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ON THE EXISTENCE OF SOLUTIONS OF SOME SECOND
ORDER NONLINEAR DIFFERENCE EQUATIONS

MALGORZATA MIGDA, EWA SCHMEIDEL, MALGORZATA ZBASZYNIAK

ABsTrRACT. We consider a second order nonlinear difference equation
APyn = anyni1 + f(n,Yn,ynt1), nEN. (E)

The necessary conditions under which there exists a solution of equation (E)
which can be written in the form

Yn+1 = QnlUn + Bnvn, are given.
Here u and v are two linearly independent solutions of equation
A%y, = ant1ynt1, (lim ap=a<oo and lim B, =83< ).
n—oo n—oo

A special case of equation (E) is also considered.

1. INTRODUCTION
Consider the difference equation

AQyn = GnYn+1 + f(na ynvyn+1) , mMEN, (E)

where N denotes the set of positive integers. By Ny we define the set {ng,no +
1,...} where ng € N, by R the set of real numbers and by R, the set of real
nonnegative numbers. By a solution of equation (E) we mean a sequence (y,,)
which satisfies equation (E) for sufficiently large n. The necessary conditions
under which there exists a solution of equation (E) which can be written in the
following form

(1) Yntl = Qplin + Bpvn

are given. Here u and v are two linearly independent solutions of equation

2
A Yn = On+1Yn+1,
where
Iim a, =a< oo and lim G, =0< .
n—oo

n—oo
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In the last few years there has been an increasing interest in the study of
asymptotic behavior of solutions of difference equations, in particular second order
difference equations (see, for example [2]—[3], [6]-[13]).

The equation (E) was considered by Migda, Schmeidel and Zbaszyniak in [9],
too. This equation was considered under assumption

[ d
s
2 _ =
(2) o) >
In [9], the authors proved that each solution of equation (E) can be written in the
form (1). In presented paper, we will show that under assumption

Eozls

(3) =y — 00,
| 7

where € is a positive constant, there exists a solution of equation (E), which can

be written in the form (1). It is clear that there exist functions F which satisfy

condition (3) and for which condition (2) is not fulfil, for example F(x) = 2.

To prove the main result we start with the following Lemmas:

Lemma 1. Assume that F': R — R is continuous, nondecreasing function, such
that F'(z) # 0 for © # 0 and condition (3) holds. Moreover, let the function
B: N x Ri — Ry be continuous on Ri for each n € N and such that
B(n7zl7z2)SB(n7yl7y2) fOT OSZ}CSyka k:1527
and
B(n,anz1,an22) < F(ay)B(n,z1,22) for a: N — Ry.
Let (un) and (py) are positive sequences which satisfy the following inequality
n—1

Hn < fing + € Z piB(, pi—11j-1, pjtt;)
Jj=no

form > ng, ng € N and some positive constant ¢, and the series

(4) > Bl pi-1,p5)

Jj=no
is convergent. Then there exists a sequence (uy) such that p, < M for some
M >0, for all n € Ny.

Proof. Let positive sequences (u,) and (p,) satisfy the inequality
n—1

fin < png +¢ > 3B, pi1pti—1, pjft) -

Jj=no

n—1
We denote by, = pn, +¢ 32 pjB(J, pj—11j-1, pjH;)- Since

J=no

() i <bi, 1>ng
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and
Ab; = biy1 — b = epiB(i, pi—1pti—1, pitti) > 0,
we see that the sequence (b;) is nondecreasing. Therefore, by (5) we have
Ab; < cpiB(i, pi—1bi-1, pibi) < cpiB(i, pi—1bi, pibi) < cpiF'(bi) B(i, pi-1, pi) ,
where F'(b;) > 0. This imply,

Ab; .
(6) ) S cpiB(Zapi—hpi) .

F (b,

Since the function F' is nondecreasing, it follows that the function % is nonincreas-
ing. This yields

N A
" ra > | o
From (6) and (7) we have |
bita
% < ¢p;iB(i,pi—1,pi), ©>ng.

By summation from i = ng to i =n — 1 one yields
bn

(8) / % <c Z_: piB(i, pi-1, pi) -

1=n,
bno 0

Denoting

x

(9) %

€

= G(z), where € is a positive constant

we obtain that

by,
ds
F(s) = G(bn) — G(bn,)
brg
From this and (8) we see
n—1
(10) G(bn) < G(bny) +¢ Y piBli, pic1,pi) -

From (9) and properties of function F, function G is increasing. We have two
possibilities:

n—1
(i) lim G(z) = oco. Then G(bn,) + ¢ > p;B(3, pi—1,pi) belongs to the do-
T—00 i:no

main of function G~1, for every n € N.



382 M. MIGDA, E. SCHMEIDEL, M. ZBASZYNIAK

(ii) lim G(z) =g < oo. From (3) we can take by, such that

Tr—00

G(bny) +¢ > piB(ispi-1,pi) < g.

i:no

o0
Then there exists a sequence (i, ) such that G(by,)+c >, piB(i, pi—1, p:)
i:no
belongs to domain of function G~! in this case, too.

