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AN ALMOST-PERIODICITY CRITERION FOR SOLUTIONS OF
THE OSCILLATORY DIFFERENTIAL EQUATION y” = ¢(t)y AND
ITS APPLICATIONS

SVATOSLAV STANEK

ABSTRACT. The linear differential equation (q) : y”” = ¢q(t)y with the uni-
formly almost-periodic function ¢ is considered. Necessary and sufficient
conditions which guarantee that all bounded (on IR) solutions of (gq) are uni-
formly almost-periodic functions are presented. The conditions are stated by
a phase of (¢). Next, a class of equations of the type (¢) whose all non-trivial
solutions are bounded and not uniformly almost-periodic is given. Finally,
uniformly almost-periodic solutions of the non-homogeneous differential equa-
tions ¥y’ = q(t)y + f(t) are considered. The results are applied to the Appell
and Kummer differential equations.

1. INTRODUCTION

In the paper we consider the differential equation

(9) Y =qt)y,

where ¢ is either a real-valued continuous function on R or a real-valued uniformly
almost-periodic function. At the same time we say that a (generally complex-
valued) function f is uniformly almost-periodic (u.a.p.) or Bohr’s almost-periodic
if f is continuous on R and for each € > 0 there exists a number [ > 0 such that
on every interval [a,a + ] there is a 7 such that |f(t+7) — f(¢)| < e for t € R (see
e.g. [6], [8], [13]). Throughout the paper a bounded function (which is defined on
R) means that it is bounded on R.

Let ¢ be a u.a.p. function. Then (q) is either disconjugate (that is (q) has a
positive solution on R) or oscillatory (that is +co are the cluster points of zeros
of a non-trivial solution to (¢)) (see e.g. [15]). The properties of solutions to the
disconjugate equation (g) are usually considered by the associated Riccati equation
y' +y? = q(t). For the disconjugate equation (q) it is known that (¢) can have
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a non-trivial uw.a.p. solution y (and then {ky : k € R} are all its u.a.p. solutions)
only if (q) is the special disconjugate equation (that is (¢) has the unique (up to
the positive multiplicative constant) positive solution on R) (see e.g. [15], [18]).
Discussing u.a.p. solutions to the oscillatory equation (¢) is more complicated since
now the transformation to the associated Riccati equation is impossible on R. But
if ¢ is a periodic function, then any bounded solution of (q) is u.a.p. (see e.g. [7],
110]).

In [16], the following question was put: If all solutions of (¢) with a uniformly
almost-periodic coefficient ¢ are bounded, does it necessarily follow that all solu-
tions are u.a.p. functions? The negative answer to this question is given in [12]
even for n-order differential equations (n > 2)

(1.1) y(n) =pi()y+--- +pn(t)y("71)

with w.a.p. coefficients p; (j = 1,...,n). The authors of [12] showed that, for
each n > 2, there exists an equation of form (1.1) for which every solution is
bounded but only the trivial solution is uniformly almost-periodic. The analogical
result for the system y' = A(t)y with the u.a.p. Inatrix A(t) has been showed by

Lillo [14] who considered the system 2z’ = f (t) = —f(t)x where the function
f is u.a. p whose mean value is zero and fo ds is unbounded The vectors
(sin fo s) ds), cos fo s)ds)) and (cos fo ds , — sin fo ds)) form a base

of the solutlon space. Any non-trivial solutlon is bounded but 1t is not a uw.a.p.
function.

Let ¢ be a u.a.p. function and let all solutions of (g) are bounded (then (q) is
oscillatory by Lemma 2.1). The aim of the paper is to discuss the existence and
non-existence of u.a.p. solutions of (¢) in detail. We present necessary and sufficient
conditions which guarantee that all solutions of (¢) are u.a.p. (Theorem 3.1). These
conditions are stated by the notion of a (first) phase of (¢) (see [3]). Theorem 3.9
gives a class of equations of the type (¢) whose all non-trivial solutions are bounded
but not u.a.p. functions. Finally, if f is a u.a.p. function, all solutions of (g) are
u.a.p. and the non-homogeneous differential equation y” = q(t)y + f(¢) has a
bounded solution, then all its solutions are u.a.p. (Theorem 3.11). Results are
applied to the linear Appell differential equation (Corollary 3.5) and the nonlinear
Kummer differential equation (Corollary 3.6).

