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SLANT HANKEL OPERATORS

S. C. ARORA, RUCHIKA BATRA AND M. P. SINGH

ABSTRACT. In this paper the notion of slant Hankel operator K, with sym-
bol ¢ in L>°, on the space L?(T), T being the unit circle, is introduced. The
matrix of the slant Hankel operator with respect to the usual basis {2* : i € Z}

> .
of the space L? is given by {(a;) = (a—2,—;), where Y a;2* is the Fourier
1=—00
expansion of ¢. Some algebraic properties such as the norm, compactness
of the operator K, are discussed. Along with the algebraic properties some
spectral properties of such operators are discussed. Precisely, it is proved
that for an invertible symbol ¢, the spectrum of K, contains a closed disc.

1. INTRODUCTION

oo .
Let ¢ = > a;z* be a bounded measurable function on the unit circle T. Mark
1=—00

C. Ho in his paper [4] has introduced the notion of slant Toeplitz operator A, with
symbol ¢ on the space L? and it is defined as follows

o0
Aw(zl) = Z agi,jzl
i=—00
for all j in Z, Z being the set of integers.
Also, it is shown that if («a;;) is the matrix of A, with respect to the usual basis
{z%:i € Z} of L?, then a;; = ag;—;. Moreover if W : L? — L? be defined as

W () = 2"
and
W(Z2n71) —_ 0,

for each n € Z, then he has proved that A, = WM, where M, is the multiplica-
tion operator induced by ¢.

The Hankel operators H,, are usually defined on the space H? but they can be
extended to the space L? as follows.
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The Hankel operator S, on L? is defined as

S,(27) = Z a—i—;2"
for all j in Z. Moreover, if J : L? — L? is the reflection operator defined by
J(f(2)) = f(Z), then we can see here that S, = JM, and M, = JS,,.
Motivated by Mark C. Ho, we here in this paper introduce the notion of slant
Hankel operator on the space L? as follows.
The slant Hankel operator K, on L? is defined as

o0
KLp(ZJ) = Z a_gi_jzl
1=—00
for all j in Z. That is, if (8;;) is the matrix of K, with respect to the usual basis
{2%:i € Z} of L? then f3;j = a_s;—;. Therefore if A, is the slant Toeplitz operator
then we can easily see that A, = JK, and K, = JA,. Moreover, we also observe
that J reduces W as

JW (%) = Jz" = 7" JW (=1 =J0=0
and
WJz* =Wz =z" WJzt=wz=2nt = 0.
Also
JW*(2") = 22" =72 = J(22") = JW*2".
Hence

JW =WJ and JW* =W+J.
We begin with the following
Theorem 1. K, =WS,.
Proof. If S, is the Hankel operator on L? then

Sy(27) = Z a—i—;jz".

Therefore,

WS, (/) =W( D asijz') = D amz 2t = Ko(2).
This is true for all j in Z. Therefore we can conclude that K, = WS,. From here
we can see that K, = WS, =WJM, = JWM, = JA,. (]

As a consequence of the above we can prove the following

Corollary 2. A slant Hankel operator K, with ¢ in L* is a bounded linear
operator on L? with || K,|| < [¢|co-
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Proof. Since |[Ky|| = [WSyl| = [[W M| < W [J]| |Me]| < [[Moll = [|@]oo-
This completes the proof. ([

If we denote L, the compression of K., on the space H?, then L, is defined as
L,f =PK,f
for all f in H?, where P is the orthogonal projection of L? onto H?. Equivalently

L,=PK,|H*=PJA, | H*=PJWM, | H?
=PWJM, | H> = PWS, | H* =WPS, | H* = WH,,.

