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FIBER PRODUCT PRESERVING BUNDLE FUNCTORS ON ALL
MORPHISMS OF FIBERED MANIFOLDS

IVAN KOLAR, WLODZIMIERZ M. MIKULSKI

ABSTRACT. We describe the fiber product preserving bundle functors on the
category of all morphisms of fibered manifolds in terms of infinite sequences of
Weil algebras and actions of the skeleton of the category of r-jets by algebra
homomorphisms. We deduce an explicit formula for the iteration of two such
functors. We characterize the functors with values in vector bundles.

Let M f be the category of all manifolds and all smooth maps, F M be the cate-
gory of all smooth fibered manifolds and all fibered morphisms and FM,, C FM
be the subcategory of fibered manifolds with m-dimensional bases and fibered mor-
phisms with local diffeomorphisms as base maps. Starting from the seminal result
asserting that all product preserving bundle functors on M f are the Weil func-
tors T4, see [6] for a survey, we characterized the fiber product preserving bundle
functors on FM,, by means of Weil algebras in [7]. The latter result already
found interesting geometric applications in the theory of functorial prolongations
of projectable tangent valued forms, [1], principal and associated bundles, [5], Lie
groupoids, [4], and Lie algebroids, [3].

In the present paper we study the fiber product preserving bundle (in short:
f.p.p.b.) functors on the whole category F M. The well known example of such
functor is the vertical Weil functor V4. In Section 1 we recall the identification of
the f.p.p.b. functors of base order r on FM,, with the triples (A4, H,t), where A is
a Weil algebra, H is a group homomorphism of the r-th jet group G;, in dimension
m into the group Aut A of all algebra isomorphisms of A and ¢ is an equivariant
algebra homomorphism from D!, = Ji(R™,R) into A, [7]. Lemma 1 reads that
if this functor is a restriction F,,, = (A, Hpm,tm) of a f.p.p.b. functor F on the
category FM, then t,, is a zero homomorphism. We interpret this condition
geometrically and we present further examples of f.p.p.b. functors on FM. We
deduce that V4 is characterized by the fiber isomorphism property. In Section
2 we clarify that if F' has base order r, it can be identified with the sequence
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A = (Aog,...,Am,...) of Weil algebras and an action H of the skeleton L" of
the category of r-jets on A by algebra homomorphisms. Section 3 is devoted to
the natural transformations of two such functors. An example in Section 4 shows
that I’ need not to be of finite base order. We prove that F' is locally of finite
base order. In this general case, the action of L" should be replaced by an action
of locally finite order of the skeleton L*° of the category of jets of infinite order.
Section 5 contains an auxiliary construction of vector valued bundle functors on
the category M f, which is similar to Section 2. In Section 6, this construction is
used for an explicit description of the f.p.p.b. functors on FM with values in the
category of vector bundles. In the last section we deduce an explicit formula for
the iteration of two f.p.p.b. functors on FM (the case of FM,, was studied in
2)).

All manifolds and maps are assumed to be infinitely differentiable. Unless
otherwise specified, we use the terminology and notations from [6].

1. THE FIRST LEMMA AND EXAMPLES

Every homomorphism of Weil algebras u : A — B induces a natural transfor-
mation pps : TAM — TP M for every manifold M. By definition, these homomor-
phisms are unital, so that R C A is transformed into R C B by the identity map.
The zero algebra homomorphism maps the whole nilpotent part of A into 0 € B.
We write M x N for the product fibered manifold M x N — M andi: Mf — FM
for the “identity” injection iM = (idpy : M — M) and if = (f, f) : iM — iN.
We denote by T the constant map of a given manifold into the point z.

According to [7], we have a bijection between the f.p.p.b. functors F' of the
base order r on FM,, and the following triples (A, H,t). The Weil algebra A is
Fo(R,, x R). For g = jiv € GI,, we have

(1) H(g) = Fy(y xidg) : A — A.