2. DEFINITIONS AND AUXILIARY RESULTS

Throughout this section we assume that ¢ is a real-valued continuous function
on R. We say that (u,v) is a base of (q) if u, v are linearly independent solution

of (q).

Lemma 2.1. Let g and all solutions of (q) be bounded. Then (q) is an oscillatory
equation, the first and second derivatives of all its solutions are bounded and

(2.1) inf{u?(t) +v2(t) : t e R} > 0

for any base (u,v) of (q).
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Proof. Let y be a non-trivial solution of (¢). Then ¢ and y” (= qy) are bounded
and so ' is bounded which follows from the inequality ||y/||? < 8||y|/||y”|| where
|| - || stands for the sup-norm in CY(R) (see e.g. [2], [17]).

Let (u,v) be a phase of (¢). Then the Wronskian w = uv’ — vw'v of (u,v) is a
non-zero constant function. If (2.1) is false, then there exists a sequence {¢,} C
R such that lim,— e u(t,) = lim,—eov(t,) = 0. Hence lim,— oo (u(t,)v' (t,) —
uw'(tn)v(t,)) = 0 since w',v" are bounded, contrary to u(t,)v'(t,) — u'(tx)v(t,) =
w # 0 for n € N. So (2.1) is true and then

0 1 o0 1
/,oo 2+ / 2@+ P

Consequently (q) is oscillatory (see e.g. [11]). O

A function a € C°(R) is said to be a (first) phase of the differential equation
(¢) if there is a phase (u,v) of (¢) such that

tano(t) = ult) for teR\{t:v(t)=0}.

v(t)
If v is a phase of (¢q) then

(i) o € C3(R),

(i) &/(t) #0 for t € R,
(i) sin(a(t)) cos(a(t))
Vi@l V(@)
and any solution y of (¢) can be written in the form
sin(a(t) + c2)

|/ (#)]

are linearly independent solutions of (q)

y(t) = a , teR,
where c¢q,c3 € R.

A function « is a phase of (¢) if and only if it is a solution of the nonlinear
Kummer third-order differential equation

ly/I/ 3 y/I 2
(2.2) 5yt Z(?) () =q).

In addition, if (u,v) is a base of (¢) and |uv’ — w'v| = 1, then there exists a phase
a of (g) such that
Si t s(a(t
(2.3) u(t) = M, v(t) = M for teR.
la’ (t)] la’ (t)]
The definition of the phase of (¢) and its properties are presented in [3].
Lemma 2.2. Let g be bounded and « be a phase of (q).

(j) If all solutions of (q) are bounded then —,a',a” and o/ are bounded, too.
a

/

1
Gi) If o is bounded then all solutions of (q) are bounded, too.
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Proof. By (iii), the functions u,v defined by (2.3) are linearly independent solu-
tions of (¢). Set € = signa’ and

p(t) = V() +02(1),  s(t) = V(1) + (V()?, teR.

Then

;€ " _ 2ep/ "o q 352 4
(24) Q_Ev « —_p—37 « ——2€<E—F+E)
(see [3], p. 38). If all solutions of (¢q) are bounded then u¥) v) are bounded for
j=0,1,2 and inf{u?(t) + v3(t) : t € R} > 0 by Lemma 2.1. The boundedness of
1/, a/,a” and o’ now follows from (2.4).
If 1/o’ is bounded, then u, v are bounded and so all solutions of (¢) are bounded,

too. O

Denote by A the set of real-valued u.a.p. functions. For the remainder of this
section we state here for the convenience of the reader some results from the theory
of u.a.p. functions which will be used in our next considerations. A function
h € A if and only if h € C°(R) and for every sequence {k,} C R there exists a
subsequence {k;, } such that the sequence of functions {h(t + k;,)} is uniformly
convergent on R. The limit of any sequence {h,} C A converging uniformly on
R belongs to A. If h € A then h is bounded and equicontinuous on R, |h| € A,
~v(h) € A for every v being equicontinuous on the range of h, b’ € A provided b’
is equicontinuous on R and fg h(s)ds € A if and only if it is bounded. If g,h € A
then gh € A. Finally, each h € A has the finite mean value
T

