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ON NATURAL METRICS ON TANGENT BUNDLES
OF RIEMANNIAN MANIFOLDS

MOHAMED TAHAR KADAOUI ABBASSI AND MAATI SARIH

ABSTRACT. There is a class of metrics on the tangent bundle "M of a Rie-
mannian manifold (M, g) (oriented , or non-oriented, respectively), which are
‘naturally constructed’ from the base metric g [15]. We call them “g-natural
metrics” on T'M. To our knowledge, the geometric properties of these general
metrics have not been studied yet. In this paper, generalizing a process of
Musso-Tricerri (cf. [18]) of finding Riemannian metrics on TM from some
quadratic forms on OM x R™ to find metrics (not necessary Riemannian) on
TM, we prove that all g-natural metrics on 7'M can be obtained by Musso-
Tricerri’s generalized scheme. We calculate also the Levi-Civita connection
of Riemannian g-natural metrics on TM. As application, we sort out all
Riemannian g-natural metrics with the following properties, respectively: 1)
The fibers of TM are totally geodesic. 2) The geodesic flow on T'M is incom-
pressible. We shall limit ourselves to the non-oriented situation.

INTRODUCTION

Geometry of the tangent bundle T'M of an m-dimensional Riemannian manifold
(M, g) with Sasaki metric has been extensively studied since the 60’s. Nevertheless,
the rigidity of this metric (cf. [3], [18] and [22]) has incited some geometers to tackle
the problem of the construction and the study of other metrics on TM. The
Cheeger-Gromoll metric (cf. [8]) has appeared as a nicely fitted one to overcome
this rigidity, and has been, thus, studied by many authors (see [2], [3] and [22]).
Using the concept of naturality, O. Kowalski and M. Sekizawa [15] have given a
full classification of metrics which are ‘naturally constructed’ from a metric g on
the base M, supposing that M is oriented. Other presentations of the basic results
from [15] (involving also the non-oriented case and something more) can be found
in [13] or [17]. We call these metrics g-natural metrics on TM. To our knowledge,
the geometric properties of these general metrics on TM have not been studied
yet (see also [16]).
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In this paper, we deal with g-natural metrics on T'M in the case when the
orientation of M is not taken into account. In fact, in the non-oriented case we
only lose some special g-natural metrics over Riemannian manifolds of dimensions
2 and 3; in dimensions m > 3, the oriented case and the non-oriented case coincide.
In § 2, we sort out from g-natural metrics on TM (which may even be degenerate)
those which are regular and those which are Riemannian.

In § 3, we generalize, to the non Riemannian case, the process of construction
of Riemannian metrics on T'M from symmetric basic tensor fields of type (2,0) on
OM x R™, presented in [18] by E. Musso and F. Tricerri, where OM is the bundle
of orthonormal frames. We show then that all g-natural metrics can be obtained
by the generalized Musso-Tricerri’s process.

In § 4, we give explicit formulas of the Levi-Civita connection V of a g-natural
metric on T'M and we provide necessary and sufficient conditions on G to have
the fibers of T'M totally geodesic.

On the other hand, it is well known that with respect to Sasaki metric and
Cheeger-Gromoll metric on TM, the geodesic flow of TM is incompressible (cf.
[2] and [21]). In § 5, we give necessary and sufficient conditions on Riemannian
g-natural metrics which let the geodesic flow of TM incompressible. As a conse-
quence, it is particularly worth mentioning that some g-natural metrics present
a kind of rigidity related to the geodesic flow. For instance, Let R?® denote the
vector space of all g-natural metrics of the form G = a-g°+b-g" +c-g¥ (i.e., linear
combinations with constant coefficients of the three classical lifts ¢°, ¢" and ¢”
of g). Define C as the 2-dimensional cone in R?® characterized by the inequalities
a>0,c>0and b*—a(a+c) <0. Then C is just the subset of all Riemannian
metrics in R3. Now, we can prove that, for every G from C with b # 0, the geo-
desic flow on T'M is incompressible, with respect to G, if and only if (M, g) is an
Einstein space with vanishing scalar curvature.

Authors would like to thank Professor O. Kowalski for his valuable comments
on a preliminary version of this paper.

1. PRELIMINARIES

Let V be the Levi-Civita connection of g. Then the tangent space of T M at any
point (x,u) € TM splits into the horizontal and vertical subspaces with respect
to V:

If (x,u) € TM is given then, for any vector X € M, there exists a unique
vector X" € H ;) such that ps X" = X, where p : TM — M is the natural
projection. We call X" the horizontal lift of X to the point (z,u) € TM. The
vertical lift of a vector X € M, to (z,u) € TM is a vector X" € V(, ) such
that XV(df) = X f, for all functions f on M. Here we consider 1-forms df on
M as functions on TM (i.e. (df)(xz,u) = uf). Note that the map X — X" is
an isomorphism between the vector spaces M, and H(, ). Similarly, the map
X — X" is an isomorphism between the vector spaces M, and V(, ). Obviously,
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each tangent vector Z € (I'M)(3,4) can be written in the form Z=X"+Y",
where X, Y € M, are uniquely determined vectors.
If ¢ is a smooth function on M, then

(1.1) XMpop)=(Xp)op and X"(pop)=0
hold for every vector field X on M.

A system of local coordinates {(U;z*,i = 1,...,m)} in M induces on TM a
system of local coordinates {(p~(U); 2, uf,i =1,...,m)}. Let X =3, X*-2: be
the local expression in U of a vector field X on M. Then, the horizontal lift X"

and the vectical lift X of X are given, with respect to the induced coordinates,
by:

(1.2) Xh=>"x 8xl -y T kuJX
and
(1.3) XU=>3" X a,,

out

where (F;k) denote the Christoffel’s symbols of g.
Now, let r be the norm of a vector w. Then, for any function f of R to R, we
get

(1.4) Xy (F(r?) =0,

(1.5) Xl (F(?) = 2 (1) g2 (X, w),
and in particular, we have

(1.6) X{uy(r?) =0,

and

(1.7) X (o) (1) = 29, (Xp, u) .

Let X, Y and Z be any vector fields on M. If Fy is the function on T'M defined
by Fy(z,u) = g(Yy,w), for all (z,u) € TM, then we have

(1.8) Xy (Fy) = 02 (VXY ), u) = Fyyy(z,u),
(1.9) X (Fy) = 92(X,Y),

(1.10) Xl (9(Y, Z) o p) = X, (9(Y. 2)) |

(1.11) X (9(Y,Z)op) =0.

The formulas (1.4)—(1.9) follow from (1.1) and

(1.12) XMt == X*MT,, and X'u' =X,

and the relations (1.10) and (1.11) follow easily from (1.1).

