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ON TOTALLY REAL MINIMAL SUBMANIFOLDS
IN COMPLEX PROJECTIVE SPACE

XIAOLI CHAO AND YAOWEN LI

ABSTRACT. In this paper, we obtain some pinching theorems for totally real mini-
mal submanifolds in complex projective space.

§1. INTRODUCTION

Let CP"(c) be an n-dimensional complex projective space with the Fubini-
Study metric of constant holomorphic sectional curvature ¢(c > 0). The pinching
problem for totally real minimal submanifolds in CP™(c) has been studied by
many mathematicians. Montiel, Ros and Urbano [MRU] proved a pinching result
about Ricci curvature condition. Recently, Matsuyama [M1,2] has discussed the
scalar curvature case which give a positive answer for Ogiue’s conjecture [O]. Now,
in this paper, we give a pinching condition for the norm of the second fundamental
form under which the submanifolds is totally geodesic.

Throughout this paper, we use the similar notations and formulas as those used
in [MRU]. Let M be an n-dimensional compact Riemannian manifold. We denote
by UM the unit tangent bundle over M and by UM, its fibre at p € M. For any
continuous function f:UM — R, we have

fdv:// fdvpdp
UM M JUM,

where dp, dv, and dv stand for the canonical measures on M, UM, and UM
respectively.
If T is a k-covariant tensor on M and VT is covariant derivative, then we have

(R1])
(1.1) /UM{i(VT)(ei,ei,v,--- .U)}dsz

=1
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where ey, ..., e, is an orthonormal basis of T,M, p € M.

Suppose now that M is isometrically immersed in an (n + p)-dimensional Rie-
mannian manifold 37" 7. We denote by (,) the metric of M as well as that induced
on M. Let o be the second fundamental form of the isometrically immersion and
A¢ the Weingarten endomorphism for a normal vector . If T,M and T, ;‘M denote
the tangent and normal spaces to M at p, one can define

L:T,M — T,M and T:TyM xTyM — R

by the expressions

Lv = ZAU('Uyei)ei and T(§,n) = trace A¢A,
i=1
where e, ..., e, is an orthonormal basis of T, M. Then L is a self-adjoint linear
map and T a symmetric bilinear map.

There are many submanifolds satisfying T' = k(,). Obviously, hypersurfaces
represent a trivial case. In CP"*?(c), a Kaehler submanifold of order {k1, k2} for
some natural numbers k; and k2 is one submanifold of this type ([R3]). In this
paper, we have a pinching theorem for this kind of submanifolds as following;:

Theorem 3.1. Let M™ be a totally real minimal submanifold with T = k(,) in
CP"P(c). If
| ‘2 - ne(n + 2p)(n +4)
4n+2)(n+4)+n(n—+4)2+4n’
then M must be totally geodesic.

§2. SOME LEMMAS

In this section, we will prove some lemmas which will be used later. First, we
give the following modified version of Simons’ formula which generalizes a result
from [MRU]. Now we suppose that M is a curvature-invariant submanifold of M,
ie, R(X,Y)Z € T,M for all X, Y, Z € T,M, being R the curvature operator of
M.

Lemma 2.1 [LC]. Let M be an n-dimensional compact curvature-invariant sub-

manifold with parallel mean curvature vector isometrically immersed in an (n+p)-

. . . . . w7 n+p
dimensional Riemannian manifold M~ ".

0= /UM { ;‘(VU)(&:, v, 1;)|2 + ;<O’(€¢, ei),Ao_(v’U)w

+ (04 4) | Ag(.0)0| = 4(Lv, Ag(y)v) — 2T (0(v,0), 5(v,0))

Then we have

+ {iﬁ(ei, v,0(v,€;),0(v,v)) + 2 iﬁ(eh v, 0, Ag(q,yei)v)} } dv
i=1

i=1
Remark. When the immersion is minimal, Lemma 2.1 is due to [MRU].

Remark. It’s clear that submanifolds in real space forms, Kahler, and totally
real submanifolds in complex space forms are curvature-invariant.
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Lemma 2.2. Let M be an n-dimensional compact submanifold isometrically im-
mersed in a Riemannian manifold M, Then, for Vp € M, we have:

i) / (Lv, Ag(v,0)v) dvp
UM,

2 2 1
p— L —_—
n+2/UMp| °l dvp+n+2/UMp<a(v,v),§>dvp

ii) / |U(v,v)‘2dvp
UM,

2 1 n
T hni2 /UMP<L%U> dvp + nio /UMP ;(0(0,0)70(%@))(1%
1 2
iii) / (Lv,v) dv, = _/ |o|”dv,
UM,y n UM,

W [ o= [ S
iv o(v,v),n)ydv, = = o(ei, e),n) dv

UM, Poon UM, = P

Where € = >, o(e;, Le;) and n is a fized vector in normal bundle.