(see e.g. [6], [8], [13]).
Lemma 2.3 (Bohr theorem, [13] p. 129). Let F be a u.a.p. function and let
inf{|F(t)| : t € R} > 0. Then
arg F'(t) = at + ¢(t), teR,
where a € R and ¢ € A.

Lemma 2.4. Let b € R and x,w € A. Then the composite function x(bt + w(t))
belongs to A.

Proof. If b = 0 then y(w) € A since x is equicontinuous on R. Let b # 0 and ¢
be a positive number. Then there exists § > 0 such that

(2.5) |X(t+z/)—x(t)|<% for t,yeR, |v|<d

which follows from x being equicontinuous on R. Let {k,} C R be a sequence.
Going if necessary to a subsequence, we can assume that the sequences {x (bt +
bky)} and {w(t + k,)} are uniformly convergent on R. Let lim,, o x(bt + bky,) =
p(t), im0 w(t + ky) = 7(t). Then there exists ng € N such that

(2.6)  |x(bt + bky) — p(t)] < =,

5 lw(t+kn) —r() <d for teR, n>ng.
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By (2.5) and (2.6),

‘X(bt + bk + w(t + ky)) _p(t + %) ‘

< |x(bt + bk, +w(t + kyn)) — x(bt + bky, +7(t))]
€

+‘X(bt+bkn+r(t))—p(t+ibt))’ <%+§:€

for t € R and n > ng, which proves that

lim x (bt + bk, +w(t + kyp)) = p(t + ibt)) uniformly on R.
Hence x (bt + w(t)) € A. O

3. MAIN RESULTS

Theorem 3.1. Let g € A and o be a phase of (q). Then all solutions of (q) are
u.a.p. functions if and only if

(3.1) a(t) =at+ p(t) forteR,
where a € R, o) € A fori=0,1 and
(3.2) inf{la +¢'(t)] : t €e R} > 0.

Proof. Let u,v be defined by (2.3). Then (u,v) is a base of (¢) and all solutions
of (¢q) belong to A if and only if u,v € A.

First assume that u,v € A. Then all solutions of (¢) are bounded and so the
functions 1/a’, o’ and o are bounded by Lemma 2.2. Set

(3.3) F(t) =ov(t) +iu(t) for teR.
Then F is w.a.p. and |F(t)| =1/+/]a/(t)] > 1 > 0 for t € R. Since

6ioz(t)

arg F(t) = arg ——— = a(t) + 2kn, teR,

/(1))
where k is an integer, Lemma 2.3 shows that «(t) = at 4+ ¢(t) where a € R and
¢ € A. From the properties of the phase a we see that ¢ € C3(R) and (¥ is
bounded for : = 1,2. Hence ¢’ is equicontinuous on R, and so ¢’ € A. In addition,
the inequality inf{|c/(¢)| : ¢ € R} > 0 implies (3.2).