Next, we shall introduce some notations which will be used describing vectors
getting from lifted vectors by basic operations on T'M. Let T be a tensor field of
type (1,8) on M. If )(17 )(27 ey Xs_1 € M"m then }L{T’()(l7 ey Uy 7Xs—1)}
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(resp.v{T(X1,...,u,...,Xs-1)}) is a horizontal (resp.vertical) vector at (x,u)
which is introduced by the formula

MT (X1, X)) =Y uM(T(Xy, ., (%)m, LX)

(resp. AT(X0 ey X)) = Y N (X (%)m, o ,Xs_l))”) .

In particular, if T is the identity tensor of type (1,1), then we obtain the geodesic

flow vector field at (z,u), z,u) = 2 uA(a%)?r «)» and the canonical vertical vec-
tor at (z,u), Uz = Zuk(a%)i(’m w)- Moreover PMT(Xq, oty eyt Xe1) }
and v{T'(X1,...,u,...,u,...,Xs_1)} are introduced by similar way. Also we make

the conventions h{T(X1,..., Xs 1)} = (T(X1,..., Xs—1))P and v{T(X1,..., Xs_1)} =
(T(X1,...,Xs-1))". Thus h{X} = X" and v{X} = X", for each vector field X
on M.

The bracket operation of vector fields on the tangent bundle is given by

(1.13) (X" Y M @y = [X, Y]y — 0{R(Xe, Ye)u},
(1.14) X" Y o) = (VXY )p) s
(1.15) (XY, Y] 4wy = 0,

for all vector fields X and Y on M, where R is the Riemannian curvature of g
defined by

R(X,Y)=[Vx,Vy] = Vixy]-
Finally, the following Koszul formula holds
9(VxY,2) = X(g(Y, 2)) + Y (9(2, X)) = Z(9(X,Y))

for all vector fields X, Y and Z on M.

Now, if we write pps : TM — M for the natural projection and F' for the natural
bundle with FM = p3,(T*@T*)M — M, Ff( Xz, 9:) = (Tf - Xo, (T*QT*) [ - gz)
for all manifolds M, local diffeomorphisms f of M, X, € T, M and g, € (T* ®
T*);M. The sections of the canonical projection FM — M are called F-metrics
in literature. So, if we denote by @ the fibered product of fibered manifolds, then
the F-metrics are mappings TM & TM & TM — R which are linear in the second
and the third argument.

As generalization of the notion of F-metrics, we can define the notion of F-
tensor fields of any type on a manifold. For (p, q) € N2, we write pps : TM — M for
the natural projection and F' for the natural bundle with FM = p},(T" ® --- @ T*

(1.16)

p—times
QTR QT)YM — M, Ff(X4,8:)=(Tf-Xp,( T*® - Q@T*QT®--QT)f-Sy)
g—times
for all manifolds M, local diffeomorphisms f of M, X, € T,M and S, € (T* ®
e RT*RT® - ®T),M. We call the sections of the canonical projection
FM — M F-tensor fields of type (p,q). So F-tensor fields are mappings A :
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TMSTM & - &TM — | | 5 @M, which are linear in the last ¢ summands
| —— ‘

g—times

such that mo o A = m, where m; and 7y are the natural projections of the source
and target fiber bundles of A respectively. For p = 0 and ¢ = 2, we obtain the
classical notion of F-metrics.

If we fix an F-metric § on M, then there are three distinguished constructions
of metrics on the tangent bundle "M, which are given as follows [15]:

(a) If we suppose that ¢ is symmetric, then the Sasaki lift §° of 0 is defined as
follows:

(XM YY) =0,

('/1:1/’1')
o (X7, YY) =0(u; X, Y),

L (XYM =0, 53

{ 08y (X Y1) = 0(u; X,Y), 6
for all X, Y € M,. If § is non degenerate and positive definite, then the same
holds for 6°.

(b) The horizontal lift 5" of § is a pseudo-Riemannian metric on TM which is

given by:
5£:r,u)(Xh,Yh) — 07 5hw’u)(Xh, Yv) _ 5(u’ )(7 Y) 7
5(I7u)(X717Yh) = 5(u,X, Y) , 5(x,u)(Xv7Yv) — 07

for all X, Y € M,. If § is positive definite, then 6° is of signature (m,m).
(¢) The vertical lift 6¥ of 0 is a degenerate metric on TM which is given by:

00y (X" YY) = 6(u; X,Y), 60, (X" Y) =0,
80y (XYM =0, 80y (X, V") =0,

for all X, Y € M,. The rank of §" is exactly that of §. If § = g is a Riemannian
metric on M, then the three lifts of § just constructed coincide with the three
well-known classical lifts of the metric g to T M.

2. NATURAL METRICS ON TANGENT BUNDLES

Now, we shall describe all first order natural operators D : S2T* ~~ (S2T*)T
transforming Riemannian metrics on manifolds into metrics on their tangent bun-
dles, where SiT* and S2T* denote the bundle functors of all Riemannian metrics
and all symmetric two-forms over m-manifolds respectively. For the concept of
naturality and related notions, see [13] for more details.

Let us call every section G : TM — (S2T*)TM a (possibly degenerate) metric.
Then we can assert:

Proposition 2.1 ([15]). There is a bijective correspondence between the triples of
natural F'-metrics (C1, (2, (3), where (1 and (3 are symmetric, and natural (possibly
degenerate) metrics G on the tangent bundles given by

G=G+G+¢.

Therefore, to find all first order natural operators S2T* ~» (S?T*)T transform-
ing Riemannian metrics on manifolds into metrics on their tangent bundles, it
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suffices to describe all natural F-metrics, i.e. natural operators SiT* ~ (T, F).
In this sense, we can state

Proposition 2.2 ([1]). All first order natural F-metrics ¢ in dimension m > 1
form a family parametrized by two arbitrary smooth functions ag, fo : [0,00) — R

in the following way: For every Riemannian manifold (M, g) and tangent vectors
u, X; Ye Mr

21 (g (X, Y) = aolg(u, w)g(X,Y) + Bo(g(u, u))g(u, X)g(u,Y).

If m =1, then the same assertion holds, but we can always choose 3y = 0.
In particular, all first order natural F-metrics are symmetric.

Definition 2.3. Let (M, g) be a Riemannian manifold. We shall call a metric G
on T'M which comes from g by a first order natural operator Sf_T* ~ (S2THT a
g-natural metric.

Thus, all g-natural metrics on the tangent bundle of a Riemannian manifold
(M, g) are completely determined by Propositions 2.1 and 2.2, as follows:

Corollary 2.4. Let (M, g) be a Riemannian manifold and G be a g-natural metric
on TM. Then there are functions a;, B; : [0,00) = R, i = 1,2,3, such that for
every u, X, Y € M,, we have

o) (X" Y") = (o1 + as)(r ) (XY

+(B1 + B5)(r*) 9o (X, u) g (Y, w)

(2.2) Glouy (XM YY) = a2(r?) 9o (X, Y) + B2(r?) 9o (X, u) g2 (Y, u)

Glau) (X, Y") = z(r?)g. (X, Y) + B2(r?)ga (X, u)go (Yo u),

G o) (X, YY) = a1 (r?)go (X, Y) + B1(r?) g2 (X, u)gu (Y, u)
where 12 = g, (u,u). For m =1, the same holds with 3; =0, i =1,2,3.
Remark 2.5. In [15], the last problem of classification of metrics on T'M, was
stated differently, i.e. the question was to find all second order natural trans-
formations of Riemannian metrics on manifolds to metrics on tangent bundles.

