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ON ORDERING VERTICES OF INFINITE TREES

FRANTISEK NEUMAN, Brno

(Received December 30, 1964)

1. By a finite (infinite) tree we understand a non-oriented connected graph without
circles and with finitely (denumerably) many vertices. A tree is either a finite or an
infinite tree. Denote by {T'} the set of the vertices of a tree T. The edge of the tree T
connecting vertices a and b will be denoted by (a, b). A finite path of a tree T is
a finite sequence of its edges (z;, z;44),i = 0,1,2,...,n — 1,suchthat z; # z,,for
iy =% i,. Such a path is said to be of length n, it starts with the vertex z, and ends
in z,, and may be denoted by (z,, ..., z,). The vertices z, and z, are called the end-
vertices of this path, the remaining vertices are termed inner. An infinite path of
a tree T'is an infinite sequence of its edges (z;, z;44), i = 0,1, ..., such that z; * z;,
for i; =+ i,. We say that this path begins in the vertex z, or that z, is its end-vertex,
the other vertices are its inner vertices. Furthermore, a vertex x of a tree T is
said to be between the vertices a and b of the same tree if there exists a finite path
(a, ..., b) of Tsuch that x is its inner vertex. The distance p(a, b) of distinct vertices
a, b of a tree T'is the length of the path (a, ..., b) 1); and for x e {T} set u(x, x) = 0.
If 1:, denotes a finite sequence t,, ty, ...t} , then let 7y, 75, T3, ... denote the sequence
T TN Lo R NN N -8 7 AU R

Let Tbe a finite tree,a, be {T}, a + b. Then a 2-(a, b)-ordering of T is an ordering
of the set {T} into a simple finite sequence beginning with a, ending with b and such
that the distance of consecutive members if this sequence is at most 2 (in the metric
of T). If there exists a 2-(a, b)-ordering of T, we shall say that Tcan be 2-(a, b)-ordered;
and otherwise that T cannot be 2-(a, b)-ordered. Furthermore, we shall say that it
is possible to 2-order a finite tree T if there exist x, y € {T}, x # y, such that T can
be 2-(x, y)-ordered. Analogously, consider a tree U (finite or infinite), and an a € {U}.
A 2-a-ordering of the tree U is an ordering of the set {U}into a simple sequence (finite
or infinite), starting with a and such that the distance of consecutive members of this
sequence is at most 2 in the metric of U. If there exists a 2-a-ordering of the tree U,
we shall say that U can be 2-g-ordered.

In [2] there were obtained necessary and sufficient conditions under which it is

1y For distinct vertices a, b of a tree T the path (g, ..., b) is uniquely determined [1, p. 165,
theorem 1 (6)].
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possible to 2-(a, b)-order or 2-order a finite tree. M. SEKANINA dealt with similar
orderings of the vertices of a graph, [3], [4]. In this paper we shall give a necessary
and sufficient condition under which it is possible to 2-g-order an infinite tree. This
problem is due to G. A. DIrRAC.

2. We shall recall the results of [2] needed in the sequel.

Theorem. Let T be a finite tree, a, b two distinct vertices. It is possible to 2-(a, b)-
order T if and only if for the subtree T, obtained from T by omitting all vertices of
order 1 and all edges incident to these except for a, b there holds:

1° the degree of all vertices in T, is at most 4,

2° all vertices of degree 3 and 4 in T, are inner vertices of the path (a, e b),

3° between every two vertices of degree 4 in T, there exists at least one vertex of
degree 2 in T. If the degree of a is greater than 1 in T, then between it and the
nearest vertex of degree 4 in T, there exists a vertex of degree 2 in T. Similarly
for b. If the degree of both vertices a and b is greater than 1 in T, then there
exists between them at least one vertex of degree2 in T.