That is L, = W H,,, where H, is the Hankel operator on H?. If ((3;;) is the matrix
of K, with respect to the usual basis {z%:i € Z} then this matrix is given by

ag as ar ae as Qa4
ar ae as Qa4 as az
as aq as a9 a1 ao
as ag al an a—_1 a-—2
ai ap a—-1 -2 -3 Q-4
a-1 -2 a-3 A—4 -5 0a_—p

The lower right quarter of the matrix is the matrix of L,. That is

an a—_1 a_—2
a_o a_3 0aA_4
a—4 Q-5 G—¢g

We know obtain a characterization of slant Hankel operator as follows

Theorem 3. A bounded linear operator K on L? is a slant Hankel operator if and
only if MzK = KM 2.

Proof. Let K be a slant Hankel operator. Then by definition K = WS, for some
@ in L*°. Then,
MzK = MzWS, =WMz=S, =WMzJM,
=WIMaM, =WJIM,M,2 = WS, M, = KM, .

Conversely, suppose that K satisfies MzK = KM,>. Let f be in L? and let
s .
> b;z" be its Fourier expansion. Then from the equation MzK = KM 2, we

i=—00
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get

K(fz K( Z b—%) - f: by K Mezi (1)

= ,Z biM,iK(1) = ,Z bizl K(1) = f(2)K(1).

This implies that

I KM= IKFEE)I < IKIIFE = IK] )]

Let @9 = K1. Let € > 0 be any real number and Ac = {z : [po(2)| > || K| + €}.
Let x4, denote the characteristic function of A.. Then

/|K (xa.( |2dM=/|K(1)|2dM=/|900|2dM
A, A
2

> (1K1 + €)*n(Ae) = (I K| + €)?

||K XA

Therefore if ||xa.|| # 0 then we get |K| + ¢ < ||K]||, a contradiction. Thus
(Ae) = 0, where p is the normalized Lebesgue measure on T.
This is true for all € > 0. Hence if A = {z : |po| > || K|} then u(A) = 0. Thus
lpo(2)| < || K|| a.e. This implies that g is in L>°. Again if we consider

KEE) = K(z Y b)) = k(3 biza1)

i=—00 1=—00

Z bi KM, -2 Mz = Z b M, K M=

= Z biZ'K(Z) = f(2)K(Z).

So by the same arguments as above, we can see that KZ is also bounded. Let
o1 = KZ and let ¢(2) = ¢o(Z%) + 2¢1(Z%). Since pg and ¢; are bounded, therefore
¢ is also bounded and hence is in L>°. Now we will show that K = WS,. Let f
be in L2, then f can be written as

f(2) = fo(z*) + 2H1(z%) .
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This implies that

WS f=WJIMyf=WJ(pf) =W(p(2)f(z))
= Wl(po(2?) +2¢1(2%)) (fo(2?) + 2f1(2%))]
= Wlpo(z) fo(22) + 91 (22) 1 (2)]
{as W eliminates the odd powers of z}
= Wlpo(#*) fo(2*)] + We1(2*) f1(2)] = po(2) fo(2) + ¢1(2) f1(2)
= fo(2)K1+ [i(2)KZ = K(fo(z*)) + K(Z/1(z%))
= K(fo(z*) +zf1(z*) = K f.

Hence K is a slant Hankel operator. This completes the proof. O

Corollary 4. The set of all slant Hankel operators is weakly closed and hence
strongly closed.

Proof. Suppose that for each «, K, is a slant Hankel operator and K, — K
weakly, where {a} is a net. Then for all f, g in L*(K,f,g) — (Kf,g). This
implies that

(M.KoM.,:f,g) = (Ko2” f,29) — (K2°f,Zg) = (M.KM.,f, g)

Since K, is a slant Hankel operator, therefore from its characterization, we have
M. K,M,» = K, for each . Thus K = M,KM,> and so K is slant Hankel
operator. This completes the proof. ([

Definition : The slant Hankel matrix is defined as a two way infinite matrix (a;;)
such that

Ai—1,5+2 = Qij -

This definition gives the characterization of the slant Hankel operator K, in
terms of its matrix as follows

A necessary and sufficient condition for a bounded linear operator on L? to
be a slant Hankel operator is that its matrix (with respect to the usual basis
{z%:i € Z}) is a slant Hankel matrix.

