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A CLASSIFICATION OF RATIONAL LANGUAGES BY

SEMILATTICE-ORDERED MONOIDS

LIBOR POLÁK

Abstract. We prove here an Eilenberg type theorem: the so-called conjunc-
tive varieties of rational languages correspond to the pseudovarieties of finite
semilattice-ordered monoids. Taking complements of members of a conjunc-
tive variety of languages we get a so-called disjunctive variety. We present
here a non-trivial example of such a variety together with an equational char-
acterization of the corresponding pseudovariety.

0. Introduction

Syntactic characterizations of certain significant classes of rational languages
were obtained by Schützenberger, Simon, Brzozowski-Simon and McNaughton. It
was Eilenberg [2] who discovered the appropriate framework to formulate this type
of results. Books by Pin [4] and by Almeida [1] collect the basic examples and are
designed to be starting points for an extensive literature.

Our main result states that the so-called conjunctive varieties of rational lan-
guages correspond to the pseudovarieties of finite semilattice-ordered monoids.
This is a modification of the classical Eilenberg Theorem – he uses syntactic
monoids, boolean varieties of languages and pseudovarieties of finite monoids. In
Pin’s generalization [5] of the Eilenberg result, ordered syntactic monoids, positive
varieties of languages and pseudovarieties of finite ordered monoids are used (see
Section 3).

Historically the present paper is the first one dealing with syntactic semirings; in
fact the computer science community led the author to prefer the term “idempotent
semiring” for “semilattice-ordered monoid”. Although our correspondence is not
to be neglected from the algebraic point of view we had waited for significant
examples. In between the concept of the syntactic semiring proved its viability:
when dealing with the ordered version of the power operator [7] or when considering
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language equations [8]. Certain examples of conjunctive varieties of languages
are presented in [6]. We still do not have examples the computer scientists are
waiting for. The recent work by Straubing [9] has reopened the significance of
considerations of variants of Eilenberg-type correspondences. Note that in [9] the
syntactic information about a given language is not only the syntactic monoid but
the whole syntactic homomorphism.

We added to our previous version Section 6 explaining modifications of our
theory to +-languages and we also pass to complements of conjunctive varieties
of languages to get so-called disjunctive varieties. The last section deals with
a disjunctive variety of +-languages Ld formed by all XA∗ ∪ A∗Y ∪ Z where
X,Y, Z ⊆ A+ are finite.

1. Main result

A structure (S, ·,∨) is called a semilattice-ordered semigroup if

(i) (S, ·) is a semigroup,

(ii) (S,∨) is a semilattice,

(iii) a, b, c ∈ S implies a(b ∨ c) = ab ∨ ac and (a ∨ b)c = ac ∨ bc

and a subset I of S is its ideal if

(i) a ∈ I, b ∈ S, b ≤ a implies b ∈ I,

(ii) a, b ∈ I implies a ∨ b ∈ I.

An ideal I of a semilattice-ordered semigroup defines a relation ∼I on the set
S by

a ∼I b ⇐⇒ ( ∀ p, q ∈ S1 ) ( paq ∈ I ⇔ pbq ∈ I ) .

This relation is a congruence of (S, ·,∨) (see Lemma 2 (i)) and the correspond-
ing factor-structure is called the semilattice-ordered syntactic semigroup of I in
(S, ·,∨).

Let Bf stand for the set of all non-empty finite subsets of a set B. We often
identify b ∈ B with {b} ∈ Bf , so B ⊆ Bf . Now let L be a language over an
alphabet A. Then Lf is an ideal of the semilattice-ordered monoid ((A∗)f , ·,∪)
and we can apply the above construction to get the so-called semilattice-ordered

syntactic monoid of a language L and we denote it by S(L).
An operator L is called a conjunctive variety of languages if for every finite set

A a set L(A) of rational languages over the alphabet A is given in such a way that

(i) for every A, the set L(A) is closed with respect to finite meets (in particular,
A∗ ∈ L(A)) and ∅ ∈ L(A),

(ii) for every A, a ∈ A and L ∈ L(A) we have a−1L, La−1 ∈ L(A),
(iii) for all sets A and B, semilattice-ordered semigroup homomorphism

φ : (A∗)f → (B∗)f and L ∈ L(B) we have φ−1(Lf ) ∩A∗ ∈ L(A).

