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GEOMETRIC STRUCTURES ON THE TANGENT BUNDLE
OF THE EINSTEIN SPACETIME

JOSEF JANYSKA

ABSTRACT. We describe conditions under which a spacetime connection and
a scaled Lorentzian metric define natural symplectic and Poisson structures
on the tangent bundle of the Einstein spacetime.

INTRODUCTION

Geometrical structures induced on the tangent bundle of the Einstein spacetime
play a fundamental role in the covariant classical and quantum mechanics. The
covariant classical and quantum mechanics over the Einstein spacetime proposed
in [3, 4] is natural in the sense of [7, 8, 10] and independent of the base of scales,
so the “spaces of scales” are systematically used. Roughly speaking, a space of
scales has the algebraic structure of IR™ but has no distinguished ‘basis’. The basic
objects of the theory (metric, 2-forms, 2-vectors, etc.) are valued into scaled vector
bundles, that is into vector bundles multiplied tensorially with spaces of scales.
In this way, each tensor field carries explicit information on its “scale dimension”.
Actually, in this paper, we assume the space of lengths .. Moreover, ILP denotes
®PL.

In [1, 5] the classification of symplectic and Poisson structures on the tangent
bundle of a pseudo-Riemannian manifold was given for a non-scaled metric g and
a torsion free linear connection K. In this case the metric g and the connection
K admit a family of symplectic 2-forms Y[g, K] or Poisson 2-vectors Alg, K| on
the tangent bundle parametrized by a function p(g(u,u)) satisfying certain con-
ditions. Moreover, g and K are related by the condition that Vg is a symmetric
(0,3)-tensor field. For a scaled metric g and a general spacetime connections the
constructions of the 2-form Y[g, K] and the 2-vector A[g, K] are the same but
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from the independence on the base of scales it follows that Y[g, K] and Alg, K]
are unique, up to a multiplicative real constant. In this paper we generalize the
results of [1, 5] for a scaled metric and a general spacetime connection. Namely,
we shall describe the condition under which the 2-form Y[g, K| and the 2-vector
Alg, K] give symplectic and Poisson structures, respectively.

If E is a manifold, then the tangent bundle will be denoted by 7[E]: TE — E
and local coordinates (z*) on E induce the fibered local coordinates (z*, i) on
TE. By map(E, E') we denote the sheaf of smooth maps.

1. GEOMETRY OF THE SPACETIME

We recall basic properties of the Einstein spacetime and its tangent bundle.

1.1. Spacetime. We assume spacetime to be an oriented and time oriented 4-
dimensional manifold E equipped with a scaled Lorentzian metric g : E — L2 ®
(T*E ® T*E) with signature (— + ++). The dual metric will be denoted by
§g: E—1L*2®(TE®TE). Let us note that the dimension is not relevant. Our
results are valid for any dimension n > 3 and a pseudo-Riemannian metric of the
signature (1,n — 1).

A spacetime chart is defined to be an ordered chart (20, 2%) € map(E, R x IR*)
of E , which fits the orientation of spacetime and such that the vector dy is timelike
and time oriented and the vectors 0,02, 03 are spacelike. In the following we
shall always refer to spacetime charts. Latin indices i, 7,... will span spacelike
coordinates, while Greek indices A, y, ... will span spacetime coordinates.

We have the coordinate expressions

9= 0xu d* @ d*, with grp € map(FE, L?® R)

G=g"or® Ou with M e map(E, L*? ® R).
1.2. Spacetime connections. We define a (general) spacetime connection to be
a connection K of the bundle 7[E] : TE — E. We recall that a connection K
of the bundle TE — E can be expressed, equivalently, by a tangent valued form
K:TE —- T*"EQTTE , which is projectable over 1 : E — T*E® TFE , or by the
vertical valued form v[K] : TE — T*TE ® VT'E. Their coordinate expressions
are of the type
(1.1)  K=d"®@\+K\"9,), VvIK]=(d"-K\Yd)®d,,
where Ky” € map(TE, R) and (9x,dy) or (d*,d*) are the induced bases of local
sections of TTE — TFE or T*TE — TE, respectively.

The connection K is said to be linear if it is a linear fibred morphism over
1: FE — T"E ® TE. Moreover, the connection K is linear if and only if its
coordinate expression is of the type

KA” = KAVIL Tt R with KAV/L S map(E, B) .
The torsion of the connection K is defined to be the vertical valued 2—form

7[K] = —=[0,K]: TE - N’T*E® VTE,
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where [,] is the Frolicher-Nijenhuis bracket and © : TE — T*E ® VTE is the
natural vertical valued 1-form with the coordinate expression ¥ = d* ® 9. We
have the coordinate expression

(1.2) 7[K] = 0, K\" d* Nd* ® 9, .

