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A NONLINEAR PERIODIC SYSTEM WITH NONSMOOTH
POTENTIAL OF INDEFINITE SIGN

MICHAEL E. FILIPPAKIS AND NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. In this paper we consider a nonlinear periodic system driven by
the vector ordinary p-Laplacian and having a nonsmooth locally Lipschitz
potential, which is positively homogeneous. Using a variational approach
which exploits the homogeneity of the potential, we establish the existence of
a nonconstant solution.

1. INTRODUCTION

In this paper we study the following nonlinear periodic system with nonsmooth
potential

(1.1) { —(ll2" () IP~22’(t))" € 9j (¢, x(t)) a.e.on T =][0,0] }

z(0) = z(b), 2'(0) =2'(b), 1<p<oo.

Here the potential function  — j(¢,x) is only locally Lipschitz not necessar-
ily C! and by 9j(t,z) we denote the generalized (Clarke) subdifferential of j(t, -)
(see Section 2). The purpose of this work is to establish the existence of nontriv-
ial solutions, when the potential is indefinite in sign. In the past this problem
has been addressed only in the context of semilinear (i.e. p = 2), smooth (i.e.
j(t,-) € C*(RY,R)) systems. We refer to the works of Lassoued [10],[11], Ben
Naoum-Troestler-Willem [5], Girardi-Matzeu [9], Antonacci [4], Xu-Guo [14] and
Tang-Wu [13]. In Lassoued [10],[11] the potential has the form j(¢,2) = b(t)V ()
where b € L'(T) with changing sign and V' € C?(RY,R) is strictly convex and
nonnegative. In Lassoued [10] V is subquadratic, while in Lassoued [11] V is pos-
itively homogeneous of degree § > 2 (hence V is superquadratic). Her approach
is based on the dual action principle of Clarke and on the Lyapunov-Schmidt
reduction method. Girardi-Matzeu [9] also assume that j(¢t,2) = b(t)V(z) and
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impose on V' a kind of generalized Ambrosetti-Rabinowitz condition of the form
|(V'(z), z)py — BV (z)| < c|lz||? for all z € RN with 8 > 2 and ¢ > 0. Antonacci [4]
and Xu-Guo [14] assume that j(t,z) = A(t)z +b(t)V (x) with A € C(T,R¥* V) in-
definite in sign and V' € C?(RN,R) superquadratic. The approach in both papers
is similar, variational based on the generalized mountain pass theorem. Finally
in Ben Naoum-Troestler-Willem [5] and Tang-Wu [13] the authors do not assume
the decomposition j(t,x) = b(t)V(z). Instead, Ben Naoum-Troestler-Willem [5]
require that j(¢,-) is positively homogeneous of order 6 # 2, while in Tang-Wu
[13] j(t, ) = b(t)|z|® + W (t,x) with § > 2 and W (t,-) is sublinear. The approach
in both papers is variational. In Ben Naoum-Troestler-Willem [5] the authors ex-
ploit the homogeneity of the potential, while Tang-Wu [13] employ the generalized
mountain pass theorem. Our work here is closer to that of Ben Naoum-Troestler-
Willem [5], which we extend to systems driven by the vector ordinary p-Laplacian
and having a nonsmooth potential. In the past periodic systems with a nonsmooth
potential were studied by Adly-Goeleven [1], Adly-Goeleven-Motreanu [2], Adly-
Motreanu [3] (semilinear systems) and E. H. Papageorgiou-N. S. Papageorgiou
[12] (nonlinear systems). However, their conditions on the potential function im-
ply that it has definite sign near zero or for large € RYN. So our work here
appears to have two novel features with respect to the existing relevant literature.
On the one hand is the first work on nonlinear systems monitored by the ordinary
p-Laplacian and with a potential indefinite in sign and on the other hand we do
not assume that the varying sign potential is smooth.
Our approach is variational and uses tools from nonsmooth analysis.

2. MATHEMATICAL PRELIMINARIES

Let X be a Banach space, X* its topological dual and let <-, > denote the
duality brackets for the pair. Given a locally Lipschitz function ¢ : X — R, the
generalized directional derivative of ¢ at x € X in the direction h € X, is given by
p(z’ + Ah) — ¢(z')

3 .

df ..
(3 h) Y Yim sup
./I)l—h/l)
ALO
It is easy to check that °(z;-) is sublinear, continuous and so by the Hahn-
Banach Theorem it is the support function of a nonempty, convex and weakly
compact convex set dp(r) C X*. So

Op(x) g {z* e X*: (2*,h) < Q°(a;h) forall h € X} .