For jj¢ € D,,, we consider the base preserving morphism (idgm,¢) : iR™ —
R™ x R, z + (z,¢(z)) and define

(2) t(jop) = F(idrm,¢)(0).
Conversely, given (A, H,t), we construct F' as follows. In the product case,
F(M x N) is the associated fiber bundle

F(M x N)=P"M[TAN, Hy],

where P"M is the r-th order frame bundle of M and Hy is the action of G}, on
TAN by the natural transformations H(g)x, g € G7,. For an arbitrary fibered
manifold p: Y — M, FY C P"M[T4Y, Hy| is the subset of all equivalence classes

{u, 2},
(3) we P"M, ZecTY satisfying ty(u)=T"p(Z).

Let F be a f.p.p.b. functor on FM. Write F,,, = (A, Hpm, tm) for its restriction
to FM,, C FM.

Lemma 1. For every f.p.p.b. functor F' on FM, all t,, are zero homomorphisms.
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Proof. If we replace F by F,,, in (2), the right hand side can be written as
(F(idrm,¢) 0 F(i0,1)) (0m) = F (0, £(01)) (01) -

Further, consider j{)mcp/(():) € D7,. On one hand, since t,, is an algebra homomor-
phism, ¢, (j5 ©(0)) is the number ¢(0,,) in the real part of A. On the other
hand,

o — —

b (75, (£(0,2))) = F(idim, 9(0,)) (0) = (F(id g, 2(0m))o

F(lﬁm))(om) = F(ﬁma W(Om))(om) -
Hence t,(j5¢)) = ¢(0s,), so that ¢, is the zero homomorphism. O

Thus, if {u,Z} € FY, u € PTM, then TAmp(Z) = j4=%. In other words, Z
lies in the fiber of TA"Y over jAmz € T4= M.

Now we add some further examples of f.p.p.b. functors on FM to the well
known case of V4. We write f for the base map of an FM-morphism f.

Example 1. Let V be the vertical tangent functor. We define
FY =VY®TM, Ff=VfeTf.
Since V(Y1 x Y2) @ TM =VY1 @ TM xp VYo ® TM, F is a f.p.p.b. functor.

Example 2. More generally, let G be a bundle functor on M f with values in the
category VB of vector bundles. We set

FY =VY®GM, Ff=VfaGf.
Example 3. Example 2 can be modified to
FY =V(VAY)@GM, Ff=V({VAf)2Gf,
the tensor product being over VAY.

It is remarkable that functor V4 can be characterized by the following additional
property.

Definition 1. We say that a bundle functor F' on FM has the fiber isomor-
phism property, if for every F M-morphism f isomorphic on the fibers, F f is also
isomorphic on the fibers.

Proposition 1. If F' is a fp.p.b. functor on FM with the fiber isomorphism
property, then F = VA for a Weil algebra A.

Proof. Consider the fiber Y, of p: Y — M over x € M as the fibered manifold
Y, — pt, where pt is one-point set. We have F(Y, — pt) = TA°(Y,) — pt.
By the fiber isomorphism property, the injection of Y, — pt into Y induces a
diffeomorphism between T40Y, and F,Y. O
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2. THE DESCRIPTION OF THE FUNCTORS OF BASE ORDER 1

The restrictions F' | FM,, determine an infinite sequence of Weil algebras
(4) A=(Ap,..., Am,...).
Assume the base order of I’ is r. Using the notation Ly, , = Ji (R™,R")o, from

[6], L™ = (LT, ,,) is a category over N, the skeleton of the category of r-jets. Let

g9=1Jo, V€ Lfn’n, v :R™ — R", v(0,,) = 0,,. Consider yxidg : R™ xR — R"* xR
and define

(5) Hpnn(g9) = Fo,, (v X idRr) : A — An .

Lemma 2. Each Hp, ,(g) is an algebra homomorphism. If g € L, ,, so that
gog€ Ly, ,,Hnp(G): An — Ap, Hpp(Gog) : Ay — Ap, then

(6) Hm,p@ 0g) = Hn,p(g) © Hm,n(g) .
Proof. Write ¢ : R x R — R for the addition of reals and a,, = idrm Xa :
R™ xR x R — R™ x R. Then the addition in A4,, is Fo,, (am) : Am X Am — Ap,.
Clearly, the following diagram commutes
(7) R xR xR— >R™ xR
indRXide/ lf)(idk
R" x R x R ——R" x R

Applying F, we deduce that H,, ,(g) commutes with the additions in A,, and
A,. Replacing the addition of reals by the multiplication of reals, we prove that
H,, »(g) is an algebra homomorphism. Formula (6) is a direct consequence of the
fact F is a functor. O

Definition 2. We say that (6) is an action of the category L" on the sequence
(4) by algebra homomorphisms.