Nevertheless, by virtue of Proposition 18.19 in [13], the two problems are equiva-
lent.

Notations 2.6. In the sequel, we shall use the following notations:
o ¢i(t) = ai(t) +tBi(2),
. 0<( ) = al(t)(al +as3)(t) — a3(t),
o1 (

o(t) = ¢1(t)(d1 + ¢3)(t) — P3(1),
for all ¢ € [0, 00).

Now, similar arguments as in [4] enables us to specify regular (i.e. non degen-
erate) and Riemannian g-natural metrics as follows:

Proposition 2.7. The necessary and sufficient conditions for a g-natural metric
G on the tangent bundle of a Riemannian manifold (M, g) to be regular are that
the functions of Proposition 2.4, defining G, satisfy a(t) # 0 and ¢(t) # 0, for
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all t € [0,00). For m =1 the two conditions reduce to one, i.e. a(t) # 0, for all
t € 1]0,00).

Proof. Let z € M, u € M, \ {0,} and X; = %.u, where r = ||ul|.

For m = 1, the determinant of the matrix of G, ), with respect to the basis
{X, XV} of (TM) (4., is given by a(t).¢(t).

For m > 1, choosing vectors Xo, ..., X, of M, such that {X;, X5,..., X, } is an
orthonormal basis of (My, g, ), then the matrix of G, ., with respect to the basis
{XP,Xh, . Xh XY XS, X2} of (TM)(4), is given by Pp,(r?), where Py,
is the (2m, 2m)-matrix-valued real function

(p1 + ¢3)(1) 0---0 ba(t) 0---0
0 0
: (a +az)(t) - Imr 1 ao(t) Ln
23) Po(t) = 0 0
23) Pnlt)= P2(t) 0---0 P1(t) 0---0 ;
0 0
. Oég(t) Tt (6%} (t) o et
0 0

I,,—1 being the identity matrix of GL(m), and we can prove by induction on m
that the determinant of the last matrix is equal to ¢(t) - @™~ 1(¢).

On the other hand, if v = 0 then the determinant of the matrix of G, o)
with respect to any basis { X2, X2 ... Xk XV X¥ ... XV} of (T'M)(z,u), where
{X1,Xs,..., X} is any orthonormal basis of (M, g;), is given by o™ (0) = ¢(0) -
a™~1(0). Now the result follows easily. O

Similarly, we can prove the following:

Proposition 2.8 ([5]). The necessary and sufficient conditions for a g-natural
metric G on the tangent bundle of a Riemannian manifold (M, g) to be Riemannian
are that the functions of Proposition 2.4, defining G, satisfy the inequalities

(24) O[l(t)>0, ¢1(t)>05

' alt) >0,  ¢(t)>0,
for allt € [0,00). Form =1 the system reduces to a1(t) > 0 and a(t) > 0, for all
t €10,00).

Important conventions:

1) In the sequel, when we consider an arbitrary Riemannian g-natural metric G
on T'M, we implicitly suppose that it is defined by the functions «;, f3; : [0, 00) —
R, i =1,2,3, given in Corollary 2.4 and satisfying (2.4).

2) Unless otherwise stated, all real functions «;, 0;, ¢i, a and ¢ and their
derivatives are evaluated at r2 := g, (u, u).
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3. g-NATURAL METRICS BY THE SCHEME OF MUSSO-TRICERRI

Considering TM as a vector bundle associated with the bundle of orthonor-
mal frames OM, E. Musso and F. Tricerri have constructed an interesting class
of Riemannian natural metrics on TM [18]. This construction is not a classifica-
tion per se, but it is a construction process of Riemannian metrics on T'M from
symmetric, positive semi-definite tensor fields @ of type (2,0) and rank 2m on
OM x R™, which are basic for the natural submersion ® : OM x R™ — TM,
B(v,e) = (x,>, "), for v = (w;01,...,0,) € OM and € = (e},...,e™) € R™.
Recall that @ is basic means that @ is O(m)-invariant and Q(X,Y) = 0, if X is
tangent to a fiber of ®.

Given such a @, there is a unique Riemannian metric G on TM such that
®*(G?) = Q. This metric is determined by the formula
(31) ch,u) (X7 Y) = Q(v,e) (X/a Y/) ’
where (v,¢) belongs to the fiber ®~!(z,u), X, Y are elements of (TM)(gu), X',
Y’ are tangent vectors to OM x R™ at (v,¢) with d®(X’) = X and d®(Y') =Y.

Now, we can check that this process can be generalized to construct also metrics
on TM which are not necessarily Riemannian (even degenerate ones). Precisely,
we have:

Proposition 3.1. Let Q be a symmetric tensor field of type (2,0) on OM x R™,
which is basic for the natural submersion ® : OM x R™ — T M. Then there is a
unique metric G on TM such that ®*(GP) = Q. It is given by (3.1).
Furthermore, we have:

1. The rank of G? is equal to that of Q.
2. G9 is Riemannian if and only if Q is positive semi-definite of rank 2m.

Remark that the rank of @ is less than or equal to 2m, since @ is basic, and
that the second assertion of the previous proposition corresponds exactly to the
original process of E. Musso and F. Tricerri given in [18]. Note also that such a
generalization is possible due to the fact that the process of identification of 7'M
as an associated bundle is natural.

Let (e1,...,em) be an orthonormal frame field defined on an open set U C
M, and let (x!,...,2™) be a local coordinate system on U. We define a local
coordinate system (z!,... 2™ u',...,u™) on p~1(U) as follows:

a2t (z,u) = 2'(x), u'(z,u) = ', (x,u) € p ' (U), where u= Zuiei(x).
We denote with T the local 1-forms defined by
Vxei = ZF{(X)GJ' .
J

Let ¢’ be the 1-forms on p~!(U) defined by e’(ex) = d%, and

Du' = du’ + Zujp*(Fg) .
J
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Then (ef,... el eV, ... e
given by

(3.2) prel,. .., pe™, Dul,..., Du™.

) is a frame field on p~!(U), whose dual coframe is

Let @ = (0',...,0™) denote the canonical 1-form on OM, and let 7 denote the
natural projection OM = M. Then

dry(X) = Zai(X)vi, v=(T;01,. .., 0m).