L is called a positive variety of languages if it satisfies (i), (ii) and

(iv) for every A, the set L(A) is closed with respect to finite joins,
(v) for all sets A and B, semigroup homomorphism φ : A∗ → B∗ and L ∈ L(B)

we have φ−1(L) ∈ L(A)



A CLASSIFICATION OF LANGUAGES BY SEMILATTICE-ORDERED MONOIDS 397

and such a variety is called a boolean variety of languages if it satisfies in addition

(vi) for every A, the set L(A) is closed with respect to complements.

A class of finite semilattice-ordered monoids is called a pseudovariety if it is
closed with respect to forming finite products, substructures and homomorphic
images.

For a variety L of languages we put

S (L) = 〈 { S(L) | A a finite set, L ∈ L(A) } 〉

– the pseudovariety of finite semilattice-ordered monoids generated by syntactic
semilattice-ordered monoids of members of L.

Let V be a pseudovariety of semilattice-ordered monoids. For a finite set A we
put

L (V)(A) = {L ⊆ A∗ | S(L) ∈ V } .

Our main result states

Theorem 1. The assignments

L 7→ S (L) and V 7→ L (V)

are mutually inverse bijections between conjunctive varieties of languages and pseu-

dovarieties of finite semilattice-ordered monoids.

The main body of this paper is devoted to the proof.

2. Semilattice-ordered semigroups

A structure (S, ·,≤) is called an ordered semigroup if

(i) (S, ·) is a semigroup,
(ii) (S,≤) is an ordered set,
(iii) a, b, c ∈ S, a ≤ b implies ac ≤ bc and ca ≤ cb.

A semilattice-ordered semigroup becomes an ordered semigroup with respect to
the relation ≤ defined by a ≤ b ⇔ a ∨ b = b, a, b ∈ S.

We have defined an ideal I of a semilattice-ordered semigroup (S, ·,∨) and the
relation ∼I in Section 1. We denote by a ∼I the class of ∼I containing a ∈ S and
by ρI the assignment a 7→ a ∼I , a ∈ S.

The ideal (a] = {b ∈ S | b ≤ a} is called the principal ideal generated by an
element a ∈ S.

We put S1 = S for a monoid S and T 1 = T ∪ {λ} for a semigroup T without a
neutral element; we make λ neutral by setting λa = aλ = a, a ∈ T 1.

For a subset I and an element a ∈ S we put a−1I = {b ∈ S | ab ∈ I} and
Ia−1 = {c ∈ S | ca ∈ I}. We speak about left and right quotients of I and the
sets of the form a−1Ib−1 (a, b ∈ S1) are called quotients of I.

Let ∆B denote the diagonal relation {(a, a) | a ∈ B} on a set B.
We denote by OS, OM, SOS, SOM the classes of all ordered semigroups,

ordered monoids, semilattice-ordered semigroups and semilattice-ordered monoids,
respectively, and by FOS, . . . the classes of all finite ordered semigroups, . . .

We say that T ∈ SOS divides S ∈ SOS if T is a homomorphic image of a
substructure of S.
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Lemma 2. Let I be an ideal of a semilattice-ordered semigroup S. Then

(i) The relation ∼I is a congruence relation on S and ρ = ρI is a surjective

homomorphism of S onto the factor-structure T = S/∼I .

(ii) The induced order ≤T on T is given by

a ∼I ≤T b ∼I ⇐⇒ ( ∀ p, q ∈ S1 ) ( pbq ∈ I ⇒ paq ∈ I ) .

(iii) J = ρ(I) is an ideal in T .

(iv) ρ−1(J) = I.
(v) ∼J = ∆T .

Proof. (i) Let a, b, c ∈ S, a ∼I b. Then ∀ p, q ∈ S1 ( pacq ∈ I ⇔ pbcq ∈ I ) and
therefore ac ∼I bc; similarly ca ∼I cb.