The adjoint K7, of the operator K, is defined by

00
K;(Zj): Z E,gj,izl.
1=—00

That is, K7 = JAZ ). Moreover if J is the reflection operator then JK:(27) =

o) . . o) .
> @_g;442" and therefore WJK:;(Z]) = Y G_2j42:%". That is the matrix of

i=—00 i=—00
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WJKZ is given by

az ag a_o
as a2 ao

ag as a4 G2 Qg

which is constant on diagonals and therefore is the matrix of the multiplication
operator My, where ) = W(%(Z)). This helps us in proving the following

Theorem 5. K, is compact if and only if ¢ = 0.

Proof. Let K, be compact, then K7, is also compact. Since W and J are bounded
linear operators, therefore W.J K is also compact. But WJK} = W(p(Z)) = M,
where ¢ = W(%(Z)). This implies that M, is compact and therefore (3, 2") = 0
for all n. That is

(1, 2™y = (@(Z), W*2") = (82, 2°™) = Go,, = 0.
On the other hand, since KMz is also compact and therefore
WJ(K,Mz)" = WJ(JA,Mz)" = WJ(JWM,z)"
=WJ(Kyz)" = My, .
where 19 = W (2%(2)), is also compact. This further yields that for each n in Z

0= (to,2") = (W(B(2)2),2") = ((2)2,2>")

0o [e'S)

_ E — i+l _2n\ __ § — T . 2n\ _ —

—< a;z , 2 >—< a;—12 , % >—a2n_1.
3 1=—00

Thus a; = 0 for all ¢ which concludes that ¢ = 0. This completes the proof. (]
The next result deals with the norm of K, as follows

Theorem 5. |[K,|| = [ 4, = /TWIoPl.
Proof. Consider,

KoKy, = JAp(JAL)" = JWMy(JWMy)" = JW MM W*J*

= JWM,2W*J* = WJ(JWM,2)" = WJK(:OP = My
where 1 = W (|p|?). Tt follows that
1K1 = 1K K = 1Myl = [¢llc = Wlellloo = [ A,

This completes the proof. (Il
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2. SPECTRUM OF K|,

In [4] Mark C. Ho has proved that the spectrum of slant Toeplitz operator
contains a closed disc, for any invertible ¢ in L>°(T). The same is true for slant
Hankel operator. We begin with the following

Lemma 6. If ¢ is invertible in L>, then o,(K,) = 0p(Kyz2)), where o,(Ky,)
denotes the point spectrum of K.

Proof. Let A € 0,(K,). Therefore there exists a non zero f in L? such that
K,f = Af. Consider F' = ¢f. Then

Ko F = Kpzyof = JAge (of) = IWMpypf = JMyz WM, f
=My J Ao f = p(2) Ko (f) = @Af = Apf = AF'.
Since ¢ is invertible and f # 0, therefore F' # 0 and hence A € 0},(K,(z2y). This
implies that 0, (Ky) C 0 (Kz2))-
Conversely, let 1 € 0,(K,(z2)). Thus there exists some 0 # g in L? such that
K,z2y9 = pg. Let G = ¢~ 1g. This gives that
K G =Ky(p~g) = JAp(07 g) = IWM,(0™ g) = W (pp~'g) = WJg
= W= WIp(z%)g = ¢ K29
=9 tug=pp g = puG.
By the same reasons ¢ is invertible, g # 0, we must have G # 0 and therefore the

result follows. O

Lemma 7. 0(K,) = 0(Kz2)) for any ¢ in L™=, where o(K,) denotes the spec-
trum of K.
Proof. We know the if A and B are two bounded linear operators then
o(AB)U {0} =o(BA)U{0}.
Consider
K; = (JAy)" = ALJ" = MaW™J* = Mg(JW)*.
Therefore,
o(K;) U{0} = o[ (M) (JW)* U {0} = o [(JW)* (M5)] U {0}

Again since,

(JW)* Mg = W*J* Mgy = W*Mgz)J* = Mgz)W*J*

= (WMQO(Ez))*J* = A;(EZ)J* = K:;(E2) .