Corollary. A finite tree T can be 2-ordered if and only if for the subtree T, (the
empty tree and the tree consisting of one vertex are now petjmitted) obtained from T
by omitting all vertices of order 1 and incident edges there holds:

1° the degree of all vertices in T, is at most 4,
2° in T, there exists a path containing all vertices of degree 3 and 4 (in T,),

3° between every two vertices of degree 4 in T, there exists at least one vertex of
degree 2 in T.

3. Let T, be an infinite tree and let all its vertices be of a finite degree, a, € {T,}.
Then there exists an infinite path of T, which begins with a,.

When we omit a, and all incident edges from T,, we obtain a finite number of
components, at least one of which is infinite. Denote one of these infinite components
by Ty, an infinite tree. Let a, € {T}, p(ao, a;) = 1, where p is the metric in T,.
In general, after omitting the vertex a; and all incident edges from an infinite tree Tj,
we obtain a finite number of components, at least one of which is infinite. Denote
by T;, ; one of these infinite components. Let a;.; € {Tj,,}, p(a;, a;.+,) = 1 (in Tp)-
Evidently ao, ay, a,, as, ... and (ao, ay), (ay, a5), (a2, a3), ... are the vertices and
edges of an infinite path of Ty, starting with a,.

4. Let T be an infinite tree, a € {T}. If two infinite components are obtained by
omitting an edge of T, then T cannot be 2-a-ordered.

Denote by (u, v) the omitted edge, and by T, and T, the two corresponding infinite
components. Let there exist 2-a-ordering of T, and, without loss of generality, let u
precedé v. There is only a finite number of vertices in front of v; thus in the ordering:
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there must necessarily occur, following v, a vertex from T, and a vertex from T,
distinct from u and v. Hence one can find two neighbouring vertices x, y in the 2-a-
ordering following v such that x € {T,} and y € {T,}. As x % u and y # v, there is
#(x, y) = 3, which is a contradiction.

S. If it'is possible to 2-a-order a finite or an infinite tree T, then it is also possible

to 2-a-order each of its subtrees U containing a. Moreover, if we omit, in an arbitrary

- 2-a-ordering of T, the vertices not belonging to U, we obtain a 2-a-ordering of the
subtree U.

The statement can be proved as in [4]. Let a be some 2-g-ordering of the tree T.
From the sequence « form the subsequence f by omitting all vertices of a not belonging
to the subtree U. In § there occur all vertices of U precisely once. Thus f is a 2-a-
ord'ering of U if we show that the distance of every two neighbouring vertices in f is
at most 2, in the metric of U (or T). Thus, let x and y be consequent vertices in f.
There are two cases possible:

a. The vertices x and y are consequent in «; then p(x, y) < 2in Tand also in U.

b. Vertices x and y are not neighbouring in «; thus the 2-a-ordering a of T has the
form a,..., X, Zi,Zysees Zpy Yy oo (M 2 1), where z,€{U} for i=1,2,....,m
Suppose that u(x, y) = 3 in U and hence also in T. Let (x, vy, vy, ..., v,, ) be the
path of T. Evidently n > 2 and all vertices v;,j = 1, 2, ..., n, belong to U. By omitting
the edge (vy, v,) from T there result two components X and Y, xe {X}, ye {Y}.
Hence, between the vertices x, z4, 23, ..., Z,, y there exists at least one pair b, ¢ of
consequent vertices in o such that b € {X} and c e {Y}. As v, and v, do not coincide
with any of the vertices x, z;, z,, ..., Zn, , there is also b % v, and ¢ % v,. The path
(b, ..., ¢) necessarily contains v; and v, as inner vertices, therefore (b, c) = 3.
But this is a contradiction, because b, ¢ are consequent in the 2-g-ordering a, i.e.
u(b, ¢) < 2. Thus u(x, y) = 3 cannot occur, and therefore y(x, y) < 2.

6. Let T be an infinite tree, a € {T}. If T contains more than one vertex of infinite
degree, then it cannot be 2-a-ordered.

