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Casopis pro p&stovéni matematiky, ro&. 91 (1966), Praha

A NOTE ON THE INTEGRALS INVOLVING PRODUCT
OF HERMITE’S POLYNOMIALS ‘

Jikf FIALA, Praha
(Doslo dne 10. Cervna 1965)

In this note we shall give a method for computing integrals of the form
+ o0
(1) J‘ f(x) H,,(x) ... H,(x)dx,

where H,(x) denotes the Hermite’s polynomial of degree n. For some values of n
the values of these integrals are known. Cf. e.g. [1], [2], [3]. The method we use is
based on the followmg integral representation

H,(x) = ot 37" lexp [2x3 — 3*] d3,
27i J ¢
where C is e.g. the unit circle with the centre at the origin. We have successively

'[ iw (%) Hoo() ... Hy(x) dx =

LT % N —me—1 2 2
=1 K exp[—3f —... — X
@ni)f j31 - Bk p[-3 3]
+ o
X j f(x)exp [2x(3; + ... + 3)]1dx.d3q A d3; A ... A d3i,

where S = C x ... x C. If we denote

() OBy 3) = J“rwf(x) exp [2x(3, + ... + 3] dx

we obtain using Cauchy’s theorem on holomorphic functions of n variables (cf. e.g.
[4] Ch. 1. § 2) this result (we suppose that the integral (2) converges absolutely):

+ o am+...+nk k
J. f(x) Hy (%) ... Hy(x)dx = ———— exp [— Y 2}] 9(zy, ..., z4)|zi=0
o 0z ... 0z}* i=1 :

lk.= 0
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We shall illustrate this method on the following, probably unknown, integrals

(3) . J ' "e™* cos ax H,(x) H,(x)dx =

- o0

SARCEE (SEH A G ST

v=

(4) J~+ we"‘2 sin ax H,(x) H,(x) dx =

- o0

— &% J(n) 0™ sin [(n + m) g] mi"[z":"] (:)(T)(—l)“ va

v=

. We shall prove e.g. the identity (4):

+ o0
o(z4, 25) =J e™*" sin ax exp [2x(z; + z,)] dx =

= /(n) e”/*sin «(z, + z2) exp (z; + z,)?,

an+m

02" 2™
min[m,n]
= e y@emsinf e m 7| T8 (1)) (o2
v=0 ) v

Using special values of m and n we can obtain the following integrals; the second one-
corrects the error in [2], I, 95 (11), and consequently in [1] (7.388,6), [5] (8.193).

\/(TI) e-—a:/4 sin oc(21 + 22) e—221zz

+ o
5) J e~ cos bx H,(x) Hyt2m(x) dx =

0

2
=2y e (L),
2

+00
(6) J e sin bx H,(x) Hy+2m+1(x) dx =

0

b2

=1 [ e—b1/4b2m+1(_1)m m! Lz”m+1 -,
V@) :
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‘where L, is Laguerre’s polynomial. We shall prove the relation (6):

+ o
%f e™* sin bx H,(x) Hyyym+1(x) dx =

— o0

= 21 J(m) &P b2 (— 1) |z (n +2m + 1) (—1) 27" =
-
2
= -1 \/(TE) e-b2/4 b2m+l(_1)m n! Lim+1 <I_72__> .

In a similar way we may compute other special cases of the integrals (1) and the similar
integrals (e.g. involving products of functions with the similar integral representa-
tion). We may also obtain the results of the paper [3]. E.g. the proof of the second
integral:

K, = '[ emanioa g 2) Hyl(x + B)2) dx =

—

n! m! 1 too
B (Zni)zjsﬁ'iﬂ 35t .[~ oxp [ -3 —ax =3l — 3 4 2 V3 +

_ (T gz mimt (LT
+ 2(x + B)/(2) 321dxd3y, A d3, = \/(3) ¢ (2mi)* <\/3) : 3x

1 2 o 2 o
X — 7 SXP —21—221——22+222<——+
J‘S’ z1+1 Zz+1 |: \/6 \/6
+ /3\/6) 22] et dz, A dz, =

VGG R ) e (- G e (e - )

At the end we have used once more the theorem of Cauchy.
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Vytah

POZNAMKA O INTEGRALECH OBSAHUIJICICH SOUCINY
HERMITEOVYCH POLYNOMU

Jikf F1ALA, Praha

V této pozndmce se poddvd methoda pro vypolet integrala typu (1), kde H,(x)
oznaduje Hermitetiv polynom n-tého stupné. Vypolet je zaloZen na zdmén& Hermi-
teovych polynomi jejich integrdlnimi representacemi a na uziti Cauchyovy véty pro
holomorfni funkce vice prom&nnych. Vysledek je obsaZen ve vzorci (2) a v ndsledujici
rovnosti. Tato metoda je ilustrovdna na vypoltech integrdli (3) a (4) a na jejich
specidlnich ptipadech (5), (6). Na zdvér je vypogitdn touto metodou druhy integrl
z préce [3].

Pe3ome

3AMETKA OB UHTEI'PAJIAX COAEPXAWUX IMPOU3BEAEHUA
INOJINHOMOB 5PMUTA

VIPXW ®UAJIA (Jiti Fiala), ITpara

B aToif 3aMeTKe mpeaiaraeTcsi MeToJ MJIS BBIYUCIEHHs MHTerpanoB tuma (1),
rae H,(x) o6o3HayaeT MOJMHOM 3pMHTA N-TOM CTENEHH. BBIYMCIEHM OCHOBAHO Ha
3aMeHe MOJITHOMOB 3PMHTa MX MHTErpaJibHBIMH MPEACTaBICHHSIMM M Ha IPHMEHe-
Huu Teopembl Koy 11 ronoMopdHbix GyHKIHH MHOTHX NepeMeHHBIX. Pe3yipTaT
conepxurcs B hopmyite (2) u B popMyie cieayroLiei. ITOT METO HILTFOCTPUPYETCS
Ha BBIYMC/IEHUH HHTerpasioB (3) u (4) v Ha uX cnenuabHbIX ciydasx (5) u (6). B konue
BBIYHCIISIETCS 3THM METOJIOM BTOpPO#l MHTerpa u3 pabotsr [3].
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