The multifunction x — d¢(x) is called the generalized (or Clarke) subdifferential
of p. If ¢ is in addition convex, then the generalized subdifferential coincides with
the subdifferential in the sense of convex analysis, which is defined by

Ocp() 4 {zr e X*: (z",y—2a) < op(y) —p(x) forallye X}.

If p € C1(X,R), then dp(z) = {¢'(x)}.
Our hypotheses on the nonsmooth potential function j(¢,z) are the following:
H(j)1: j: T xRY — R is a function such that
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(i) for all z € RY, ¢ — j(t, ) is measurable;

(ii) for r > 0 there exists k, € L'(T); such that for almost all t € T
and all z,y € RY with ||z|,||y|| < r we have |j(t,z) — j(t,y)] <
k. (t)||z — y|| and also for almost all ¢ € T, j(t,-) is homogeneous of
order 0 > 1, 0 # p;

(iii) there exists ¢; € LY(T), such that for almost all ¢ € T, all ||z] = 1
and all u € 9j(t, ) we have [|u]| < ¢1(t);

(iv) for all z € RN 2 # 0, Wehawef0 (t,z)dt < 0;

(v) there exists zg € RY such that for all t € C, |C|; > 0 (by |- |1 we
denote the Lebesgue measure on R), we have j(t,zo) > 0.

Remark 2.1. By virtue of the positive homogeneity of j(¢,-) for almost all t € T
(see hypothesis H(j )())7 we have j(t,0) = 0 a.e. on T. Let ay,as € L'(T) such
that fo aq(t) dt <0, fo as(t) dt < 0, one of the inequalities is strict and there exist
cCcT w1th |C|1 > 0 such that for almost all ¢ € C we have a4 (t) + a2(t) > 0.
Then the function j : T x R? — R defined by j(t,7,y) = ai(t)|x]> + az(t)|x|y?
satisfies hypothesis H(j).

Proposition 2.2. If hypoheses H(j)(i) and (ii) hold, then for almost all t € T
and all x € RY, we have j°(t,z;x) = 0j(t,x) and jO(t,z; —x) = —0j(t, x).

Proof. For almost all t € T and all « € RN, by definition we have
j(ta ' + /\Z‘) B j(ta Z‘/)

§%(t, z; ) = limsup

' —x )\
“AL0
— limsup it +2z) — b2’ + M) (el + M) —j(ta)
fE,—>fL' )\ )\
AL0
1+2)f -1
< limsup | ks (8) |2 — o'[| + %j(t,x’)

’
r —XT

AL0
for some k1 (t) € L'(T), (see hypothesis H(j)1(iii))
(2.1) =0j(t,x).
On the other hand, note that

” N
jo(t,a:;x) > 1irnsupj( , T+ Ar) = j(t, )
210 A\
1 0 _
— Jim sup [LFA"— 1]
AL0 A

From (2.1) and (2.2) we conclude that for almost all t € T and all z € RY, we
have

jt,x) =04(t, ).

7t @ 2) = 0j(t,x).
In a similar fashion we show that for almost all t € T and all € RY, we have

jo(t7x7 —Qf) = _ej(t7x) U
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Next we consider the following minimization problem:
1

—[|2"||F — inf = m
b
(2.2) b
subject to / j(t,z())dt =1.
0

Proposition 2.3. If hypotheses H(j) hold then the feasible set of problem (2.2)

s nonempty.

Proof. Let E = {t € T : j(x,ty) > 0}. By hypothesis H(j)(v) we know
1 if teT

that |E|; > 0. Let xg(t) = 1 (the characteristic function of the
0 if teR\E

set E). Given ¢ > 0, consider a mollifier function ¢. € CZ(-2,2), ¢. > 0

with suppp. C [—¢,¢] and [ @:(t)dt = 1. Extend ¢. by b-periodicity on
R. We know (see for example Denkowski-Migorski-Papagorgiou [7], p.342) that
Xe, = (pe, * XE) — X in L (T) as €, | 0 (here * denotes the operation of con-
volution). By passing to a suitable subsequence if necessary, we may assume that
Xe, (t) — xe(t) a.e. on T as €, | 0. Hence, because ., > 0, we have