The following assertion is a direct consequence of the definition of the natural
transformation determined by an algebra homomorphism,

Lemma 3. For every manifold Q, the natural transformation Hy, n(9)g : T4 Q —
TA%Q coincides with Fy, (v x idg) : TA"Q — T4»Q.

Consider an F M-morphism f : R™ x ¢ — R" x @ over v : R™ — R". Write
flz,y) = (v(2), f(z,y)), © €R™, y € Q, so that f: R™ x Q — Q. Define
FiR"xQ=R"xQ, f(x.y)= (v (zy).
Then we have f = (y x id o) o f. This implies Fy, f = Fp,, (v x id o) o Fy,, f. But

fisin FM,,. By [7] and Lemma 1,
(8) Fo,, f(y) = T f(Om, ).
Now we can prove

Proposition 2. The f.p.p.b. functors on FM of base order r are in bijection with
the actions H = (Hy, ) of L™ on the sequences (4) by algebra homomorphisms.
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Proof. We have to clarify how to reconstruct F' from A and H. By Section 1, for
p:Y — M with dim M = m we define F'Y as the space of equivalence classes

9 {uw,Z}, weP'M, ZeTAY satistying TAmp(Z)=j'"z.

For an FM-morphism f : Y — Y over f:M— M, n = dim M, we use the
decomposition (not unique) jif =vogou™t, ue P/M, v e P}’(w)ﬁ, g€ Ly, ,.

Taking into account Lemma 3 and (8), we define

(10) Ff({ua Z}) = {'U, Hm,n(Q)?(TAmf(Z))} ’

where T4m f(Z) € TA"Y is transformed by H,, »(g)s into T47Y. By equivari-
ancy of all quantities, this is a correct definition. One verifies directly that F
coincides with the original functor. O

Consider an action H of L" on A by algebra homomorphisms. The following
assertion is geometrically very instructive.

Lemma 4. If g € L] . is r-jet of immersion or submersion, then the algebra

m,n
homomorphism Hp, n(g) is injective or surjective, respectively.
Proof. If g = jg 7 is r-jet of an immersion v : R™ — R", v(0,,) = 0y, then there
is a local map 7 : R" — R™ satisfying 7y o v = idgm. Hence for g = jj 7 we have
Hy, m(9) o Him.n(g) =id a,,, so that H,, »(g) is injective. The second assertion can
be proved analogously. O

In particular, the canonical immersions R™ — R™*! induce a sequence of
algebra injections
(].].) Am — Am+1 .
Example 4. We describe the functor F' in Example 1 from the viewpoint of
Proposition 2. We have A,, = TR ® Tj,,R™ = R x R™, because the tensor
product is over R. Write v : R x R — R for the multiplication of reals. Then

the multiplication in A,, is determined by Fy,, (id g Xv). Hence we have the zero
product in the nilpotent part of A,,, so that A,, = D! . The base order of F is 1.

Every g € L}, ,, is identified with a linear map I(g) : R™ — R". Evaluating (5),
we find
(12) Humn(g) =idr xl(g) : D, — D} .

Since we have the zero product in the nilpotent parts of D! and D!, each map

(12) is an algebra homomorphism.

3. NATURAL TRANSFORMATIONS

Let ' = (A, H) be another f.p.p.b. functor on FM of the base order r and
7: F — F be a natural transformation. One verifies directly that
(13) pm = (TR x2)o,, © Fo,,(R™ x R) — Fo,, (R™ x R)
form an equivariant sequence = (o, - ., fbm,--.) of algebra homomorphisms

fon @ Ay — Apy, i€
(14) Honn(9) (m(a)) = pin (Hmn(9)(@)), g€Ly,,, a€ Ap.
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Conversely, given such equivariant sequence y of algebra homomorphisms g, :
A, — A, we define a natural transformation py : F'Y — FY by

(15) py ({u, Z}) = {u, (hm)y (2)} -
Then one proves directly

Proposition 3. The natural transformations of two f.p.p.b. functors F' = (A, H)
and F = (A, H) on FM of the same base order r are in bijection with the equi-
variant sequences of algebra homomorphisms p: A — A.