If we denote with w = (w}) the so(m)-valued differential form defined by the
Levi-Civita connection of g, then we find that

0, i=1,....m;w;, 1<i<j<m;de',i=1,...,m,

is an absolute parallelism on OM x R™. Note that we use here (and in the sequel)
the abuse of notation § = 7{6, where m; : OM x R™ — OM is the natural first
projection. We put
De' =de' + ) elwl.
J
On the other hand, we have [18]:

Lemma 3.2. Any basic symmetric quadratic form QQ on OM x R™ is a second
order polynomial in 6° and De® whose coefficients yield Q invariant under the
O(m)-action.

As an application of Proposition 3.1, we consider the two following symmetric
quadratic forms on OM x R™,

Q"=> 0'De’ and Q"= (0')?,

K3
which are basic by Lemma 3.2. They give rise, via the scheme of Proposition
3.1, to the classical lifts g" and g¢?, respectively. It is clear that Q", as ¢", is of
signature (m,m), and that Qv is degenerate of rank m as the metric g*.
Generally, we can assert the following:

Proposition 3.3. Every g-natural metric on the tangent bundle TM of a Rie-
mannian manifold (M, g) can be constructed by the Musso-Tricerri’s generalized
scheme, given by Proposition 3.1.

Proof. Let G be a g-natural metric on the tangent bundle 7'M of a Riemannian
manifold (M, g). With respect to the coframe (3.2), G can be written as follows:

G = (a1 +0a3)(r®) X2, (p*e’)? + (B1 + B3) (r*) (32, w' (p*e))
(3.3) +an(r?) oy (Du')? + B1 (r?) (3, ' Du')® o
Faz(r?) 32, (pre") Du' + Ba(r?) (3, ' (p*e’)) (32, u' Du')

where r? = Y, (u")? and «;, 3;, i = 1,2, 3, are functions from [0, co) to R.



80 M. T. K. ABBASSI, M. SARIH

Consider the symmetric tensor field @ of type (2,0) on OM x R™
Q = (o1 +a3)(r®) 32,07 + (B + B) (r*) (32, £0°)
(34) +ai(r?) 32,(De")? + Bu(r?) (32, €' De')?
+as(r?) 32, 0°De’ + Ba(r®) (32, €'0°) (32, €' De')
where r? =" (%)2. It is easy to see [18] that:
Ry(0) =%, (a" )60
RZ(“’;) Zk (a” )sz aé J
R;(De’) = 32 ;(a™");De?
for all @ € O(m), where R, is the natural translation by a. Then @ is O(m)-
invariant.
On the other hand, @ is basic by Lemma 3.2. Therefore, by virtue of Proposition

3.1, @ induces a unique metric on T M. Furthermore, we claim that @ induces G.
Indeed, if we denote by ®;; the O(m)-valued function on 7= 1(U) given by

(@0)j(v) = g(ei(n(v)),vy),
then the forms w;- are related to the local 1-forms Fi- as follows
(3.5) wh =Y (@5)id(@u)k + Z )i T (v
k
We can also check easily that
(3.6) *(u') = (Pu)ie’
J

Using formulas (3.5) and (3.6) and the following commutative diagram:

OM xR™ 2~ 1)

we get

(3.7) *(pre’) = > (Pu)it7,

and

(3.8) *(Dv') = (Py)jDe’ .

J
Note that formula (4.10) in [18] should read our formula (3.7), i.e. ®*(p*e) instead
of p*et. Since @y is O(m)-valued, we have by virtue of formulas (3.3), (3.4), (3.6)—
(3.8) and the O(m)-invariance of @, the identity @} (G) = Q. O
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4. THE LEVI-CIVITA CONNECTION OF (T'M,G)

In this section, we shall calculate the Levi-Civita connection of a Riemannian
g-natural metric G on the tangent bundle of a Riemannian manifold (M, g). We
can assert the following:

Proposition 4.1. Let (M,g) be a Riemannian manifold, V its Levi-Civita con-

nection and R its curvature tensor. Let G be a Riemannian g-natural metric on
TM. Then the Levi-Civita connection V of (TM,G) is characterized by

(i) (VxrY") @) = (VXY)(, ) + A Xa, Yo) } + 0{B(u; X, o)}
(ii) (VxrY?) @) = (VxY), o + 8{O(u; Xo, Ya) } +0{D(u; Xy, Ya) }
(i) (VxoY")(au) = H{C(w; Ve, Xo)} + 0{D(w; Yz, X)}
(iv) (VoY) (@) = M{E(u; X0, Ya)} + 0{ F(u; X, Y2) }

for all vector fields X, Y on M and (z,u) € TM, where A, B, C, D, E and F
are the F-tensor fields of type (2,1) on M defined, for allu, X, Y € M,, x € M,
by:

A(u; X,Y) = =222 [R(X,u)Y + R(Y, u) X]
+ 2B (g, (Y, u) X + g, (X, u)Y]
+ aglazlai(¢1(Br + B3) — ¢202) + az(Braz
= B201)]ge (R(X, w)Y, u) + dacr(ar + a3)' g(X,Y)
+ [ (B1 + B3) + (B1 + Bs)[az(p282 — ¢1(61 + B3))
+ (a1 + az)(1f2 — a21)]]g (X, u) g (Y, u) bu,

B(u; X,Y) = 2 R(X,u)Y — 2laites) px vy,
— Lt a BB g, (Y, u) X + 9o (X, u)Y]
+ ag{as[as(d2fe — ¢1(B1 + B3)) + (a1 + az)(Been
= Brae)]ge (R(X, u)Y, u) — a(é1 + d3)(a1 + a3)' go(X,Y)
+ [—a(é1 + ¢3) (61 + B3)'
+ (81 + B3)[(a1 + a3)[(¢1 + ¢3) 81 — d22]
+ asloa(B1 + B3) — (a1 + a3)B2]]ge (X, u)ga (Y, u) }u,
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Clu; X,Y) = —SLR(Y,u) X — 2@itba) g (X u)Y
+ Lo (a1 + a3) — as(ah )]gm(y u) X
+ H {5 laa(aaBr — a1Bo) + aa (6151 + o)
— $22)]gx (R(X, )Y, u) + o[ G (B1 + Bs) + ¢a(ah — 2)]g-(X,Y)
+ [ad1(B1 + Bs)" + o2 (0 B2 — aaB1)
+ a1(p2fP2 — (81 + B3)o1)][(1 + as) + %]
+ [ (B1(@1 + ¢3) — Baa) + a1 (Ba(ar + az)
— aa(Br + B3)] (0 — )] ga (X, u) g (V, ) }u,

D(w; X,Y) = L{o2 g(y, u) X — @2Biths) g (X u)y
+ [—as(ar + az) + (a1 + as)(ah — 2)]g. (Y, u) X}
+ oﬁ{%[(al + az)(a1f2 — )
+ az(d262 — $1(51 + B3))] g (R(X, )Y, u)
—a[L2(B1+ B3) + (61 + ¢3)(ah — %)]gm()ﬁ Y)
+ [ag2 (81 + B3) + [(a1 + az)(azfr — a1 f2)
+ a2 (d1(B1 + Bs) — $2B2)][(e1 + az) + 2rEP2]
+ [(a1 + a3)(Bapa — B1(d1 + ¢3)) + a2(B2(a1 + a3)
— (B + B3)](ay — )] gu (X, u) g (Y, ) }u,