Xen ()75 (t, 20) = (L, Xe,, (H)0) — XB(t)j(t,20) ae.onT ase, | 0.
Note that

xe, (0) = / e, (0 — )xp(s)ds = /E e, (—5)ds
- / e (b — 5)ds = / e (b— 5)ds = (e, * XB)(B) = Xz, (B)
E+b E

= Xe, ()70 = yn(-) € Cpop(T,RY) .
We have
b b
[ itm@)a— [ ixewm)a= [ jeaaso
0 0 E

(see hypotheses H(j)(ii) and (v)).
Therefore we can find ng > 1 large enough such that

/bj(t,yng(t)) dt > 0.
0

Then for some A > 0, we have
b
A [ (e ) dt = 1.
0

b
= /0 3 (E Ay (1)) dt = 1

(see hypothesis H(7)(ii)).

Therefore Ayn, € Cpe, (T, RY) is a feasible function for the minimization prob-

lem (2.2). O
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Now that we have established the feasibility of problem (2.2), we proceed to
solve it. In what follows W 2((0,b),RY) = {z € W?((0,b),RY) : 2(0) = =(b)}.
Since W1P((0,b),RY) C C(T,RY), the pointwise evaluations at t = 0 and t = b

make sense.

Proposition 2.4. If hypotheses H(j) hold, then problem (2.2) has a nonconstant
solution x € W1((0,b), RY).

per

Proof. Evidently m > 0. Let {z,}n>1 € W2E((0,0), RY) be a minimizing se-
quence for problem (2.2).
We have

1 b
]—)||x;||£lm as n — oo and /0 J(t,zy(t))dt =1 forall n>1.

Consider the direct sum decomposition

b
1, Ny _ N . _ 1, Ny . —
W ((0,b),RY) =R @V with V = {ve W,R((0,b),R") : /0 v(t) dt = 0}.

For every n > 1 we have z, = T, + T, with z,, € RN and Z,, € V. Since
{a!, = 2, }n>1 € LP(T,RY) is bounded, from the Poincare-Wirtinger inequality
(see for example Denkowski-Migorski-Papageorgiou [7], p.357), we deduce that
{Zn}n>1 € WLP((0,b), RY) is bounded. Suppose that {x,},>1 € WLP((0,b), RY)

per per
is unbounded. By passing to a suitable subsequence if necessary, we may assume

that ||z, || — +o0. Set y, = Hi—nn, n > 1. Since ||y,|| = 1 for all n > 1, we may
n

assume that

Yn =y in WE((0,b),RY) and y, —y in C(T,RY).

Because {Z }n>1 € Wi2((0,b),RY) is bounded, we have y € RY. For all n > 1,
we have

/bj(t,xn(t)) dt =1,
0

1
[

b 1
(4 (D)) dt = —— |
Jitmo)a = pr

b
1
= | ity ) dt = ——
[ i) =

b
:>/ Jj(t,y)dt =0.
0

Since y € RY, from hypothesis H(j)(iv), we infer that y = 0. But then y,, — 0
in WLE((0,b),RY), a contradiction to the fact that [y,|| =1 for all n > 1. This

per

proves that {z,}n>1 € W2Z((0,b)RY) is bounded. Thus we may assume that

per
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Tp = 2z in WLP((0,0), RY) and z,, — 2 in C(T,RY). So we have

per

1 1 b
];||x’||g < ];nminfnx;ng:m and lim/ 3 (t (1)) dt:/ it z@))dt =1,
0 0

=z € WI};};((O b),RY) s a solution of (2.2).

Because of hypothesis H(j)(iv), « is nonconstant. O

3. EXISTENCE THEOREM

In this section we prove the existence of a nonconstant solution for problem
(L.1).