In the linear case, the torsion can be identified with a section 7[K] : E —
A’T*E ® TE and its coordinate expression turns out to be the usual formula
TIK] = K\, d* A d* ® 9, . Thus, the connection K is linear and torsion free if
and only if its coordinate expression is of the type

K\’ = K)\VH a':", with K)\Vlt = HV)\ S map(E, B) .

We shall denote by KJg] the canonical torsion free linear spacetime metric
connection given by Vg = 0. We have

(1.3) K[g]uku = _% g (Ougpv + Ovgpu — OpGpur) -

The curvature of the connection K is defined to be the vertical valued 2-form
(1.4) RIK] = —[K,K]:TE — N*T*EQVTE,
where [,] is the Frolicher-Nijenhuis bracket. We have the coordinate expression
(1.5) R[K] = R[K]\," d* Nd* ® 9,

= 20K, + K\ O,K,")d Nd" ®0, .
In the linear case, the coordinate expression turns out to be the usual formula

(1.6) R[K] = R[K]\, o &°d* A d" ® O,

= 2K, s + Ky\'o KW ,)37d* Nd" © 0, .
Hence, in the linear case, the curvature can be identified with a section

RK]:E— NT'ERTE®T'E,
with the usual coordinate expression
(1.7) R[K] = RIK]5, s d* Nd" ® 0, @ d°

= 20K, s + K\’o KW ))d* Nd" © 0, @ d° .

1.3. The Lie derivative and the exterior covariant differential with re-
spect to a spacetime connection. A (general) spacetime connection K con-

sidered as a tangent valued 1-form on TE admits as usual, [8], the Lie derivative
of forms on TE. Namely,

LIK]¢=(i(K)d—di(K))¢: TE — A"T'T*TE
for any r-form ¢ : TE — A"T*TE. Similarly we can define the Lie derivative
L[R[KH ¢ = (i(R[K])d + di(R[K])) ¢ : TE — APT*TE.

On the other hand a linear spacetime connection K admits covariant exterior
differential, [8], of vector-valued forms on E. We apply this operation on T*E-
valued forms on E and compare it with the Lie derivative.
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Let ¢ be an T* E-valued r-form on E, or equivalently ¢ : E - A"T*E Qg T*E
be a section. The covariant exterior differential of ¢ with respect to K is then
defined to be the T E-valued (r + 1)-form dx¢ on E given by

r+1
(1.8) drd(X1,--, Xps)(YV) =D (1) Vx ($(X1, -, Xy, X)) (Y)
i=1
D (D)X, X, Xy X X X )(Y),

i<j

for any vector fields Y, X1, -, X, 41 on E, the vector fields X; being omitted.
Any T* E-valued r-form on F can be considered to be a linear horizontal r-form

on TE. Then we have

Lemma 1.1. Let ¢ be a linear horizontal r-form on TE and K be a spacetime
connection. Then the Lie derivative LIK] ¢ is a linear horizontal (r + 1)-form on
TE if and only if K is linear. Moreover, (r + 1) LIK] ¢ and dx¢ coincides.

Proof. Let ¢ = ¢pr,..\, dM A LN A ®pxrr..n. € map(E, R), be a linear
horizontal r-form on T E. Then we have

LIK] ¢ = (Oudpr,..n, &7 + Pany.n, Ku)d* NdM AL N d
i.e., in the linear spacetime connection case,
LK) ¢ = (0udprs..n, + Gory.n, KuTp) P d* ANdM AL NdM

which implies that L[K] ¢ is a linear horizontal (r + 1)-form.
On the other hand ¢ can be considered to be a T* E-valued r-form on E with
coordinate expression ¢ = ¢ .., d° ® (d* A...AdM). Then

drd = (1 +1) (Oubprs..nr + Porson, K p)d” @ (d* ANdM AL AdM). 0

Remark 1.2. Now we shall apply L[K] and dx on specific situation of the scaled
metric g. The metric g can be considered to be a L2 ® T* E-valued 1-form on E.
Then the covariant exterior differential dxg is a L2 ® T*E-valued 2-form defined
for any vector fields X,Y, Z by

(dxg)(X.Y)(Z) = (Vx(Y?) = Vv (X*) = ((X.Y]))(2),
where ” denotes the musical mapping ¢° : TE — L2®T*E. We have the coordinate
expression
(1.9) dig =2 (Ozgpp + Jor Kr7p) d° @ (d* N d").
On the other hand the musical mapping ¢” can be considered as a linear hori-

zontal 1-form on T'E with the coordinate expression gb = gu 4> d* . Then we have
the coordinate expression