Now p, q ∈ S1, p(a ∨ c)q ∈ I implies gradually paq ∨ pcq ∈ I, paq, pcq ∈
I, pbq, pcq ∈ I, p(b ∨ c)q ∈ I and therefore a ∨ c ∼I b ∨ c.

Basics of universal algebra give the rest.

(ii) Let a, b ∈ S, c = a ∼I , d = b ∼I . A sequence of equivalent formulas follows:
c ≤T d, c∨d = d, a∨ b ∼I b, ∀ p, q ∈ S1 ( p(a∨ b)q ∈ I ⇔ pbq ∈ I ), the formula
in statement (ii).

(iii) Let c ∈ J , d ∈ T , d ≤ c, i.e., d ∨ c = c. There are a ∈ I, b ∈ S such
that ρ(a) = c, ρ(b) = d. Then by (ii), ∀ p, q ∈ S1 ( paq ∈ I ⇒ pbq ∈ I ). Now
p = q = λ gives b ∈ I and d ∈ J . Clearly c, d ∈ J yields c ∨ d ∈ J .

(iv) The inclusion “⊇” is clear. Let a ∈ S, ρ(a) ∈ J . Then ρ(a) = ρ(b) for some
b ∈ I and ∀ p, q ∈ S1 ( paq ∈ I ⇔ pbq ∈ I ). Now p = q = λ gives a ∈ I.

(v) Let c, d ∈ T , c ∼J d. There are a, b ∈ S such that ρ(a) = c, ρ(b) = d.
Then for arbitrary p, q ∈ S1, paq ∈ I gives ρ(p)cρ(q) ∈ J which is equivalent to
ρ(p)dρ(q) ∈ J and thus pbq ∈ I and conversely. This means c = d.

Lemma 3. Let I and J be ideals of a semilattice-ordered semigroup S and let

a ∈ S. Then

(i) ∼I∩J ⊇ ∼I ∩ ∼J and S/∼I∩J divides the product S/∼I × S/∼J .

(ii) a−1I is an ideal of S, ∼a−1I ⊇∼I and S/∼a−1I is a homomorphic image of

S/∼I . The same holds for ∼Ia−1 .

Proof. (i) The inclusion follows from the definitions of ∼I , ∼J , ∼I∩J and the
rest is a well-known universal algebra fact.

(ii) Let b ∈ a−1I, c ∈ S, c ≤ b. Then ab ∈ I, ac ≤ ab and therefore ac ∈ I,
c ∈ a−1I.

Let b, c ∈ a−1I. Then a(b ∨ c) = ab ∨ ac ∈ I and b ∨ c ∈ a−1I.
The conclusion follows from the definitions of ∼a−1I , ∼I .

Lemma 4. Let T be a substructure of a semilattice-ordered semigroup S and let

I be an ideal in S. Then T ∩ I is an ideal in T , ∼I | T × T ⊆ ∼T∩I and T/∼T∩I

divides S/∼I .
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Proof. It is immediate that T ∩ I is an ideal in T and that ∼I | T × T ⊆ ∼T∩I .
Thus T/∼T∩I is a homomorphic image of a substructure T/∼I of the structure
S/∼I .

Lemma 5. Let φ : S → T be a homomorphism of semilattice-ordered semigroups

and let J be an ideal in T . Then

(i) I = φ−1(J) is an ideal of S,

(ii) in case of surjective φ, the factor-structure S/∼I is a homomorphic image

of T/∼J ,

(iii) in case of surjective φ, there also exists a (unique) homomorphism ψ : T →
S/∼I such that ψ ◦ φ = ρI .

Proof. (i) is clear.

(ii) Define α : b ∼J 7→ a ∼I where φ(a) = b, a ∈ S, b ∈ T . This assignment is
really a mapping since φ(a′) = b′ ∼J b, p, q ∈ S1 gives
paq ∈ I implies φ(p)bφ(q) = φ(paq) ∈ J which is equivalent to φ(p)b′φ(q) =

φ(pa′q) ∈ J . Thus pa′q ∈ I and conversely. Therefore a′ ∼I a.
Now it is obvious that α is a surjective homomorphism of T/∼J onto S/∼I .