Proof. Let o! be the 1-form on UM, defined by
al(e) = (Lv, Agwmye), veUM,y, ecT,UM,
For any v € UM,, let e1,...,en_1,€, = v be an orthonormal basis of 7, M. Then
(6a)(v) = —(n + 2)(Lv, Ag(y)0) + 2| Lo|* + (o(v,0),€).

Integrating it over UM, we obtain i).

ii), iii) and iv) are obtained by using the same technique for the 1-forms a?, o
and o on UM, defined by
ay(e) = (o(v,v),0(v,¢))
a?(e) = (Lv,e)
ay(e) = (o(v,e),m) 0

Lemma 2.3. Let M be an n-dimensional compact submanifold isometrically im-

. . . . Fvilar4
mersed in a Riemannian manifold M ~. Then we have

2 2
Agomyt|dvy > / (L, Ag(0y0) do
/UMP\ ool ey =25 | (w0} dvp

1
Aoe'r vaonvU dv
n+2/UMp< (eires) (v,0)V) dUp
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Proof. Let A denote the Laplace operator on S"~!. Then, for the function
[ UM, — T,M defined by f(v) = Ay(y,)v, we have

(Af)(v) = —3(’(1 + 1)Aa(v,v)v +4Lv + 2Aa(ei,ei)v .

Since U M), is a (n — 1)-dimensional sphere, the first eigenvalue of —A = Vy,_ ¢, —
Ve, Ve, is n—1. Then

[ wrnaze-0 [ |
UM, M,

P
and the lemma follows. O

Let o be a 1-form on UM, defined by
av(e) = <Ao(v,v)evArr(v,v)'U>

wherev € UM),, and e € T,UM,,. Ifeq,...,e,—_1 is an orthnormal basis of T,U M,,
then the codifferential of « is

(ba) = Z ei - ayle;)
i=1
= —(n + 4) |AU(U,U)U|2 + 2<L'U, AU(UVQ))U>

+ T(U(Uv U)v U(Ua U)) +2 Z<Aa(v,v)€ia Aa(v,ei)v> 3
=1

where ej,...,e,-1,€, = v is an orthonormal basis of T,,M. Now integrating the
above equality over UM, and using divergence theorem, we have

n

i=1

=(n+4) / ‘AU(UVQ))U‘szP — 2/ (L, Ag(v,v)v> dvp
UM, UM,

(2.1) —/ T(o(v,v),0(v,v)) dvp
UM,
In a similar way, for the 1-form « defined by

Ay (6) = <Arr(v,e)vv Arf(v,v)v> )

we have
- 2
(50[)('1}) = Z{2|An(v,ei)v| + <Aa(v,ei)uv Arf(v,v)ei>
i=1

(A ere0)Vs Ao(oyt)} — (n+ )] F(0)* + (Lo, f(0)) .
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Integrating this and using (2.1), we get

2 [ Sl d”P—/MP{"MU O = (Aurrv. S (0))

MPll

(2.2) + §T(J(U7 v), (v, U))} dv,

By (2.1),(2.2) and

n

2 Z<A0'(U,ei)va Ao’(v,v)ei> <a Z|Aa(v,ei)v|2 + E Z|Aa(v,v)€i|2
3 i=1 =1
n 51
(23) = a;|Aa(v,ei)v| ET(U(U,U),O'(U,U)) )

By (2.1),(2.2) and (2.3), we have, for V b > 0,

/UM {(n+a-"E0) p) — 20, 70)

(2.4) - (1 + % + %)T(O’(U, v),o(v, v))} dv <0.

Now, we can prove the following lemma:

—n—+ . . . .
Lemma 2.4. Let M" — M " be a compact Riemannian immersion. Then we

have
1) | s 2dne, ) v,
UM,
= 2 Apgei, Appenv) +T(H,o(v,v)) ¢ dv
/UMP{;}H () + T(H, o (0,0)) } do,
(2) / (Agv, Lv) dv, = / Z Afei, Ag(,e)v) dvp
UM, UM, =1
(3) / (Agv, Lv) dv, = / Z Ape;, Le;) dvy
UM, UM, =

1
=], o

4) /UMP T(H < o(v,v))dv, = /UMP T(H,H)dv,
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(5) /UM (n+2)T(c(v,v),0(v,v))dvy

:/UMp{nT( o(v,v) +2ZT o(v,ei),0(v,e:))} dvy,

n n

1
(6) /UMP ;T(U(v,ei),a(v,ei))dvp == /UMP 7]221T(U(6i’ej)70-(€i7€j))dvp

7) tAMfAH“f@”d%:iﬂm%{niz (H.H) + s 1.0 Yo,

® [ Teveeod,= [ (LT

+ ﬁ Z T(o(ei,ej), 0 (ei,ej))}dvp
® [, el
< /UM {(1 + % + %)T(a(v,v),a(v,v)) - (1 + g)MAHv, f(v))} dvy,

for each b.