E(u; X,Y) = Lon(ah + 3) — a20]][g: (Y, u) X + g2(X,u)Y]
+ aglaleifz — ¢2(81 — a1)ga(X,Y)
+ [a(2¢1 85 — $231) + 20 (a1 (a2 (81 + B3)
— P2 + az)) + ao(Bi(¢1 + ¢3) — Badh2)]
+ (20, + B2) [ (202 — ¢1(B1 + B3))
+ az(a1 B2 — a261)]]g2(X, u) g (Y, u) bu,

F(u; X,Y) = L[—aa(ah + ) + (a1 + a3)ai][g2 (Y, u) X + go(X, u)Y]
+ aglal(d1 +¢3)(B1 — o)) — 2029, (X, Y)
+ [al(f1 + ¢3)8; — 2¢2/35) + 20/ [aa(B2(a1 + a3)
—az(B1+ B3)) + (o1 + az)(Bad2 — Bi(P1 + ¢3))]
+ (20 + Ba)[ca(d1(B1 + B3) — $2/62)
+ (o1 + az)(a2fr — a182)]]g (X, u)ga (Y, u) bu.

For m =1 the same holds with 3; =0, 1=1,2,3.
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Proof. At first, we can easily check the following formulas which relate the metric
G to the base metric g. Let X and Y be vector fields on M and (z,u) € TM,
then, according to (2.2), we have

(4.1) 9 (X, u) = G(%u)(Xh,h{u}),

1
o1+ @3

(4.2)  g(X,Y) = {G oy (X" Y™) = (B1 + B3)92(Xo, w)ga (Yo, )}

a1 + ag

and similarly, with respect to vertical lifts, we have

1
EG(ZE,U) (XU, U{U’}) 5

(44)  ga(XY) = ail{a<m,u><xv,yv> — B102(Xa, ) gs (Yo, u)}

Using Koszul formula (1.16), and then (1.4), (1.8), (1.10) and (1.13), we can write
for each vector field Z on M,

2G(r,u) (thYh, Zh) = 2G(fc,u)((vXY)hv Zh) - 20[2935 (R(X:ra U)Ywa Z:r) )

(43)  go(X,u) =

and by virtue of (4.1) and (4.2), we have
2G({E,u) (?X’Lyhv Zh) = 2G(m,u)(h'{T11}7 z" (Z‘, u)) )

where T7; is given by

B1+ B3
—|—a3{ R(Xz,uw)Y, —|—¢ +¢3

By similar way, using Koszul formula (1.16), and then (1.4), (1.5), (1.8)-(1.10),
(1.13), (1.14), (4.3) and (4.4), we can write for each vector field Z on M,

2G (o) (Vxn Y, ZY) = 2G 0y (v{T12}, Z° (2, 1)),

where 175 is given by

(4.5) T11 =(VxY), + 9o (R( Xz, )Yy, u)u} .

%[Qz(n, W) Xy + g2 (Xa, u)Yz]}

1
T12 = —{OéQ(VXY)T —
aq

LR v+ %{(52 =02 g (VXY )y )
1 (€51

(4.6) 2
_ (al +C¥3)/ggg(ng,Ym) + [61(6;7:_63)

Similar formulas can be obtained using the same formulas and some formulas
from § 1, i.e.

2G (4,0) (Vxo Y, Z") = 2G (o (M{T21 }, Z"(w,0)) ,
2G (50 (Vxo Y™, Z27) = 2G 0y (v{T22}, Z° (x’u))v
2G(M)(VXUY Z") = 26 z,u)( )

(Vxo Y, 2% =2G w,U)(U{T32} Z°(w,u)),

w,u)
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where T51, Tos, T31 and T3 are given by
Ty = m{(al + CVB)/Q:E(XM U)Ym + 51-553 gm(Yw; U)X:z
— %R(Xw, U)Ym + m{a1(61 + 63)930 (R(Xm, U)Yw, u)

4.7
o + (a1 + a3)(B1 + 03)92(Xe, Ya) + [2(a1 + a3) (B + 3)
— (2(1 + a3) 4+ (81 + B3))(Br + B3)]9a (X u) g (Ve w) Ju}
(4.8) Thy = 2= (a = B)[g2(Xo, )Y — G gy (X¥, Y")u],
T = al—}rag{(aé + %)[Qm(yma ) Xy + g2 ( Xz, u) Vi)

(4.9) + g Pe (1 + a3)g2(Xa, Vo) + (2(ar + a3) 55
- (51 + 63)(52 + 2a/2))gw (X:r; u)gw (Yma u)]u} )

Ty = {0190 (Y, ) X + 00 (Xayw)Ya] + s (81

= 04)90(Xa, Ya) + (18] — 201 81) 90 (Xa, u)go (Yo, w)]u} -
If we put Q1 = V1Y Qo = VxoY" and Q3 = VxoY?, then we can write
Qi =h{Tin}+v{T}+h{A}+0v{B;}; i=1,2,3.

From the equalities

(4.10)

(4.11) Gau)(Qi, 2" (2, w)) = Gou) (M{Tin}, 2w, w)),
(4.12) Glaw) (@i Z°(z,u)) = Gou (v{Ti2}, 2°(z,u)),
we obtain the following identities
(4.13) (a1 + a3)A; + aaB; = —aTia — [(B1 + F3) 9z (As, u)
+ Ba(gx(Bi, u) + gz (Tiz, w))u,
(4.14) @ A; + a1 B = —a2Tin — [B2(92(Ai, u) + g2(Tin, w))

+ Br19x(Bi, u)lu.
Letting Z,, = u into the equations (4.11) and (4.12), we obtain
(91 + ¢3)92(Ai, u) + 0292(Bi, u) = —¢2ga(Tiz, u)
G292 (Aisu) + ¢19:(Biy u) = —¢2g.(Tin, u) .

Consequently, we can write

(415) g:r(Azau) = %[¢2gm(nlau) - ¢lgx(ﬂ2au)];
(416) gm(Biﬂ u) = %[_((bl + ¢3)gw(Ti1; u) + ¢29x(Ti2a u)] .

Substituting from (4.15)—(4.16) into (4.11) and (4.12), we obtain
{(041 +a3)A; + a2B; = Dj1

4.1
(4.17) agA; +a1B; =Dy .
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where D;; and D;o are given by

az(B1 + f3) — Ba(a1 + a3)

Dj = —agTio — 3 [29:(Ti1,w) — P192(Tiz, u)lu,
a1 — fra
Dig = —aoTi1 — %[(% + ¢3)92(Ti1, u) — ¢p29:(Tiz, u)]u.
The resolution of the system (4.17) gives by routine calculations the result. |

Remark 4.2. Note that when we take into account the orientation of M, general
formulas of g-natural metrics on TM become larger (precisely for the dimensions
2 and 3 of M), as given explicitly in [15]. This yields very complicated formu-
las calculating the Levi-Civita connection of an arbitrary Riemannian g-natural
metric. This question has been treated in detail in [4].