4. THE CASE OF INFINITE BASE ORDER

The second author constructed a bundle functor @ on M f with values in VB
of infinite order, [6], [8]. If we put G = @ in Example 2, we obtain a f.p.p.b.
functor on F M of infinite base order. We are going to describe all such functors.
Let FM,, , be the category of fibered manifolds with m-dimensional bases and
n-dimensional fibers and their local isomorphisms. Write r(m,n) for the order of
the restriction F' | FM,, ,,. We deduce that every f.p.p.b. functor F' on FM has
locally finite order in the following sense.

Consider a fibered manifold Y — M with dim M = m, dimY = m + n and an
arbitrary fibered manifold Y — M. Write r = max (r(m + 1,1),7(m, 1)).

Proposition 4. Let F be a f.p.p.b. functor on FM, f,g:Y — Y be two FM-
morphisms and y € Y. Then j, f = jyg implies F'f | F,Y = Fg | F,Y.

Proof. We may assume ¥ = R” x R", Y = R? x R?, y = (0,,,0,,), f(y) =
g(y) = (0p,04). Let j(om,on)f = j(om,on)g' Analogously to Section 2, we introduce

7,5 :R™ x R* — R? by
fl,y) = (f@), f(zy), 9(x,y) = (9(2),9(z,y)), z€R™, yeR".

We define a bundle functor F on M f by FM = F(M xR), F(h) = F(hxidg). By
Corollary 4.2 in [9], we have F(f) = F(g) over 0,,, because the functor F | M f,,11
is of the order r(m +1,1) and f and g have the same r(m +1,1)-jet at 0,,. Then
F(f xidgae) = F(g x idga) over (0, 04), because F is fiber product preserving.
Further, consider F,, = F | FM,,. Define f, §: R™ x R® — R™ x R4,

fla,y) = (z, f(z,y), 9(z,y) = (2.9(x,y)) -
By [6], Theorem 22.3 and [7], we have FfNZ Fg over (0,,,0,) because
Fo | FMpny1 has order r(m,1) and f and g have the same r(m,1)-jet at
(0m,0p). Since Ff = F(f x idgs) o F'f and similarly for g, we have proved
Ff = Fg over (O, 0y,). O
Consider the category L over N, L3? = J5° (R™,R")o
Weil algebras.

and a sequence A of

n

Definition 3. An action of L* on A by algebra homomorphisms is said to be of
locally finite order, if each Hy, , : L3, — Hom (A,,, A,,) factorizes through a jet

m,n
. . 00 Tm,n
projection L7 — Lp'n'.
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Let F be an arbitrary f.p.p.b. functor on F M. Using Proposition 4, we deduce
in the same way as in Section 2, that the f.p.p.b. functors on FM are in bijec-
tion with the pairs (A, H), where A is a sequence of Weil algebras and H is an
action of locally finite order of L>° on A by algebra homomorphisms. The natural
transformations (A, H) — (A, H) are in bijection with the equivariant sequences
of algebra homomorphisms.

5. VB-VALUED BUNDLE FUNCTORS ON ALL MANIFOLDS
These functors can be characterized similarly to Sections 2 and 4. First we
discuss the r-th order VB-valued functors on M f. Let
V=Vo,..Vin,.n\)

be an infinite sequence of vector spaces and K = (K, ),

Kot Ly, — Lin (Vi Vi)
be an action of L" on V by linear maps, i.e. the condition analogous to (6)
(16) K p(Gog) = Knp() o Kimnn(g)
holds. The pair (V, K) defines a VB-valued bundle functor E on M f as follows.