Hence G~ exists and is increasing.
We conclude from (10), that

n—1
b, <G {G(bno) ey, mB(i,ﬂi—l,M)} :

i:no

and finally from (5) and (4), that

pn <G {G(bno) ey PiB(iaPil,Pi)} <M,

i=ng
where n € Njy. [l
Lemma 2. The equation
A2z, = Gnt1Znt1, MNEN (EL)
where a : N — R, has linearly independent solutions u,v : N — R such that

(11)

Un Un

Au, Awv, =—1 forall neN.

Theorem 1. Let (u,) and (v,) are linearly independent solutions of equation
(EL). Assume that

(12) |f(n, 1, 22)| < B(n, |21], [22])

for all z1,29 € R, and any fired n € N, where f : N x R?> — R and function B
fulfil conditions of Lemma 1. Let us denote

(13) Uj = max {|u;—1|, [vj—1], [uj], [vj], [wjal, [vj4al} -
If
(14) > U;B(j,Uj—1,U;) = K < o0

j=2

for some positive constant K, then there exists a solution (y,) of equation (E),
which can be written in the form

(15) Yn+1 = QpUp + ﬂnvn

where lim a, =« and lim B, = 0, («, B-constants).
n—oo

n—oo
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Proof. First we prove the theorem for two linearly independent solutions (u,)
and (vy,) of equation (EL) which fulfil the condition (11). Assume that (y,) is an
arbitrary solution of equation (E). Let us denote

(16) Ay = 0 AYn — Ynt1Avp 1
(17) Bp = —unAyn + Yntr1Aup_1 -
From (11) we get
(18) Yni1l = UnAn + v By .
Applying the difference operator A to (16) and (17) we obtain
AA, = v, A%y, — ynHAQvn,l
AB,, = —unAQyn + yn+1A2un_1 .
Using (EL) and (E) we have
AAn = vn f(n, Yn, Ynt1)

AB, = _Unf(nvyna yn+1) :
From (18) we obtain
AAj =0 f(G,uj—14j-1 +vj-1Bj-1,u;A; +v;Bj)
ABj = —Ujf(j,UjflAjfl + Ujlejfl,UjAj + Uij), j>1.
By summation we get
n—1
An - AQ + Z Ujf(j, Uj_lAj_l + Uj_lBj_l, UjAj + ’Uij)
=)

(19)

n—1
Bn=DBy— Y ujf(j.uj—14;-1 +vj1Bj_1,u;A; +v;B)) .
j=2
Then
n—1
[An| < A2l + > o[£y uj—1 451 + vj1Bj-1,uA; + v;B;)|
j=2
n—1
Bl < |Ba|+ > u| £ (G w1451 +vj-1Bj1,u;A; + 0, B;)|.
j=2
Therefore, we have
|An| + [Bn| < [A2] 4 | B2
n—1

(20) + ) (o] + [ugDIF G w1 Aj1 + 021 B 1,u; A5 + 03 By)|
=2

Let us denote

(21) hn = |An| +|Ba|, neN.
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By the definition of U; we see that
il SUj, fujal SUj, vl <Ujs uyl <Ujs ol < Us, ujn] < U;.
It is clear that
|Aju; + Bjus| < |Aj|ug| +[Bj [v;] < U;(14;] + [Bjl) < Ushy .
Hence, by (12) we get
£ (s Aj—rujr + Bj1vj—1, Ajuy + Bjug)| < B4, Uj—1hj—1,Ujhy) .
Therefore, (20) and (21) yields
n—1
hn < hg +2)  U;B(j,Uj—1hj_1,U;h;) .
j=2
By Lemma 1, there exists a sequence (h,) and a constant M > 0 such that
hn, < M. Properties of function B and (12) give the following inequalities
0 f (G Aj—1uj—1 + Bj1vj-1, Ajuj + Bjuj)|
< UiB(j, [Aj-1uj—1 + Bj—1vj-1|, [Aju; + Bjuj])
< U;jB(j,Ujrhj1,Ujh;) < U;B(j,Uj-1 M, U; M)
< F(M)U;B(j,Uj-1,Uj) -
This means by (14) that the series

Z Ujf(j, Aj,1Uj71 + ijlvjfl, Aj'LLj + ijj)
=

is absolutely convergent. By (19) finite limit lim A, = « exists. Analogously

n—oo

lim B, = < oo exists. Hence (18) holds, and there exist finite limits of se-

quences (4,,) and (B,,).