Now, among all Riemannian g-natural metrics on T'M, we shall specify those
with respect to which all the fibers of T'M are totally geodesic.

Theorem 4.3. Let (M, g) be a Riemannian manifold and G be a Riemannian g-
natural metric on TM. The fibers of (TM,G) are totally geodesic if and only if
there is a real constant ¢ such that

]

(65) (t)
Pa(t) =

(t-aq(t) + ar(t)),
(B2(t) — i (1)),

(4.18) W

7

¢1(t
for allt e RT.

Note that ¢ = 0, in the system (4.18), corresponds to the case when horizontal
and vertical distributions are orthogonal.
Proof. Remark first that the fibers of (T'M, G) are totally geodesic if and only if
Vxo X" is vertical, for all X € X(M) (cf. [6], p.47). Hence, by virtue of Proposition
4.1, the fibers of (T'M, G) are totally geodesic if and only if E(u; X, X) = 0, for all
X € X(M). Since FE is symmetric and linear in the second and third arguments,
the last assertion is equivalent to E(u;u,u) = 0 and E(u; X, X) = 0, for all
uweTM and X Lu.

But, if X Lu then we have by virtue of Proposition 4.1,

- %(m — 6a(B1 — a})) - ga(X, X) -

Hence, E(u; X, X) =0, for all u € TM and X Lu, is equivalent to

E(u; X, X)

(4.19) $1082 = d2(B1 — o),

on R and by continuity on R*.
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On the other hand, we have for all u € T M,
B(u;u,u) = S{¢182 — d2(B1 — o) + L{20[on (0 + 2) — az0]]
+ 20185 — 23] - r* + 2a - r*[ar(az(Br + B3) — Ba(on + as3))
+ az(B1(p1 + ¢3) — Baga)] + (20 + Ba2) - {1 (282 — ¢1(B1 + B3))
+ az(a1 B2 — az81)]} Hu
= 2 {¢18s — 62(B1 — o) + L{a[261 85 — ¢a37] - 1
+ 20 [aa(=¢ + a1 (B + B3) - 177 + (¢1 + ¢3)B1 - 77 — da B2 - 17)
— a4 a3)B2 - 7] + (204 + B2)[cr (¢ + (d252
— ¢1(B1+ B3)) - 1%) + az(on B2 — afr) - P},
where 12 = g(u,u). But
az(—¢+ o1 (B + Bs) - r* 4+ (¢1+ ¢3)B1 -1 — ¢z - 17) — car(an + az) P - 1
= as[(¢3 — daf - 12) + ((¢1 + ¢3)51 - 17 — d1(d1 + ¢3)) + 1 (B1 + B3) - 7]
—ai(ar +az)fs - r’
aglpoay — ar(¢1 + ¢3) + r (B + B3) - %] — ar (o + ag) Bz - 7
= qaa02 — o (on + )] — o (o + a3)Ba - 1
= ab¢y — ar(ar + as)(az + B2 - 17)
=—a-¢g.
By similar way, we find that
a1 (¢ + (2B — d1(B1 + B3)) - 72) + a1 fa — anfh) -1 = a - ¢y,
so that, we obtain
B(u;u,u) = S{d162 — ¢2(B1 — o) + (2018} — 628 - 1°
— 2¢p0) + ¢1(204 + f2) }u
= Z{201(B2 + ob + 85 - 12) — $a(B + of + 8] - 1))}

r2
= 5{2%% — ¢2¢) }u.

Hence, E(u;u,u) = 0, for all w € TM, if and only if 2¢1¢5 — ¢od) = 0 on RT*,
and by continuity on R*.
We deduce that the fibers of (T'M, G) are totally geodesic if and only if

$182 = d2(B1 — ay),
20105 = g2 ,
on R*. Now, (4.20), is equivalent to

(4.21) ag(t) = P2(t) =0 whenever ¢2(t) =0,
' #3/¢1 is constant on each interval where ¢2(t) #0 everywhere.

(4.20)
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Denote by J the complement of (;52_1(0) in R*. J is an open subset of RT. We
claim that, in the conditions of (4.21), either J = @ or J = R*. If not, there
is 0 < a < b such that Ja,b[ C J (since J is open) and a ¢ J. Then there is a
constant d > 0 such that ¢; = d-¢3 on |a,b[. When ¢t — a, we have by continuity
of ¢1 and ¢o, ¢1(a) = d - ¢3(a). Since a & J, then ¢;(a) = 0, which contradicts
the fact that G is Riemannian (Proposition 2.8). We deduce that either J = ) or
J = R*. Hence, (4.21) is equivalent to

either s =03 =0 on RT,
or ¢3/p1 is constant on RT

or equivalently,

(4.22) $3/é1 is a constant on RT.
Hence (4.20) holds if and only if

$182 = ¢2(B1 — o),
4.23
( ) { 2 =c- \/aa

on RT, where c is a constant, or equivalently,

B2 = ﬁ(ﬁl _0/1)5
(4.24) {a2:¢2_t.52:ﬁ(t.o/l+a1),

on RT. This completes the proof. [l

Remark 4.4. As other applications of Proposition 4.1, we can check the following
assertions:

1) Let (M,g) be a Riemannian manifold and G be a Riemannian g-natural
metric on T'M. Then M, considered as an embedded submanifold of T'M by the
zero section, is always totally geodesic.

2) Among all Riemannian g-natural metrics on the tangent bundle TM of a
Riemannian manifold (M, g), the only ones with respect to which the vertical lift
preserves the parallelism of vector fields on M are those which belong to the 2-
dimensional cone C = {a.g® + b.g" + c.g”, ¢ > 0,a > 0,b*> — c(a + ¢) < 0} in the
3-dimensional real vector space generated by the three classical lifts g°, ¢" and gV
of g.

Note that with respect to any element of C, the horizontal lift also preserves
the parallelism of vector fields on M.

5. THE GEODESIC FLOW IN T'M AND INCOMPRESSIBILITY

Let (M, g) be a Riemannian manifold, and G be a Riemannian g-natural metric
on T'M. In this section, we study the situations when the geodesic flow in T'M is
incompressible with respect to G.

