsA GeckoHed-
HOTO wHCyIa MaTpui B panra r, ynoBieTBopstomux cooTHomenuio |A — B| = o, ,
Jaxe eciii Bce coOCTBeHHBIE 3HAYCHUS MAaTpuIlsl A*A pasmmunsl. Hampumep, eciod

y al, 0
A= 0 , Tae a; > o, = 0, TO oy M a; SABIAIOTCS PA3TMIHBIMU KBaIpaTHHIMH
] az

— 0
KOPHSIMH COOCTBEHHBIX 3HAYeHMI MaTpuIsl A*A; Toraa cBskas MaTpuua B = (ﬂ >,

0,0
rae |f — ay| < «,, sBAseTCs MaTpuuel paHra 1, ¥ ofHOBpeMeHHO ||A — B| = a,.
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