Now, we will prove this theorem for any two linearly independent solutions ()
and (0,,) of equation (EL). Let (u,) and (v, ) be two linearly independent solutions
of equation (EL) fulfilling condition (11). Then for some constants c1, ca, c3 and
¢4 we have

Up, = C1Un + C2Up , Un = C3ln + C40y, -
Now, ~
Uj = max {|t;-1, |0j-1], [G;], |0, [ @41, 041} -
We will show that the condition (14) holds. Let ¢ = max{|c1|, |ca|, |c3], |c4|}. Hence
Uy < emax {|a; 1| + |81, |a5] + |5, [@541] + |04 [} < 260
Therefore, we obtain inequalities
U;B(j,U;_1,U;) < 2&0;B(j,260;_1,2¢U0;) < 2¢U;F(28)B(j,U;_1,U;),
and

> U;B(j,U;j-1,U;) < 00
j=1



EXISTENCE OF SOLUTIONS OF SECOND ORDER DIFFERENCE EQUATIONS 385

We see that assumptions of the Theorem 1 hold for solutions (u,) and (v,), also.
Then a solution of equation (E) can be written in the form

Ynt+1 = Ap(c1lyn + c20p) + Bp(csty, + catp)
= (c14n + c3Bp)tn + (c2Ayn + caByp) 0y
= Qp Uy + BOp,
where o, = c1 A, + 3By, Bn = oAy, + c4Byp, and lim o, = «, lim G, = 0 («,
[-constants). This completes the proof of this Thec?rzg. . ([l
Example 1. Consider the difference equation

YnYn+1
22 A%y, = .
(22) In T 2 130+ 2)272 4 6n 4 10 + 21-n

All conditions of Theorem 1 are satisfied with B(n,x1,x2) = H32 and F(k) = k2.
Hence the equation (22) has a solution (yy) which can be written in the form (15).

In fact, yp, =n+ (1 + %)1 s such a solution, where a, =1 and B, =1+ %

Note, that Theorem 1 is applicable to the equation (22), but Theorem 1 from
[9] is not, because

wds_fﬁ_l
F(s) | s2 ¢

is convergent. So, condition (1) from [9] is not satisfied.

Theorem 2. Assume that functions F' and B fulfil conditions of Lemma 1 and
function F fulfil condition (12) of Theorem 1. If

(23) > iB(4,§) =k < oo,

j=1

then there exists a solution (y,) of equation

(24) A2yn = f(n,Yn,Yns+1), nEN,
which can be written in the form
(25) Ynt1 = an + b+ ¢(n), where lim ¢(n) =0.

Proof. Equation A%z, = 0 has two linearly independent solution u, = n and
vp, = 1. These solutions satisfy conditions (11) of Theorem 1. We will prove that
condition (14) is also satisfied. From (13), U; = j+ 1. From properties of function
B we obtain

U;iB(j,Uj-1,U;j) = (3 +1)B(, 4,5 + 1) < (j + 4)B(,j + 4, j +J)
= (25)B(4,24,2j) < 2F(2)jB(j, ], J) -
Then, form (23)
> U;iB(j,Uj-1,U;) <2F(2)k = K < o0.
=1

j=
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Since assumptions of Theorem 1 hold then we get the thesis of this Theorem. So,
from (18)

(26) Yn+1 = Ann + B, ;

where A,, and B, are defined by (16) and (17), and finite limits of sequences (A,,),
(By) exist. Let

(27) lim A, =a, lim B, =%.

From (19) we get

n—1

Ap=As+ > f(G,(G— DA+ Bj1,jA; + By).

=2

Hence, from (27) we obtain
a—A2+Zf (7 =1 Aj-1+ Bj-1,j4; + Bj).
Using properties of functions f and B we have

|An —al = Zf (J = DAj1 + Bj-1,j4; + B;)

qu

B(j,(j — DIAj_1| + |Bj_1l, 41451 + |B;])

n

<.
Il

B(5, (5 = D(14j-11 + [Bj-1), 3 (|A;] + [B;])) -

n

<.
Il

Therefore
nlAn —al < ZJB (= D(Aj-1] +[Bja)), 5 (| 451+ 1B41)) -
] =N
From (27) there exists a constant ¢ such that

|Ap| +|Bn| <c¢ for meN.

Then
n|lA, —a <Y jB(j,je,jo) < F(e) > jB(j.4,J)
j=n j=n

and by (23) we have
lim F(c Z (J,7,7)

what gives
lim n|A, —a|=0.
n—oo
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Analogously we obtain lim |B,, — b| = 0. The solution (26) of equation (24) can

be written in the form

Ynt1 =an+b+ (A, —a)n+ (B, —b).

Then
Ynt1 = an+ b+ ¢(n),
where
¢(n) = (An —a)n+ (B, —b),
and nan;O ¢(n) = 0. The proof is complete. O

Example 2. Consider the difference equation

Yn T Yn+1
2 A%y, = .
(28) 4 2 t3n 4+ 327246

All conditions of Theorem 2 are satisfied with B(n,x1,x2) = 2%(1‘1 + x2) and
F(k) = k. Hence equation (28) has a solution (y,) which can be written in (25).
1

In fact y, = n+1+ 57 is such a solution.
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