Let T be an infinite tree, a € {T}. Let b be a vertex of denumerable degree of T.
Denote by Z the set of all those vertices of T of degree 1 (with the exception of a)
which are connected by an edge to the vertex b. Then T can be 2-a-ordered if an
only if Z is non-empty and the subtree U obtained from T by omitting vertices of
the set Z — {z,} and all incident edges (where z; is an arbitrary vertex of Z) is
a finite tree which can be 2-(a, z,)-ordered.

Let T be an infinite tree not containing a vertex of an infinite degree, a € {T}.
Then, T can be 2-a-ordered if and only if for the subtree V obtained from T by omit-
ting the vertices of degree 1 (except for the vertex a) and all incident edges, there
holds:

0° there exists precisely one infinite path W of T starting with the vertex a,
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1° the degree of all vertices of V is at most 4,
2° all vertices of degree 3 and 4 inV are inner vertices of the path W,

3° between every two vertices of degree 4 in V there lies at least one vertex of degree
2 in T; if a has degree greater than 1 in T, then between it and the nearest vertex
of degree 4 in V there lies at least one vertex of degree 2 in T.

Necessity. Let T be 2-a-orderable. Let T contain vertices of an infinite degree.
According to item 4, T can contain at most one vertex of denumerable degree; denote
it by b. Any infinite path cannot issue out of the vertex b (e.g. (b, by, b, ...)) because,
again according to item 4, by omitting the edge (b, b,) from T there would result two
infinite components, and T could not be 2-a-orderable. From the vertex b there can
issue only a finite number of disjoint paths of length greater than 1, since otherwise
there would exist a subtree of T not 2-orderable (item 2 corollary, 1°), and thus,
according to item 5, T itself could not be 2-g-orderable. As the vertex b is of denu-
merable degree, the set Z must be denumerable. Denote by z,, z,, z3, ... all vertices
of Z. Hence, if we omit from T the vertices z,, z3, ... and edges (z,, b), (z3, b), ...,
we obtain a finite subtree U. Consider some 2-g-ordering of T. As {U} is a finite set,
some element of {U} — {z,}, say u, is the final member of this 2-q-ordering. Thus
the 2-ag-ordering of T is of the form a, ...,z . 0y Zip oo Zip oo Uy Z4 5 24 s
Zi, .4 -+ Where iy, iy, ... is a suitable permutation of integers. Let i, = 1. We assert
that then a, ..., u, 2y, 2, Ziyy o0 215 23,15 Zipy s +-- 1 @ISO @ 2-g-ordering of T.
This follows from the following consideration:

From the notation of the z; there follows u(z,, z,) =2 for m %+ n, m,n 2 1.
Furthermore, either u = b, or (u, b, z;) is a path for all j > 1. Therefore u(u, z;) < 2
for all j = 1. Thus, finally, if the 2-g-ordering of T'is of the form a, ..., x, z;, y, ...,
then p(x, y) < 2 because p(x, b) < 1 and p(b, y) £ 1.

Hence, the initial segment of the new 2-a-ordering of T, namely, a,...,u, z,,
is a 2-(a, z,)-ordering of its subtree U; therefore U can be 2-(a, z,)-ordered.