(iii) Due to ψ ◦ φ = ρI , the mapping ψ should send an element b ∈ T to ρI(a)
where a ∈ S is such that φ(a) = b.

Correctness: Let a′ ∈ S, φ(a′) = b, p, q ∈ S1. Then pa′q ∈ I iff paq ∈ I since
φ(pa′q) = φ(paq). Clearly, ψ is a homomorphism.

Lemma 6. Let I 6= ∅ be an ideal of S such that ∼I = ∆S. Then an arbitrary

principal ideal (a] is an intersection of quotients of I.

Proof. By Lemma 2 (ii), b ≤ a iff b ∈
⋂

p,q∈S1,paq∈I p−1Iq−1.

3. Languages

Let L be a language over a finite set A. We can express the syntactic congruence
of Lf in (A∗)f more explicitly

{u1, . . . , uk} ∼Lf {v1, . . . , vl} ⇐⇒

( ∀ p, q ∈ A∗ ) ( pu1q, . . . , pukq ∈ L ⇔ pv1q, . . . , pvlq ∈ L ) .

An element a of a semilattice (S,∨) is join-irreducible if a = b ∨ c, b, c ∈ S
implies a = b or a = c.

Let (S,≤) be an ordered set. A subset H of S is hereditary if a ∈ H , b ∈ S,
b ≤ a implies b ∈ H . A hereditary set of an ordered semigroup (S, ·,≤) defines a
relation ≈H on S by

a ≈H b ⇐⇒ (∀ p, q ∈ S1 ) ( paq ∈ H ⇔ pbq ∈ H )

This relation is a congruence on (S, ·) and the factor-structure is called the syntactic

semigroup of H in (S, ·,≤). It is ordered by

a ≈H ≤ b ≈H ⇐⇒ ( ∀ p, q ∈ S1 ) ( pbq ∈ H ⇒ paq ∈ H ) .

Let σH denote the mapping a 7→ a ≈H , a ∈ S.
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Any language L over A is a hereditary subset of the trivially ordered monoid
(A∗, ·,≤). The above construction gives the ordered syntactic monoid of the lan-
guage L; we denote it by O(L).

Lemma 7. Let L be a language over an alphabet A. The mapping

ι : u ≈L 7→ {u} ∼Lf , u ∈ A∗

is an injective semigroup homomorphism of (O(L), ·,≤) into (S(L), ·,∨) satisfying

a ≤ b if and only if ι(a) ≤ ι(b) (a, b ∈ O(L)). Moreover, ι(σL(L)) = ρLf (Lf ) ∩
ι(O(L)) and ι(O(L)) contains all join-irreducible elements of (S(L), ·,∨).

Proof. The first part follows from the fact that

{u} ∼Lf {v} ⇔ u ≈L v, u, v ∈ A∗

and from Lemma 2 (ii). Moreover, we have u ≈L ≤ v ≈L if and only if {u, v} ∼Lf

{v}, (u, v ∈ A∗).
Now {u} ∼Lf ∈ ρLf (Lf ) iff {u} ∈ Lf , that is, u ∈ L.
Finally realize that (U ∪ V ) ∼Lf = U ∼Lf ∨ V ∼Lf for any U, V ∈ (A∗)f .

Lemma 8. The semilattice-ordered syntactic monoid of a language L over an

alphabet A is isomorphic to the semilattice-ordered syntactic monoid of the ideal

I = (σL(L))f of the semilattice-ordered monoid ((O(L))f , ·,∪).

Proof. Realize that, for any u1, . . . , uk, v1, . . . , vl ∈ A∗, we have

{u1 ≈L, . . . , uk ≈L} ∼I {v1 ≈L, . . . , vl ≈L} ⇐⇒

{u1, . . . , uk} ∼Lf {v1, . . . , vl} .

Thus {u1, . . . , uk} ∼Lf 7→ {u1 ≈L, . . . , uk ≈L} ∼I is the desired isomorphism.