Let a(t) = at 4+ ¢(t) for t € R where a € R, o € A for i = 0,1 and (3.2)

be satisfied. Then sin(at + ¢(t)), cos(at + ¢(t)) and 1/4/a/(t) are u.a.p., and
consequently u,v € A. |

Remark 3.2. Let ¢ € A and « be a phase of (¢g). If all solutions of (¢) belong to
A and (3.1) is satisfied with an @ € R and ¢ € A then ¢*) € A even for i = 2,3.
To prove this fact we note that from the boundedness of o’ by Lemma 2.2 we
deduce that ¢” is equicontinuous on R and so ¢’ € A. Now from the equalities

/!

lalll 3 al/ 2 o 1 g0/// 3 SD 2 o
1=~ +ila) —er = i) S
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we have

3 11\2
" =2 [Z —éi L, —qla+¢) = (a+¢)°

and so ¢ € A since inf{|a + ¢'(t)] : t € R} > 0.
Remark 3.3. If ¢ € A and all solutions of (¢) belong to A then the derivatives of

all solutions of (¢) are equicontinuous functions on R, and therefore they belong

to A.

Corollary 3.4. Let ¢ € A and « be a phase of (q). If all solutions of (q) are
u.a.p. then all solutions of the differential equation

(3-4) y" = la(t) = Mo/ (1)*]y

are u.a.p. for each A € (—1,00).

Proof. Let all solutions of (¢) belong to A and fix A € (—1,00). By Theorem 3.1,
a(t) = at + o(t) for t € R, where a € R, ¢,¢’ € A and (3.2) is satisfied. Hence
(@) = (a+¢')? € A. Set B =1+ Aa. Now from the equalities

1"

_1p” + §(*8_H)2 —(8)? = _1a” + §(a_)2 — (14N () =qg—-)\a)?

27 1\ 2o "1\
we see that 3 is a phase of (3.4) and since () = V1+ Aat + V1 + Ap(t), all
solutions of (3.4) belong to .4 by Theorem 3.1. O

Corollary 3.5. Let q,q' € A and « be a phase of (¢). Then all solutions of the
Appell equation

(3.5) y" =4q(t)y’ +24'(t)y

belong to A if and only if (3.1) is satisfied with some a € R and ¢ € A such that
¢ € A and inf{la+ ¢'(t)| : t € R} > 0.

Proof. Let u,v be defined by (2.3). Then (u,v) is a base of (¢) and therefore
u?, uv, v? are linearly independent solutions of (3.5) (see e.g. [1], [9]).

If (3.1) is satisfied with some a € R and ¢ € A such that ¢’ € A and inf{|a +
o'(t)| : t € R} > 0, then u,v € A by Theorem 3.1 and so u?, uv,v? € A which
implies that all solutions of (3.5) belong to A.

Assume that all solutions of (3.5) are u.a.p. functions. Then u?, uv,v? € A and

o
in(2 2
sin( a)’ 0 ? = cos(2a)

2uv =

|| o]

are u.a.p. functions. Set
cos(2a(t)) n _sin(2a(t)
7 )
/(1)) o’ (2)]
Then F is a uw.a.p. function and |F(t)] = 1/|a/(t)] > 1 > 0 for t € R. By
Lemma 2.3, arg F'(t) = 2a(t) + 2km = a1 + ¢1(¢) for t € R, where k is an integer,
a; € R and ¢ € A. Arguing as in the proof of Theorem 3.1 we have ¢} € A and

F(t) = teR.
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inf{|a1 + ¢} (t)| : t € R} > 0. Hence (3.1) is satisfied with @ = a1/2 and ¢ = ¢1/2.
U

Corollary 3.6. Let q,Q € A and let all solutions of (q) and (Q) belong to A.
Then the derivative of all regular solutions (that is solutions in C3(R) with non-
vanishing derivative on R) to the Kummer differential equation

1 y/// 3 y// 2

3.6 L _(_) N2 — ot
(36) S+ (L) + ) = )
are u.a.p. functions.
Proof. Denote by G the set of the phases of ¥y’ +y = 0 and let @ and A be a
phase of (¢) and (Q), respectively. Then A~*Ga = {A=1(y(a)) : v € G} is the set
of all regular solutions to (3.6) (see [3]). Here A~! stands for the inverse function
to A.