Theorem 3.1. If hypotheses H(j) hold, then problem (1.1) has a nonconstant
solution y € CX(T,RY) such that ||y'||P~2y’ € WL1((0,b),RY).

per

Proof Let z € WE((0,b),RY) be a nonconstant solution of (2.2) (see Proposition

2.4). Consider the integral functional I; : W32((0,b),RY) — R defined by I;(y) =
fo (t,y(t)) dt. Clearly I; is locally Lipschitz (see hypothesis H(j)(ii)) and for
every u € 0I;(y), we have that v € L*(T,R") and u(t) € 9j(t, y(t)) a.e. on T
(see Denkowski-Migorski-Papageorgiou [7], p.617). Also let A : W,2((0,b), RY) —
Wplé’r’ ( (0,b), RN)* be the nonlinear operator defined by

b
w=£Hv@w*@ﬁmmmwwﬁxwvweW£W0wR“

It is easy to see that A is monotone, demicontinuous, hence it is maximal mono-
tone (see Denkowski-Migorski-Papageorgiou [8], p.37). Since z € WX2((0,b), RY)

per
is a solution of (2.2), from the nonsmooth multiplier rule of Clarke [6], we can find

B,n € R, 8> 0, not both equal to zero such that
BA(x) 4+ pu =0 with v e LYT,RY) wu(t) € 8] (t :Jc(t)) a.e.onT.

If B =0, then pu =0, henceu_OandSOJ( )20a.e.0nT.But
from Proposmon 2.2 we know that jo (¢, z(t); — ) = —0] (t,(t)) a.e.on T. So

0 fo j(t,2(t)) dt <0, a contradiction to the fact that fo j(t,z(t))dt =1. So 3 #0
and without any loss of generality, we may assume that = 1. So we have

(3.1) A(z) +pu=0,
= [|z’[|P + p /Ob (u(t), z(t)) g dt = 0 (acting with the test function ).
Suppose that g > 0. Then we have
nﬂw+ﬂ/b(tﬂw #(t)) dt > 0,
(3.2) = |2’ p+po >0

(see Proposition (2.2) and recall that fobj(t, z(t)) dt = 1).
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On the other hand using as a test function —z, from (3.1) we have

= 12’15 + u/bjo(t, x(t); —x(t)) dt > 0
(since v(\)fe have assumed that p > 0),
= |2/l — 4 > 0
(again by Proposition 2.2 and since fobj(t, x(t)) dt =1),
(3.3) = [|z[|F +pb <0.

From (3.2) and (3.3) it follows that
(3.4) |25+ 0 = 0.

Since z is nonconstant, ||z’[l, > 0. Also u > 0 and 6 > 0. All these facts
contradict equality (3.4). Therefore pu < 0. Let z = Ay, A > 0. We have

AMy)+pu =0, we L' T,RY), wu(t)edj (t,\y(t)) a.e.onT.
Note that for all v, h € RN, because of hypothesis H(j)(ii), we have

JE, M 4+ rAh) — j(t, A')

= %%, \vs h
gy Jo(t, Avsh),

A=159(t,v; h) = limsup
U}\IE)U
= 0j(t, \y(t)) = \?7105(t,y(t)) foraa.teT

and so u(t) = A7 (t), w(t) e dj(t,y(t)) ae onT.

Therefore AP~ A(y) + pA?~tv = 0. If A > 0 is such that pA\?~! = —A\P~! then
A(y) —v = 0. Let v € C1((0,b),RY). Since (|ly'[[P~2y")" € W19((0,0),R") =

1 1
Wy P((0,b), RN)* p + i 1 (see Denkowski-Migorski-Papageorgiou [7], p.362),

we have
b
(' 1P=2') o = / (0(t), $(8)) g
0

(by (-,-)o we denote the duality brackets for the pair (Wy?((0,b), RY),
W=149((0,b), RY)). Because C1((0,b), RY) is dense in W, ((0,b), RY), it follows
that

(3-5) — Iy DI~y (1)) =v(t) ae. onT, y(0)=y(b)

= [ly'IP~2y" € WH((0,0), RY),
hence 3y’ € C(T,RY), ie. yeCYT,RY).
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Also if w € WLP((0,b),RY), we have

per

b
A).u) = [ 0. w(t), i
= (=(Y'1IP72)  w) + [y G2 (4 (0), w(b)) g
— [l (0)7=2 (' (0), w(0)) s
b
:/0 (v(t), w(t)) gu dt (by Green’s identity)
= [ly' O)IP72 (' (0), w'(0)) g = 5/ OIF72 (¥ (5), w' (b))
forall we Wl’p((O, b),RY)  (see (3.5))
) =

y'(0)=y'(b).

So y € CYHT,RY) is a nonconstant solution of (1.1) with [|y/||P~2y’ € W1!

((0,b),RY). 0

(10]
(11]

(12]
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