Now assume T does not contain a vertex of infinite degree. Then, according to
item 3, an infinite path W must issue from the vertex a of T. This path is unique,
according to item 4. Indeed, consider another such path. As both belong T, the tree T
decomposes into components after omitting the vertex a, and at least two of these
(containing the considered infinite paths) would be infinite. Hence, according to
item 4, T could not be 2-a-ordered. If, furthermore, condition 1° or 3° were not
satisfied, there would exist a finite subtree of the tree T such that it would not satisfy
the corresponding condition 1° or 3° in item 2. Thus, this subtree would not be
2-a-orderable, and thus according to item 5, even T would not be 2-a-orderable,
a contradiction. It remains to show that condition 2° is necessary, which we again
perform by means of a contradiction. Suppose that there exists some vertex x of de-
gree 3 or 4 in ¥ which is not an inner vertex of W. Choose a vertex ¢ € {W} such
that the path (a, ..., x) does not contain c. Let T, be the maximal subtree of T con-
taining the vertices a and ¢, in which the degree of c¢ is 1. Furthermore, let t be
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a 2-g-ordering of the tree T. According to item 5, if we omit from < the vertices not
belonging to T,, we obtain a 2-g-ordering of T,; denote this by 7,. As {W} is infinite,
there exists an infinite sequence of distinct vertices r;e {W}, i = 1, 2, ..., following
the vertex ¢. For i = 1, 2, ... consider the maximal subtree T, of T containing the
vertices a and r;, the degree of the vertex r; being equal to 1 in T,. By omitting the
vertices not belonging to T}, we obtain from t a sequence t; which is a 2-g-ordering
of the tree T;. For i < j, 7, is a proper subsequence of the sequence 7;. Let the last
vertex of the sequence 7; be t;, i = 0,1,2,.... As {T,} i$ finite, there exists an m such
that t,, € {T,}, i.e. the path (a, ..., ,,) contains the vertex c. In another words, at least
one vertex of degree 3 or 4 in Vis not an inner vertex of (a, ..., t,,)- On the other hand,
T,, can be 2-(a, t,.)-ordered. But this is a contradiction to the theorem of item 2, con-
dition 2°.

Sufficiency. Let there be given a finite tree U which can be 2~(a, z,)-ordered, the
degree of its vertex z, is 1 and (z4, b) is its edge. Construct, from this tree U, an infinite
tree T by adding denumerable many vertices z,, z3,... € {U} and edges (z,, b),
(z3, b), .... Let a, ..., z, be some 2-(a, z,)-ordering of U. Then a, ..., zy, z,, 23, ... is
a 2-g-ordering of T because y(z;, z;.1) = 2fori=1,2,3,....

Assume T does not contain a vertex of an infinite degree. By omitting all the vertices
of degree 1 (except for a) and all incident edges from T, obtain the tree V for which
there holds 0°—3°.

Let the infinite path W of the tree T contain an infinite number of vertices of
degree 2 in T, say p;; P, .... Let P, denote the maximal subtree of T containing a and
in which the vertex p, has degree 1. Let P; denote the maximal subtree of Tin which
the vertices p; and p;,, are of degree 1. According to item 2, there exists a 2-(a, p;)-
ordering of the finite tree P, (denote it by n,), and for every i = 1, 2, ... there exists
a 2-(p;, p;+,)-ordering of the finite tree P; (denote it by m;). Therefore, if n} is the
sequence obtained from 7; by omitting the last member p; ., then #n¥, n%, n3, ... is
a 2-g-ordering of T.

Let the path W contain only a finite number of vertices of degree 2 in T; hence it
contains only a finite number of vertices of degree 4 in V. Thus, there exist denu-
merably many vertices of W with degree 2 or 3 in V. Choose an infinite sequence
vy, Uy, ... from these, ordered by increasing distance from a, and sucht hat all vertices
of degree 4 in V are between a and v,. Let T, denote the maximal subtree of T such
that it contains a and that v, is of the degree 1in it. Let T; denote the maximal subtree
of T such that, with the exception of vertices of the path (v, ..., v;,,), it does not
contain any vertex of the path W, that it contains the vertices v;, and v, ,, and the
degree of v;4; is 1 in T,. According to the theorem of item 2, T, can be 2-(a, v,)-
ordered; denote by 7§ one of these orderings in which we omit the last member, v,.
According to the same theorem, T; can be 2-(v,, v;4)-ordered; denote by ¥ one of
these orderings, in which we omit the last member, v;,, (i = 1,2, ...). Evidently
13, 11,13, ... is & 2-g-ordering of the tree T.
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Vytah
USPORADANI UZLU NEKONECNEHO STROMU

FrRANTISEK NEUMAN, Brno

Nekoneény strom T je neorientovany souvisly graf bez kruZnic se spocetné mnoha
uzly. MnoZinu uzld nekone&ného stromu T oznaé&ime {T}. Necht je a € {T}. Rikdme,
Ze takovy strom lze 2-g-uspofddat, jestliZe je moZné sefadit uzly tohoto stromu
v prostou posloupnost a = t,, t,, t3, ... takovou, Ze vzddlenost mezi sousednimi
uzly v této posloupnosti je nejvySe dvé (v metrice stromu T).