Let v € G and set X = A~!(y(a)). To prove the statement of our corollary we
have to show that X’ € A. We know, by Theorem 3.1,
(3.7) A@) =At+9(t), aft)=at+y(), teR,
where A,a € R, U ) ¢ A for i =0,1 and

inf{|A+V'(t)]:t € R} >0, inf{la+'(t)]:t€R}>0.

Since (@) and (g) are oscillatory by Lemma 2.1, we have

|tl\1m [A(t)] = o0, ‘1|1m la(t)] = oo

and then (3.7) and the boundedness of ¥ and ¢ imply A # 0, a # 0. From
vt +7) =~(t) + pw for t € R, where p = sign’ (see [3]), we deduce that
(3.8) () =pt+nt), teR,

where 7 is a m-periodic function. Of course, n € A and inf{|p+7'(t)| : t € R} > 0.
We claim that

(3.9) A1) = % LUL(t) for tER,

where ¥,, U/ € A and inf{|1/A+ U/ ()] : t € R} > 0. We first have

t=AYA®R)=t+ ? + U, (At + ¥ (1)),

and so

(3.10) U(t) =AU, (At +U(¢)) for teR.

Let {k,} C R be a sequence. Since ¥ € A, we can assume without restriction of
generality that

(3.11) nler;O U(t+ kp) =r(t) uniformly on R.

Obviously, » € A. Let € be a positive number. By (3.10) and (3.11), there exists
ng € N such that |V, (At + Ak, + Y (t+ ky)) +7(t)/A| < £/2 and then

1 U(t+ ky) 5
(3.12) U, (At + Ak,) + Zr(t - T)‘ <3
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for t € R and n > ng. From r being equicontinuous on R and (3.11), it follows
that there is an n; € N such that

(3.13) ’r(t—@)—r(t—%)‘<# for teRandn>n;.

Then (3.12) and (3.13) give

‘xp (At + Ak, )+i1 (t—@)‘

A
<|w. At+Ak)+jlr(t Hk )‘
k,, r
|A|‘ ( (t,: )) ’"( _%)’
<§+§:€

for t € R and n > max{ng, n1}. We have proved that {U,(At+ Ak,,)} is uniformly
convergent on R. Hence U, (At) € A and then ¥, € A. Since A’,1/A’ and A”
are bounded, we see that A=Y, l/A_ll and A=1" are also bounded which implies
the boundedness of ¥/, U7 and inf{|1/A + ¥/ (¢)| : t € R} > 0. Clearly, ¥/, € A.
Now, applying Lemma 2.4, we see that n(at +(t)) and '(at + ¢ (¢)) belong to A.
Hence f(t) = p(t) + n(at +1(t)) € A and repeated the above lemma we deduce
that

wuat + £0), ¥ (%1 IO (a4 7))

are u.a.p. functions. From the equalities (see (3.7)—(3.9)),

/ 1 1
AT (v(a®) = =
NATOQOD 4w (e L2 4w (uat + £(2)
Y(a(t) = p+n'(at + (1), o(t)=a+y'(t)
and the inequality inf{|A + ¥'(¢)] : t € R} > 0, we deduce that X'(¢t) =
A~V (v(a(t))7 (a(t)) (t) belongs to A. This completes the proof. O

3

Remark 3.7. Let ¢ and all solutions of (g) belong to A. If « is a phase of
(¢) then, by Theorem 3.1, a(t) = at + ¢(t) for t € R where a € R, p, ¢ € A
and inf{la + ¢'(¢)] : t € R} > 0. As in the proof of Corollary 3.6 we may
verify that a # 0 and a=1(t) = t/a + p.(t) for t € R, where ¢., ¢, € A and
inf{|1/a + ¢.(t)| : t € R} > 0. Let the inverse function ! to « be a phase of
(g«)- Tt is a simple calculation to show that

¢.(t) = —1— (%orl(t)fu +ala (1)), teR.