The restriction of K, » to Gy, C Ly, is a linear action Ky, of G7, on Vp,.
Hence the associated bundle

(17) EM = P" M|V, K]

is a vector bundle for every m-dimensional manifold M. For a map f: M — M,
dim M = n, we use the same expression j7f =vogou™!, g € Ly, nsu€ PrM,
v E P;(m)ﬂ as in Section 2 and we define Ef : EM — EM by

(18) Ef({u,S}) = {v, Km.n(9)(S)}, S€Vin.
Analogously to Section 2, one proves

Proposition 5. The r-th order VB-valued functors on Mf are in bijection with
the actions of L™ on V by linear maps.

For the VB-valued bundle functors on M f of infinite order we should replace
the action of L™ by an action of locally finite order of L> on V by linear maps.

6. F.P.P.B. FUNCTORS WITH VALUES IN VECTOR BUNDLES

Let F be a f.p.p.b. functor on FM of base order r with values in VB. (We
underline that FY is a vector bundle over Y.) For every m € N, we construct a
VB-valued functor F,, on M f by

(19) EnN =Fy, (R™ x N), Enf=Fy, (idgm xf).

Clearly, each E,, preserves products. By [6], Lemma 37.2, E,, is the tangent
functor T tensorized by a vector space V,,, and its identity. Hence A,, = Fp,, (R™ X
R) = R x V,,, and the action H = (H,, ) of L" corresponding to F' is determined

by the restrictions
Hpp ot Lfn,n X Vin — V.
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Since F' is VB-valued, for every g € L:n’n we have a linear map V,,, — V,,. This is
the situation of Section 5. Hence F' determines a VB-valued functor G of order r
on M f. In the same way as in Example 4, we find

(20) FY=VY&®GM, Ff=Vf®Gf.

If F is of infinite order, we proceed according to Section 4. Thus, we have
proved

Proposition 6. Fvery f.p.p.b. functor F on FM with values in VB is of the form
(20), where G is a VB-valued functor on Mf.

7. THE PROBLEM OF ITERATION

Consider F' = (A, H) of base order r and another f.p.p.b. functor E = (B, K)
on FM of base order s, so that B = (By,...,Bm,...) is a sequence of Weil
algebras and K = (K n), Kmpn @ LS, , — Hom (B, B,). The base order of the

m,n
composition F o F is at most s + r. Write F o E = (C, D), so that D = (D, ,,) is
an action of L™* on a sequence C' = (Cp, ..., Chny,...) of Weil algebras by algebra
homomorphisms. We remark that the iteration problem on FM,, was solved in

[2].
We shall use the following basic facts, [6], [10]. If V' is a vector space, then
TAV =V ® A. For a linear map f : Vi — Vo, TAf is of the form

(21) fRIdA:VI®A—-TLeA.

If w: A — B is an algebra homomorphism, then the natural transformation
py : TAV — TBV is of the form

(22) idyeu:VeA—-VeB.
By the very definition (5),
(23) Din,n(do ") = Fo,, (B(y x idr)) ,

v : R™ — R", v(0,,) = 0,. For x € R™, we write t, for the translation on R™
transforming 0,, into . We express F(y x idg) : R™ x B,, — R" x B,, as a pair
of v and a map R™ x B, — B,. Using the standard identifications, [6], [2], we
find

E(’Y X idR) = (’Ya K’m,n(jgm( 7(@ oyoty )))

In the same way, by (8) and (10) we obtain for x = 0

F(’Ya Km,n(jém (tv(r) oyotly )))
= (% Hin (45, (£ (y 0 v 0 151) 0 TA™ (Ko n (53, (£ () 07 0 1)) -

By (21) or (22), the first or the second term of the composition on the right hand
side is Hp,n(jg,. v) ® id g, or id a,, ® Ky n(j§ ), respectively. Thus, we have
proved
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Proposition 7. If we express FoE in the form (C, D), where C = (Cy,...,Chn, . ..

and

(24)

(10]

D = (Dy,,n) with Dy, L:n‘ffl — Hom (Cy,, Cy), then Cpy = Ay @ By, and
Dm,n(jgis'}/) = Hm,n(j(g,,,ﬂ’) ® Km,n(jgm'}’) .
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