V préci je dokdzdna nutnd a postadujici podminka pro to, aby bylo mozné dany
nekoneény strom 2-a-uspofddat: 4

Necht T je nekonedny strom, a € {T}. Existuje-li v T vice neZ jeden uzel nekoneg-
ného stupné, pak T nelze 2-a-uspofddat. ’

Necht T je nekoneény strom, a € {T}. Necht b je uzel stromu T, jehoZ stupeii je
spoletny. Oznaéme Z mnoZinu v8ech uzli stupné 1 stromu T s vyjimkou uzlu a,
které jsou spojeny hranou s uzlem b. Potom nekonecny strom T lze 2-a-uspofddat
pravé kdyZ je mnoZina Z neprdzdnd a pro libovolné z, € Z je strom U, ktery dostane-
me ze stromu T odstranénim uzld Z — {z,} a s nimi incidentnich hran, koneény a je
mozné jej 2-(a, z,)-uspofddat. (Nechf je K kone&ny strom, a a b jeho rizné uzly.
Konegny strom K lze 2-(a, b)-uspofddat, jestlize je moZné sefadit mnoZinu jeho uzlit
v prostou kone¢nou posloupnost a = ty, t,, ... t, = b takovou, Ze vzddlenost mezi
sousednimi uzly posloupnosti je nejvyse dv& (v metrice stromu K). Nutnou a posta-
¢ujici podminku 2-(a, b)-uspofddatelnosti viz v [2].)

Necht T je nekonelny strom, a € {T}. Necht v T.neexistuje uzel nekone¢ného
stupné. Pak T lze 2-a-uspofddat prdvé kdyZ strom V, ktery dostaneme ze stromu T
odstranénim vSech uzld stupn€ 1, vyjma uzlu a, a viech s nimi incidentnich hran,
vyhovuje ndsledujicim podminkdm:

0° existuje prdvé jedna nekone&nd cesta W stromu T zalinajici uzlem a;
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1° stupeii viech uzld stromu V je nejvyse 4;
2° viechny uzly stupn& 3 a 4 ve Vjsou vnitinimi uzly cesty W;

3° ‘mezi kaZzdymi dvéma uzly stupn& 4 ve V leZi alespoii jeden uzel stupné 2 v T;
pokud uzel a je stupné vét§iho neZ 1 v T pak mezi nim a nejbliz§im uzlem stupné 4
ve VleZi alespoii jeden uzel stupné 2 v T.

Pesome

YIIOPAJOYEHHWE BEPIIMH BECKOHEUHOT'O JEPEBA

®PAHTHUIIEK HEMMAH (Frantifek Neuman), Bpro

BeckoHeuyHoe epeBo T — 3TO HEOPHEHTHPOBAHHEIN CBA3HBINA rpad 6e3 MUKIOB Co
CYETHBIM MHOXECTBOM BEPIIMH. MHOXECTBO BepiMH OeCKOHEYHOro nepeBa T MbI
o6o3naunm uepes {T}. Ilycte a € {T}. MbI roBopum, 4TO Takoe AEPEBO MOXKHO
2-a-ynopsoo4uTh, €CIIH MOXHO YHOPANOYMTH BCE BEPILMHBI 3TOrO JepeBa B IIPOC-
TYIO NIOCJIEJOBATENbHOCTD @ = 1y, t,, t3, ... TAKYIO, YTO PACCTOSHHE MEKIY COCETHH -
MH BEpIIMHAMH B 3TO IOCJIENOBATENRHOCTH He Gouibliie ABYX (B MeTpuKe nepesa T).