Let {(U;2',i =1,...,m)} be alocal coordinate system in M and {(p~1(U); 2,
u,i=1,...,m)} the induced local coordinate system in TM. Let {I‘fj;i,j, k=
1,...,m} and {T'¥;;1,J,K = 1,...,2m} be the Riemann-Christoffel symbols of
(M, g) and (TM,G) respectively. If T is an F-tensor field on M of type (2,1),
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then we denote by T(u)fj (1 < 4,5 < m) the components of the (2,1)-tensor
on M, determined by the bilinear mapping T'(u; ., .) : My x M, — M,, ie.
T(u)f; = da® [T (u; ai“ 527)]; (1 < 4,5 < m). Now, the expressions of the identities
of Proposmon 4.1 in local coordinates yield the following:

Lemma 5.1. The Riemann-Christoffel symbols of (TM,G) are given by

fl:n+im+j(u) = E(U)fj )
Bt () = Py — T, () B}
fferj (u) = Fz)\u(x)rm+>\m+J (u)ut + C( )” )
Bt () = D@D (o) + T ) — T, (2) )y
) = Dhy@) + Ay + T @), ()
T (@), — T (2 (@), (00
By () = ~T%, (@) @ — T ()% (@ — T, () A
+ B + 22 o) + T (L (e
I @D () — T, () (@ FE, (.

forallz € U and u € p~'(x).

Note that we have been using, and we will be, the so-called Einstein’s summa-
tion. Now, our main result in this section is:

Theorem 5.2. Let (M, g) be a Riemannian manifold and G be a g-natural metric
on the tangent bundle T M. Then the geodesic flow of (M, g) is incompressible with
respect to G if and only if the following conditions are satisfied:
(i) ¢1 + ¢3 is constant on each interval where ag = 0 and B2 # 0 everywhere;
(i) Ricy(u,u) = 0(r?)g,(u,u) whenever as(r?) # 0;
where 0 is the function defined from R* \ [(a2)~1(0)] to R by

2¢rcx
Q¢

(5.1) 0= ail{(m— (81 + ) + 222 (61 + da)'},

r?2 = g, (u,u) and Ric is the Ricci tensor field on (M, g).

Proof. Let £ be the geodesic flow vector of (M, g). It is a vector field on T M
which is locally expressed as & = u?, ™t = —I‘fjujuk. We shall compute the
divergence of £, divgé, relatively to the metric G on T M. By the definition of the
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divergence, we have
. et gem+i _
(dived) @) = 35 + B +T1,¢7

_ i Si o mmed N, § (e
=—2-T% + (I + T )u’ — Ty

o e
+ T i )Ty
= [Fﬁj + A(u);l + Féﬂf;‘”fim‘_}\m“u“u” + I‘ﬁ“C(u);lu“

+1t 17 T i u” + I‘éﬂC’(u)ﬁlu“ -l T ot u”

[ 1% pu Juv
l m-+i o i i Up1,,J
+ 15, 0wt + T FZMC(u)ﬂu Ju

- [Péurilf‘in+lm+jukuluu + F?clc(u)éjukul + Filfﬁiimﬂukul]
=—2-Tu + 2T} + A(u)j;] - o’

89

so that (divg&)(s,) is the trace of the endomorphism of M, given by X —

A(u;u, X). But
Alusu, X) = L{—2102 R(X, uju + 2200 g (4, u) X + L{po2llrtbe)
+ poa(ar + az) + age(Br + B3) - 17 + (B1 + Bs) - P az(d23
= $1(B1 + B3)) + (1 + a3) (9182 — ¢201)]}92(X, w)u},
so that

Aw)yy = 3= B2 Ryt ul - S22 o gealOpe)

+ oa(ar + as) + ada(Br + B3) - r* + (B + B3) - r°[aa(pa B
— ¢1(B1+ B3)) + (a1 + a3)(d152 — P 31)]}r%}

{2 Ryl (m - 1) - 205 12 4 2 (aaf(an + )
+ (B1+ B3) 1]+ a2(B1 + B3)[d + d2B2 - 17 — 1 (Br + B3) 17
— (a1 +a3)Br - 7°] + ar(ar + a3)B2(Br + Bs) - 771}

= L{—@0 puul 4 (m 1) 220t 2y %‘{@@[(Oﬂ + az)’
+ (B + B) 1] + a2 (B1 + B3)[on (a1 + as) — azes]
+ a1 (a1 + a3)B2(B1 + B3) - r*}}

= L{—m2 Rydul + (m — 1) - 208 02 4 S goal(a + ag)’

+ (81 + Bs)" -’ + aran + as)(By + Bs)¢2 — a3¢2(Br + B3)}}
= —%Rjkuju,k + {(m — 1) . az(%l;ﬂs) + ¢2(¢1¢+¢3)/} 2 ,

where R;j, denote the components of the Ricci tensor field on M. We deduce then

that

(5.2)  (divad)(z,u)

=— a2132 Ricy (u,u) + {

P2(p1 + ¢3)’ n (m — 1oz (B + B3)

5 %0 19 (u,u) .
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Now, (divg€) = 0 if and only if

B%JQ (1 + ¢53)’(7‘2) =0 if 042(7‘2) —0,
Ricy (u,u) = 0(r?)ge(u,u) if ag(r?) #0,

or equivalently,

(14 ¢3)'(r*) =0 if ax(r?) =0, Ba(r?)#0 and r#£0,
Ricy (u,u) = 0(r?)ge (u,u) if az(r?) #0.

Using the continuity of (¢1 + ¢3)’ at 0, the last system is equivalent to

(1 +¢3)" =0 whenever a2 =0 and (2 #0,
Ricy (u,u) = 0(r?)gs(u,u) if ao(r?) #0.
|

Corollary 5.3. Let (M, g) be a Riemannian manifold and G be a g-natural met-
ric on the tangent bundle T M, with respect to which horizontal and vertical dis-
tributions are orthogonal. Then the geodesic flow of (M, g) is incompressible with
respect to G.

Proof. According to (2.2), the orthogonality of the horizontal and vertical distri-
butions is equivalent to the vanishing of the functions ay and (3, identically. Since
the conditions () and (i¢) of Proposition 5.2 deal with values where (3 and as
don’t vanish respectively, then they are automatically satisfied. This completes
the proof. O

Corollary 5.4. Let (M, g) be a Riemannian manifold and G be a g-natural metric
on the tangent bundle TM, such that In = R* \ [(a2)~1(0)] is dense in RT. Then
the geodesic flow of (M, g) is incompressible with respect to G if and only if the
function 0 of Theorem 5.2 is a constant 6y on Iy and (M, g) is an Einstein manifold
with Ric = Oyg.

Proof. Fix x € M, tg € Ip \ {0} and ug € M, such that g, (ug,ug) = to. Suppose
that £ is incompressible with respect to G. Then from Theorem 5.2,

Ric, (Aug, Mug) = 0(N\>to) gz (Mg, Mug)

for all A such that \?tq € Iy. By virtue of bilinearity of Ric, and g, we see that
0(t) = 0(tp) =: by, for all ¢t € Iy. Furthermore,

(5.3) Ricy (tug, tug) = Oogz (tuo, tug) ,

for all t € Ip. Since Iy is dense in RT, then by continuity, (5.3) is valid for all
t € R. Now, x and ug being arbitrary and since 6 depends only on the norms of
vectors under consideration, Ricy(u,u) = 0pgz(u,u), for all (x,u) € TM. Using
once again the bilinearity and the symmetry of Ric, and g,, we have Ric = 6yg.
Conversely, if 6 is a constant 6y on Iy and Ric = fyg, then we have, by (5.2),
(dive)(z,u) = 0, for all (x, u) such that g, (u,u) € Io. Fix to and ug as before. Then
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(dive) (2, 3u0) = 0, for all X such that A%t € Io. Since {(z, Mug)/A?tg € Ip} is dense
in {(x, Mug)/X € R}, the continuity of divg implies that (divg)(z,au,) = 0, for all
A € R. gy and 2 being arbitrary, we have (divg)(z,.) = 0, for all (z,u) € TM.