Proof. By taking some proper 1-form on UM, respectively as above, we can
obtain (1) ~ (6) and then (7) and (8) as their corollaries. Using Lemma 2.3, (2.4)
implies (9). O

Remark. When b(> 0) is small, (9) gives a estimation of the upper bound of
2
HOIE
§3 TOTALLY REAL SUBMANIFOLDS WITH
T = k(,) IN COMPLEX PROJECTIVE SPACES

There are many submanifolds satisfying 7' = k(,). Obviously, hypersurfaces
represent a trivial case. In CP"*?(c), a Kaehler submanifold of order {k1, k2} for



TOTALLY REAL MINIMAL SUBMANIFOLDS 113

some natural numbers k; and k2 is one submanifold of this type ([R3]). Let M™ be
a totally real minimal submanifold with 7' = k(, ) immersed in CP"*?(c). Then

R(ei,v,0(v,e;),0(v,v)) + 2ZR(€i7U,U,AJ(1),ei)U)
i=1

c c 2 e
:§<Lv,v> - §|0(v,v)| + 1 Z(U(v,v), Je;)?

i=1

HM:

(3.1) _< Z (Jv,o(e;, €)Y {(Jv,o(v,v)) .

,4;

Now, we define a map g' : UM,, — T,M by
gt(v) = Aoy — L.
By a direct computation, we have
(—=AgH(v) =3(n+1)f(v) — (n+3)Lv — 2nAgv.

Here A is the Laplacian of UM,,. Since fUMp g'(v)dv, = 0, we get

| adegrzm-n [ il
UM,
Then, the above relation gives
| A@n+0lf@)f - @n+8)(Lo, )
UM,
(3.2) —2n(f(v), Agv) + 4|Lv|2 + 2n(Lv, Agv)} dv, > 0.
In a similar way, for the 1-form g?(v) = f(v) + Lv, we have
[ Aea+ 0)s@f - 20, )
UM,
(3.3) — 2n(f(v), Apv) — 4|Lv|” — 2n(Lv, Agv)} dv, > 0.
By (3.2) and (3.3), we get

/ (@0 + 4)|f ()| — (2kn + 4k + 4)(Lv, ()
UM,

(3.4) — 2n(f(v), Apv) + 4k|Lv|* — 2nk(Lv, Ago)} dv, > 0.
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Since M is minimal, by (3.4) with k = _%H’ we have

2 4 2
Jo Ot 2 G [ Vel

From this and Lemma 2.2 i) we get

2 2
(3.5) /UMp|f(v)| du, > n—+2/UMp (Lo, f(0)) du .

From (3.1),(3.5) and Lemma 2.1 we have

n

0 =/U {Z|(Va)(e¢,v,v)|2 +(n+4)|f()]?

M * =y
- 4<L’U, f(v)> - 2T(J(Uv U)v J(Uv U))

+ [E400,0) — Slotw ) + ziw(v,v),kﬁz”dv

2 i=1
- 2 nc 2
> /UM{Z|(VO')(€¢,U,U)| + Z|o(v,v)|
=1
(3.6) —n|f )| - 2T(a(v, v), o(v, U))} dv.
Assuming now that M is minimal, and putting b = %H in formula (9) of Lemma

2.4,we obtain

(3.7) /U |£(v)|*dv, < (1 + HLH + ”14) /UMP T(o(v,v),0(v,v)) dv, .

P

2
[o|

2p+n

0> /UM { §;|(W)<%”a”)|2

{nc n(l+ o + 55 +2
4 2p+n

By (3.6), (3.7) and the fact that T =

g we get

|a|2} : |U(v,v)|2} dv.

From this we immediately have

Theorem 3.1. Let M™ be a totally real minimal submanifold with T = k{,) in
CP™*r(c). If

| |2 ne(n + 2p)(n + 4)

(3.8) STt 4) +nn+ A2 tdn’
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then M must be totally geodesic.

Remark. Xia [X] gave a pinching constant % without the assumption: T' = k(, ).
When p > n(q;4) + % + 3(772_4) — &, our pinching constant is larger than Xia’s.

Remark. When the target manifold is the quaternionic space form QP"*?(c),
we have also a corresponding result, i.e., changing the factor n + 2p in (3.8) to
3n + 4p. So our result is better than that of [Shl] in case when p is large enough.

Remark. B. Y. Chen and K. Ogiue ([CO]) had proved that, for a submanifold
M of nonflat complex space form, M is curvature-invariant if and only if M is
holomorphic or totally real submanifold. So we can use Lemma 2.1 in the proof
of Theorem 3.1.

Acknowledgment. The authors would like to thank the referee for careful read-
ing of the manuscript and very helpful suggestions.
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