B paboTte noka3aHo HEOOXOIUMOE M JOCTATOYHOE YCIOBHE MJI TOrO, YTOOHI HaH-
Hoe 6eCKOHEYHOE AePEBO OBLIO MOXKHO 2-a-yIOPAIOYHTD:

ITycts T — GeckoHedHoe nepeBo, a € {T}. Ecim B T cywecTByeT GoJiblle OgHOM
BEpIIHHBI OECKOHEYHOH cTeneHH, TO T HeJib3sl 2-a-ymopsSIOYHTb.

Hycre T — 6eckoneuHoe AepeBo, a € {T}. IlycTs b — BepIIMHA CYETHOI CTENEHH
nepeBa T. Mb1 0603Ha4uM yepe3 Z MHOXECTBO BCeX BHCAYHX BEPIIHH, 32 MCKIIIOYE-
HMEM BEPIIMHBI @, KOTOphIe CBA3aHbl pebpom c BepumHo# b. IloToM GeckoHeuHOE
nepeBo T MOXHO 2-a-yIOPSIOYHTH TOrfa U TOJBKO TOTAA, KOTAa MHOXECTBO Z
HEITyCTO M J/Is IPOM3BOJILHOTO 2 € Z To nepeBo U, KOTOpoe MBI HOJYYHM YAaJIeHAEM
u3 nepesa T BepumH MHOXecTBa Z — {z;} M C HAMHM MHIMAEHTHBIX pebep, ecTb
KOHEYHOE JEpeBO, KOTOpPoe MOXHO 2-(a, z,)-ymopsmouuts. (IIycts K — KoHeu-
HOe 1iepeBo, a u b — ero pasimiHbie Bepiuuabl. KoHeyrnoe nepeBo K MoxHo 2-(a, b)-
YHOPSAAOYHTh, €CIH MHOXECTBO €r0 BEpUIMH MOXHO YIOPATOYHTH B IPOCTYIO KO-
HEYHYIO IOCIICHOBATENILHOCTD @ = 14, 15, ..., t, = b, TaKyI0, YTO PACCTOSHUEC MEXIY
COCE/IHIMH BEPIIMHAMH B 3TO# NOCI]EN0BATENLHOCTH He Gosbliue ABYX (B MeTpHKe
nepesa K). Heob6xonumoe u focraToynoe ycinosue 2-(a, b)-ynopsimoyenns cM. B [2].)

ITycts T — Geckoneunoe nepeso, a € {T}. Ilycts B T He CylIeCTBYeT BEpIIHHA
GeckoneuHoit crenend. TloToMm T MOXHO 2-a-ynOpSAOYMTH TOTA2 H TOJIBKO
TOT'a, KOT/1a IepeBo V— KOTOpoe MBI OJIy4iM U3 fiepesa T yaajieHHeM BCeX BHCIYHX
BepuIHH AepeBa T, 3a MCKIIOYEHHEM BEPIIMHBI d, H C HHMH mmnnenmmx pebep
— YHOBJETBOPSET CIEAYIOUAM YCIOBHSM:
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CYHIECTBYET OJJHA H TOJIBKO OHA OeckoHewHas uens w Acpesa T, HAaYHHAIOLIAACH
B BEPIIHUHE a,

CTeNeHb BCEX BepIIMH AepeBa V He Goiblie 4,
BCE BEPIUMHEI CTENEHH 3 ¥ 4 B V ABIAIOTCS BHYTPEHHHMH BEpLIMHAMY Heru W,

MeXIy KaXIbIMM IByMs BepIIMHAMH CTeneHd 4 B V cyluecTByeT IO KpadHeH
Mepe ofHa BepiMHa creneHd 2 B T eciiu cTemneHb BepmMHLL a 6ombie 1 B T, TO
MexXay a u Gmoxaiiinei BepumHoO#i crenenu 4 B V cyliecTByeT no KpaiHeH Mepe
OIlHa BepuIMHA cTeneHu 2 B T.
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