O

Remark 5.5. If I = R* \ [(a2)7%(0)] is dense in R* and 6 is constant on I,
then Corollary 5.4 shows that the metric G presents a certain kind of rigidity. For
example, if we consider G Riemannian such that

(a) a1, as and B; + (B3 are constant on R¥;
(b) ag doesn’t vanish on RT, except may be at isolated points of RT |

then 8 = 0 on Iy. It follows from Corollary 5.4 that the geodesic flow of (M, g)
is incompressible with respect to G if and only if (M, g) is an Einstein manifold
with vanishing scalar curvature.

As examples of such Riemannian g-natural metrics G, we mention:

e the elements G =a-g°+b-g" 4+ c- g¥ of C, such that b # 0;
e G=a-g°+ay-g"+c- g, where as = y/a(a+c) -sinop on RT, p being
any function on R* and a,a + ¢ > 0.

REFERENCES

[1] Abbassi, K. M. T., Note on the classification Theorems of g-natural metrics on the tangent
bundle of a Riemannian manifold (M, g), Comment. Math. Univ. Carolin. 45 4 (2004),
591-596.

[2] Abbassi, K. M. T. and Sarih, M., On the differential geometry of the tangent and the tangent
sphere bundles with Cheeger-Gromoll metric, preprint.

[3] Abbassi, K. M. T. and Sarih, M., Killing vector fields on tangent bundles with Cheeger-
Gromoll metric, Tsukuba J. Math. 27 (2) (2003), 295-306.

[4] Abbassi, K. M. T. and Sarih, M., The Levi- Civita connection of Riemannian natural metrics
on the tangent bundle of an oriented Riemannian manifold, preprint.

[5] Abbassi, K. M. T. and Sarih, M., On Riemannian g-natural metrics of the form a-g°+b-
g+ c- g on the tangent bundle of a Riemannian manifold (M, g), to appear in Mediter.
J. Math.

(6] Besse, A. L., Manifolds all of whose geodesics are closed, Ergeb. Math. (93), Springer-Verlag,

Berlin, Heidelberg, New York 1978.

Borisenko, A. A. and Yampol'skii, A. L., Riemannian geometry of fiber bundles, Russian

Math. Surveys 46 (6) (1991), 55-106.

Cheeger, J. and Gromoll, D., On the structure of complete manifolds of nonnegative curva-

ture, Ann. of Math. (2) 96 (1972), 413-443.

[9] Dombrowski, P., On the geometry of the tangent bundle, J. Reine Angew. Math. 210 (1962),
73-82.
[10] Epstein, D. B. A., Natural tensors on Riemannian manifolds, J. Differential Geom. 10
(1975), 631-645.
[11] Epstein, D. B. A. and Thurston, W. P., Transformation groups and natural bundles, Proc.
London Math. Soc. 38 (1979), 219-236.

[12] Kobayashi, S. and Nomizu, K., Foundations of differential geometry, Intersci. Pub. New
York (I, 1963 and II, 1967).

7

8



92
[13]
[14]

(15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
27]

(28]

M. T. K. ABBASSI, M. SARIH

KolaF, I., Michor, P. W. and Slovék, J., Natural operations in differential geometry,
Springer-Verlag, Berlin 1993.

Kowalski, O., Curvature of the induced Riemannian metric of the tangent bundle of Rie-
mannian manifold, J. Reine Angew. Math. 250 (1971), 124-129.

Kowalski, O. and Sekizawa, M., Natural transformations of Riemannian metrics on man-
ifolds to metrics on tangent bundles -a classification-, Bull. Tokyo Gakugei Univ. (4) 40
(1988), 1-29.

Kowalski, O. and Sekizawa, M., On tangent sphere bundles with small or large constant
radius, Ann. Global Anal. Geom. 18 (2000), 207-219.

Krupka, D. and Janyska, J., Lectures on Differential Invariants, University J. E. Purkyné,
Brno 1990.

Musso, E. and Tricerri, F., Riemannian metrics on tangent bundles, Ann. Mat. Pura Appl.
(4) 150 (1988), 1-20.

Nijenhuis, A., Natural bundles and their general properties, in Differential Geometry in
Honor of K. Yano, Kinokuniya, Tokyo, 1972, 317-334.

Palais, R. S. and Terng, C. L., Natural bundles have finite order, Topology 16 (1977),
271-277.

Sasaki, S., On the differential geometry of tangent bundles of Riemannian manifolds,
Tohoku Math. J. (I, 10 (1958) 338-354; 11, 14 (1962) 146-155).

Sekizawa, M., Curvatures of tangent bundles with Cheeger-Gromoll metric, Tokyo J. Math.
14 (2) (1991), 407-417.

Slovéak, J., On natural connections on Riemannian manifolds, Comment. Math. Univ. Car-
olin. 30 (1989), 389-393.

Stredder, P., Natural differential operators on Riemannian manifolds and representations of
the orthogonal and the special orthogonal groups, J. Differential Geom. 10 (1975), 647-660.
Terng, C. L., Natural vector bundles and natural differential operators, Amer. J. Math. 100
(1978), 775-828.

Willmore, T. J., An introduction to differential geometry, Oxford Univ. Press 1959.

Yano, K. and Ishihara, S., Tangent and cotangent bundles, Differential Geometry, Marcel
Dekker Inc. New York 1973.

Yano, K. and Kobayashi, S., Prolongations of tensor fields and connections to tangent
bundles, J. Math. Soc. Japan (I, II, 18, (2-3) (1966), III, 19 (1967)).

M. T. H. K. ABBASSI

DEPARTEMENT DES MATHEMATIQUES, FACULTE DES SCIENCES DHAR EL MAHRAZ
UNIVERSITE SIDI MOHAMED BEN ABDALLAH

B.P. 1796, FEs-ATLAS, FES, MOROCCO

E-mail: mtk_abbassi@Yahoo.fr

M. SARIH

DEPARTEMENT DES MATHEMATIQUES ET INFORMATIQUE
FACULTE DES SCIENCES ET TECHNIQUES DE SETTAT
UNIVERSITE HASSAN 1¢7

B.P. 577, 26000 MOROCCO



		webmaster@dml.cz
	2012-05-10T15:38:07+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