Then ¢, € A and Theorem 3.1 shows that all solutions of (¢g.) belong to .A. Hence
for each phase a of (g), all solutions of the differential equation

v =1t (Sa' ) 1+ a0 )]y

are u.a.p. functions.
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Remark 3.8. If ¢ is a m-periodic continuous function then all solutions of (¢q) are
bounded if and only if there is a phase a of (¢) such that a(t + ) = a(t) + a
for t € R, where a € R (see [4], [5]). In this case a(t) = (a/m)t + 1(t) where
1 is a m-periodic function and consequently all solutions of (¢) belong to A by
Theorem 3.1.

Theorem 3.9. Let ¢ € C?(R), pU) € A for j = 0,1,2, the mean value M|p] = 0,

fot ©(s)ds be unbounded and inf{|a + ¢(t)] : t € R} > 0 with some a € R. Set
1 ") | 37 ¢"(1)

14 == °
(3.14) alt) 2a+ ¢(t) 4<a+<p(t

Then q € A, all solutions of (q) are bounded and only the trivial solution of (q)
belongs to A.

))2 —(a+(t)* forteR.

Proof. It is easily seen that ¢ € A. Set

¢
a(t):at—l—/cp(s)ds, teR.
0

Then « is a phase of (¢) with ¢ given by (3.14) and since o/ = a + ¢ € A and
sup{1/[a/(t)| : t € R} = sup{1l/|a+ ¢(t)] : t € R} < oo, all solutions of (¢) are
bounded by Lemma 2.2. By our assumption fot ¢(s)ds ¢ A and so Theorem 3.1
shows that there is a solution u of (¢) such that u ¢ A. Assume now that there
exists a non-trivial solutions v of (¢) such that v € A. Clearly, (u,v) is a base of
(¢). We know that v can be written in the form

() = e sin(a(t) + c2)
" )

where ¢i,co € R. Since /|| € A, we have sin(a + ¢2) € A. Set w(t) =
sin(a(t) + ¢o) for t € R. Then from the equalities

teR,

w' = o' cos(a+ ¢), w”’ =" cos(a + cz) — (') sin(a + c32)
we deduce that w” is bounded, so w’ is equicontinuous and then w’ € A. Therefore
cos(a + co) € Asince 1/a’ € A. Let
cos(a(t) + co) + isin(a(t) + c2)
|0/(t)|

Then Fy is a w.a.p. function, |Fi(t)| = 1/4/]|e/(t)] = 1//la+e{)] > 11 > 0

for t € R with a constant Iy, and consequently Lemma 2.3 gives arg Fy(t) =
a(t) 4+ co + 2km = a1t + p1(t) for t € R where k is an integer, a; € R and ¢ € A.
Thus

Fi(t) = , teR.

¢
at—l—/cp(s)ds+02+2k7r:a1t+cp1(t), teR
0

and then a = a; and (¢ fo o(s)ds + ca + 2km for t € R since M[p] = 0,
contrary to ¢ € A. We have proved that only the trivial solution of (¢) belongs
to A. O
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Example 3.10. Let
B e’} 1 ‘ " ®
(,O(t) = E_l m COS(F) 5 te .

Then ¢ € A for j = 0,1,2, M[p] = 0 and fot ©(s)ds is unbounded (see [13]).
Set v = sup{|¢(¢)| : t € R} and ¢ be defined by (3.14) with |a| > . Applying
Theorem 3.9, all solutions of (¢) are bounded but there is no (non-trivial) solution

in A.

Theorem 3.11. Let q, f € A and let all solutions of (q) belong to A. If a solution
of the non-homogeneous differential equation

(3.15) y" =qt)y + f(t)
is bounded, then all solutions of (3.15) belong to A.