(1.10) LIK]¢" = (Oxgpp 2° + gpu KP) d* N d*
and, if K is linear,

(1.11) LK) ¢* = (Oxgpp + Gou K27 ) i d* A d*
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i.e., in the linear case, L[K] ¢" is a linear horizontal 2-form on T'E which can be
considered to be a .2 ® T*E valued 2-form on E which coincides with % dg g. O

1.4. Spacetime 2—forms and 2—vectors. The map T'7[E] : TTE — TE, can
be regarded as a vector valued 1-form v : TE — T*TE ® TE, with coordinate
TE

expression v = d* ® 0 .
We define the spacetime 2—form of T E associated with g and a spacetime con-
nection K to be the scaled 2—form

Ylg, K] =: gu(vV[K]Av) : TE — L* ® A*T*TE.

We have the coordinate expression

(1.12) Tlg, K] = ga (@ — K, d”) A d*

and, if K is linear,

1.13 Yg, K] = gx, (d* — K, , &P d) A d"
/ p

We define the spacetime 2-vector of TE associated with ¢ and a spacetime
connection K to be the scaled 2-vector

Alg, K] =:g.(KAY):TE - L ® A*TTE.

We have the coordinate expression

(1.14) Alg, K] = g™ (0x + K\" 8,) A O,
and, if K is linear,
(1.15) Alg, K] = g™ (0x + K\" 27 9,) A D). .

Lemma 1.3. We have
i(Alg, K])Y[g, K] = —4.
Proof. We have
Ml KTl K] = =™ gy = 4. :

2. INDUCED STRUCTURES ON THE TANGENT BUNDLE OF THE SPACETIME

We study symplectic and Poisson structures induced on the tangent bundle of
the spacetime by the metric g and a spacetime connection K.

2.1. General spacetime connection case. Let us assume a spacetime connec-
tion K given by (1.1) , the spacetime 2—form Y[g, K] given by (1.12) and the
spacetime 2—vector Alg, K| given by (1.14).

Lemma 2.1. Yg, K] is closed if and only if the following two conditions are
satisfied

(21) aug)\u + [m 8)\KVP — Oudxv — YGpv 8AKMP =0
(22) R[K]A/Lu + R[K]/LVA + R[K]VA/L = 07
where we have set R[K|xuw = gpv R[K]Au".
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Proof. It follows immediately from the coordinate expression

dY(g, K] = —(Oxgpw K + gpu ONK,P) d> N d* A d”
- (augku + 9ov 8.)\Kﬂp) dA ANd* AN dY

1
=5 R[K]xwd> Ad* A d”
- (8,ugpl/ + 9ov 6PK/LU) (dp — K,” dA) AdHANdY. 0

Now we shall describe the geometrical interpretation of the equations (2.1) and
(2.2). Let us consider the Liouville vector field I = i 0y .

Lemma 2.2. The conditions (2.1) or (2.2) are equivalent with

(2.3) LIILIK]¢" =0
(2.4) LIK]LIK] ¢’ =0,
respectively.

Proof. We have
L[I] LIK] gb = (7,(]) d+ di([)) ((8>\gmt i + gop K2P) A d’u)
=’ (aAgPM + Gop 3pK)\U) dA N d* .

It is easy to see that L[I] L[K] ¢’ = 0 if and only if the condition (2.1) is satisfied.
Further from (1.5) we have

L[RIK]] ¢’ = gp R[K]x." d* AN d" A d”

i.e., the condition (2.2) is equivalent with L[R[K]] ¢” = 0. But, from (1.4),
LIRIK]] ¢’ = —L[[K,K]] ¢’ = =2 L[K] L[K] ¢"

Hence (2.2) is equivalent with L[K] L[K]g® = 0. O
Lemma 2.3. The Schouten bracket

[Alg,K],Alg,K]] : TE - L** @ A*TTE
has the coordinate expression

[Alg. K], Alg, K]] = 29" (0,9™" — 97" 0K ,) (Ox + K\" O) A Oy N O,
+ RIK]"™ 9. ANy A D,
where we have set R[K|M = g*? gh% R[K],,".
Proof. We have
i([Alg, K1, Alg, KT]) 8 = 2i(Alg, K1) di(Alg, K])

for any closed 3-form fS.
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Then
[Alg, K],Alg, K] = 297 (9,9™ — g7 0, K,*) 0x A 0, 1O,
= (0 0 R+ 207 K 00— 0,8 ) 800, 0
= 29" (9pg™ — g7 Do K ) (Ox + Kx\" ) A Dy A Dy
+ RIK]™ 9, N Dy N D, . 0
Lemma 2.4. [Alg, K], Alg, K]] = 0 if and only if the conditions (2.1) and (2.2)
are satisfied, i.e., if and only if the conditions (2.3) and (2.4) are satisfied.
Proof. From Proposition 2.3 it follows that [A[g, K], A[g, K]] = 0 if and only if
(2.5) 9" (0,97 — g7 30Kp“) — g™ (0™ + 97 30pr) =0
(2.6) RIK]™ + R[K]"* + RIK]"* = 0.