So,
This gives that

o(Ky) U0} = 7(K2) U{0} = 0(K00)) U{0} = 0K yz2)) U {0}

We assert the 0 € 0,(K,(z2)). We can see that R(W*) = the range of W* =
P.(L?)= the closed linear span of {z*" : n € Z} in L? # L?. Hence W* is
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not onto. This gives that R(W*J*Mz) # L?. As W*L*Mz = K (z2), therefore
ker K,z2) # 0. This implies that 0 € 0,(Kz2)). If ¢ is invertible in L>°, then
by the above Lemma 0 € 0,(K,,) and we are done.

Let ¢ be not invertible in L. As the set {¢ € L™ : ¢! € L} is dense in
L*° [4], therefore we can have a sequence {p,} of invertible functions such that
[lon — @l — 0 as n — oo. Since ¢, is invertible for each n, therefore 0 € o, (K,,)
for each n. Hence for each n we can find f, # 0 such that K, f, = 0. Without
loss of generality, we can assume that ||f,| = 1. Now

Ko full = 1Ko fn = Ko fn + Ko, [l
SEofn = Ko full + [ Kp, full <l = ¢nll — 0
as n — oo. Hence 0 € II(K,,), the approximate point spectrum of K, and hence

is in the spectrum of K. Also 0 is in the approximate point spectrum of K z2).
This completes the proof.

Theorem 8. The spectrum of K, contains a closed disc, for any invertible ¢ in
L(T).

Proof. Let A # 0 and suppose that K:)(E2) — A is onto. For f in L?(T), we have

=B(E)f(Z) = MPef ® Pof) = (W*J*(Bf) = APf) ® (AR f)
= (JWH@f) = AP f) ® (AR f) = (W2 = AP) f © (=ARo f)
= A W*MsA"" — Mg JW) f & (—APo f)
where Py = I — P,, that is Py = {22*7' : k € Z}. Let 0 # go be in Py(L?).
Since K:;(E2) — X is onto, there exists a non zero vector f in L?(T) such that
(K:)(E2) —A)f = go. That is,

AWM\ = Ma JW) @ (~APof) = go.

-
Since go € Py(L?) and gy # 0, therefore, we must have
AN W*Mg(A™' = Mo_1 JW)f =0.

Since A # 0, W* and J* are isometries and Mg being invertible, this implies that

A= Mg JW)f =0.
Since Mg-1JW = Kg-1(,2), therefore we have

(A = Kgo102))f = 0.
Thus A™! € 0)(K5-1(32)). Now let A € p(K:)(Eg)), the resolvent of K7 ., the
operator K;(EQ) — ) is invertible and hence onto, therefore, A\™! € op(Kz-1(z2)).
That is

D = {)\_1 WS p(K:)(Ez))} C Up(K¢—1(52)) .

By Lemma 7, we get D C 0,(Kyz-1). So replacing 3~ by ¢, we get that D C

op(K,) C 0(K,) and therefore we have proved that for any invertible ¢ in L>°, the
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spectrum of K, contains a disc consisting of eigenvalues of K. Since spectrum
of any operator is compact, it follows that o(K,) contains a closed disc. ([

Remark 1. The radius of the closed disc contained in o(K,) is (T(Kg,l))fl,

where r(A) denote the spectral radius of the operator A. For,
- X » -1
max{|A7!: A e p(Kw(Ez))} =[{|IAl: xe p(ch(zz))}]
. -1
= [r(K@)] = (Ko
Replacing ¢ by ¢! we get that the radius of the disc is (T(K@(E2))) ~!' and therefore
-1
r(Ky) > (r(Kg-1)) .

—1
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