Proof. Let y be a bounded solution of (3.15) and let (u,v) be a base of (q),
u'v —uv’ = 1. Then

y(t) = cru(t) + cov(t) + u(t)/o v(s)f(s)ds — v(t)/o u(s)f(s)ds, teR,

where ¢1,co € R. Since u,v € A, they are bounded and the function

z(t) = u(t)/o v(s)f(s)ds — U(t)/o u(s)f(s)ds, teR

is a bounded solution of (3.15). To prove our theorem it suffices to show that the
functions fot v(s)f(s)ds and fot u(s) f(s)ds are bounded. Really, since vf,uf € A
we conclude that fot v(s)f(s)ds, fot u(s) f(s)ds belong to A if they are bounded,
and so z € A. Then from the structure of the solution space of (3.15) we deduce
that all solutions of (3.15) belong to A. We are going to prove that the func-
tions fg v(s)f(s)ds, fg u(s) f(s) ds are bounded. First, note that 2/ (= gz + f) is
bounded which implies the boundedness of 2z’ (see the proof of Lemma 2.1). Now,
let o be a phase of (q) such that the equalities (2.3) are satisfied. Then

, ,cosa o sina , o
v =a - — =dv——u
Vil 20 2"
, ,sina o cosa , o
v =— =

RV e BV

and

"

o ¢ o t
z’:(a’v——u)/ vfds—i—(a’u—l——v)/ uf ds
2a/ 0 20/ 0

1

t t
— o .
=« (U/O vfds—|—u/0 ufds) 5oy %"
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Since 1/a/, o and o' are bounded by Lemma 2.2 and we know that z, 2’ are
bounded, from the equality

t t O/l 1 ,
d ds=— 2 4L
v/o vf s—i—u/o ufds 2(@’)2Z+a’z
we see that vfotvfds—f—ufotufds is bounded. As

22+<v/0tvfds+U/0thd5)2
= e[ [ ora) o ([ruras)
_ ﬁ[(/otvfdsf—k (/Otude)Q}’

2 2
(fg vf ds) + (f(f uf ds) is bounded. Consequently the functions f(f v(s)f(s)ds
and fg u(s) f(s) ds are bounded, which completes the proof. O

Corollary 3.12. Let g € A and suppose that all solutions of (q) belong to A. Let
(u,v) be a base of (q). Then for each non-zero constants a, b, all solutions of the
differential equation

1
(a2u2(t) + b2v2(t))2

(3.16) Y =q(t)y +

belong to A.
Proof. Fix a,b € R, a # 0, b # 0. Set

(3.17)  w(t) = signw %] u(t), vi(t) = ]—\ o(t), teR,
where w = v'v —wuv’. Then (u1,v1) is a base of (¢) and vjv; —uyv] = 1. Therefore

there exists a phase « of (¢), @’ > 0, such that

sin a(t) cos a(t)

ul(t) = o/(t) , U1 (t) = o/(t) , teR.
Hence (see (3.17))
a a’u? 2y?
a,i(t) = () +03(0) = || o) + \% V2(t) = (jL:w’T ®)
and
_ Jabw
(3.18) a?u?(t) + b3 (t) = pooR teR
Since

v1(s) u1(s)

p(t) :ul(t)/o (a2u2(s) + b20%(s))3 ds_“(t)/o (@2 (s) + b2o2(s))E
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solution of (3.16) and (a?u?(t) + b%v?(t))~3/2 € A, to prove our corollary it

suffices to verify that p is bounded (see Theorem 3.11). From (3.17) and (3.18) it
follows that

¢ v1(8) ~ [Peosa(s) ra'(s)\3
/0 (a2u?(s) + b2v2(s))? ds = 0 /a'(s) <|abw|) ds
- /t o (s) cosa(s) ds
0

labw|2
sin a(t) — sin a(0)

labw|?
and
/t u1(s) p ! sin a(s) (o/(s) ) b
+ ds = —
0 (@20 +22()E  Jo ai(s) \abul
1 t
=— / o' (s)sin a(s) ds
|abw|z Jo
~ cosa(0) — cosa(t)
labw|3
' (s) ' (s)

Hence /0 (a2u2(s)1$b‘2sv2(s))3/2 ds and /0 (a2u2(s)1jr1b;v2(s))3/2 ds are bounded func-
tions and since ui,v; € A, the function p is bounded. Il
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