But by lowering the indices in (2.5) we get from 9,9 = —g*7 g"* 0,g.., just (2.1)
and by lowering indices in (2.6) we get just (2.2). O

Theorem 2.5. The metric g and a general spacetime connection K induce on
TE natural symplectic and natural Poisson structures if and only if the conditions
(2.3) and (2.4) are satisfied.

Proof. The regularity of g implies that Y[g, K] and A[g, K| are non degenerate.
Lemmas 2.1, 2.2 and 2.4 then imply that T[g, K| and A[g, K] define symplectic
and Poisson structures, respectively, if and only if (2.3) and (2.4) are satisfied. O

2.2. Linear spacetime connection case. We assume a linear spacetime con-
nection K.

Lemma 2.6. Let K be a linear spacetime connection. Y[g, K| is closed if and
only if L|K] ¢ = 0.

Proof. By Lemmas 2.1 and 2.2 Y[g, K] is closed if and only if (2.3) and (2.4) are
satisfied. But for a linear spacetime connection K the horizontal 2-form L[K] ¢
is linear. Moreover, for any linear horizontal r-form ¢, we have L[I]¢ = ¢, i.e.,

LI LIK]g’ = LIK] g’
Then the condition (2.3) is equivalent with L[K]¢” = 0 which implies (2.4). O

Remark 2.7. In [1] we have proved that the spacetime 2-form Y[g, K] is closed
if and only if dxg = 0. By Remark 1.2 it coincides with Lemma 2.6. O

Lemma 2.8. Let K be a linear spacetime connection then [Alg, K], Alg, K]] =0
if and only if L[K] ¢* = 0.

Proof. This follows immediately. O
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Theorem 2.9. Let K be a linear spacetime connection. Then the following iden-
tities are equivalent:

(1) L[K]g"=0.
(2)  drg=0.
(3) dY[g,K]=0.
(4)  [Alg, K],Alg, K]] = 0.
Proof. This follows from Remark 1.2 and Lemmas 2.6 and 2.8. O

Corollary 2.10. A linear spacetime connection K and the metric g induce on

TE natural symplectic and Poisson structures if and only if dxg = 0 = L[K] g .

O

Lemma 2.11. Let K be a linear spacetime connection then the following three
identities are equivalent:

(1)  drxg=0.

() LK) g =0,
Proof. (1) < (2). This follows immediately from Remark 1.2.

(1) & (3). Let us recall that for a linear connection K we have
(2.7) 27[K|(X,Y)=VyX — VxY 4+ [X,Y].
Then, by Remark 1.2,

(drg)(X,Y)(Z) = (Vxg)(Y,Z) + 9(VxY,Z) = (Vyg)(X, Z)
- g(vaa Z) _g([Xa Y]7Z)
= (Vxg)(Y,Z) = (Vy9)(X, 2) + g(VxY = Vy X - [X,Y], Z)

Corollary 2.12. If K is a torsion free connection then dxg = 0 = L[K]g’ is
equivalent to (Vxg)(Y,Z) = (Vyg)(X, Z), i.e., for a torsion free linear connec-
tion, dxg = 0 = L[K] g° is equivalent with the symmetry of the (0,3)-tensor field
Vg. O
Theorem 2.13. Let K be a linear torsion free spacetime connection. Then the
following identities are equivalent:

(1) Vg is a symmetric (0,3)-tensor field.

(2)  dY[g,K]=0.

(3)  [Alg. K], Alg. K]] =0.
Proof. By Corollary 2.12 for a linear torsion free connection the identity dxg =
0 = L[K] ¢ is equivalent with Vg to be fully symmetric. O

Corollary 2.14. A linear torsion free spacetime connection K and the metric g
induce on T E natural symplectic and Poisson structures if and only if the covariant
differential Vg is a symmetric (0,3)-tensor field. O
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Remark 2.15. Let us assume the torsion free spacetime metric connection Klg]
given by the Christtoffel symbols (1.3). Then we have Vg = 0, i.e., Vg is symmetric
in the canonical way, and we have the canonical natural symplectic and Poisson
structures on TE given by T[g] = T [g, K[g]] and A[g] = A[g, K[g]]. Moreover, in

the metric case, T[g] = dg°. O
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