For languages K,L ⊆ A∗ we define K · L = { uv | u ∈ K, v ∈ L }, K∗ =
{ u1 . . . uk | k ≥ 0, u1, . . . , uk ∈ K }.

Recall that the set of all rational languages over an alphabet A is the smallest
family of subsets of A∗ containing the empty set, all singletons {u}, u ∈ A∗, closed
with respect to binary joins and the operations · and ∗.

Theorem 9. Let L be a language over a finite alphabet A. The following are

equivalent.

(i) L is rational,

(ii) the syntactic monoid O(L) of L is finite,

(iii) the semilattice-ordered syntactic monoid S(L) of L is finite.

Proof. The equivalence of (i) and (ii) is Myhill’s theorem [3].
Now: S(L) finite =⇒ O(L) finite by Lemma 7,

O(L) finite =⇒ S(L) finite by Lemma 8.

Lemma 10. The following are equivalent for a language K over a set A and a

semilattice-ordered monoid U :
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(i) There exists an ideal N in U and a semilattice-ordered semigroup homomor-

phism φ : (A∗)f → U such that φ−1(N) = Kf .

(ii) The syntactic semilattice-ordered monoid S(K) divides the semilattice-ordered

monoid U .

Proof. (ii) ⇒ (i): Write ρ for ρKf . Let T be a substructure of U and let ψ be
a surjective homomorphism of T onto S(K).

For any a ∈ A there is ta ∈ T such that ρ(a) = ψ(ta). Let φ be the extension of
a 7→ ta, a ∈ A to a homomorphism of the free semilattice-ordered monoid (A∗)f

over the set A to U . Then J = ψ−1(ρ(Kf )) is an ideal in T by Lemma 5 (i).
Then N = { v ∈ U | there exists u ∈ J such that v ≤ u } is an ideal in U with the
property N ∩ T = J .

Finally,
φ−1(N) = φ−1(J) = φ−1(ψ−1(ρ(Kf ))) = (ψ ◦ φ)−1(ρ(Kf )) = ρ−1(ρ(Kf )) = Kf

by Lemma 2 (iv).

(i) ⇒ (ii): Put T = φ((A∗)f ). Then T ∩ N is an ideal of T by Lemma 4.
Combine Lemma 5 (ii) for S = (A∗)f , J = T ∩N with Lemma 4.

Lemma 11. Let K 6= ∅ be a language over A and let L be a rational language

over B. Let S(K) divide S(L). Then there exists a semilattice-ordered semigroup

homomorphism ψ : (A∗)f → (B∗)f and a language M over B such that ψ−1(Mf )∩
A∗ = K and M is a finite intersection of quotients of L.

Proof. Applying (ii) ⇒ (i) of Lemma 10 for U = S(L) we get the existence
of a homomorphism φ : (A∗)f → S(L) and an ideal N 6= ∅ in S(L) such that
φ−1(N) = Kf .

Write ρ for ρLf . For a ∈ A there is an element ta ∈ (B∗)f such that φ(a) =
ρ(ta). Let ψ be the extension of a 7→ ta, a ∈ A to a semilattice-ordered semigroup
homomorphism (A∗)f → (B∗)f . We have ρ ◦ ψ = φ.

The structure S(L) is finite by Theorem 9 and thus N is a principal ideal.
Let J = ρ(Lf ). By Lemma 2 (v), ∼J = ∆S(L) and therefore, by Lemma 6,

N = a−1
1 Jb−1

1 ∩ · · · ∩ a−1
r Jb−1

r for some a1, . . . , ar, b1, . . . , br ∈ S(L). Let
ρ({pi,1, . . . , pi,mi

}) = ai, ρ({qi,1, . . . , qi,mi
}) = bi, i = 1, . . . , r. Then

ρ−1(N) = {p1,1, . . . , p1,m1}
−1 · Lf · {q1,1, . . . , p1,n1}

−1 ∩ . . . .

Now realize that

{p1, . . . , pm}−1 · Lf · {q1, . . . , qn}
−1 =

(

⋂

i=1,...,m, j=1,...,n

p−1
i Lq−1

j

)f

and Lf
1 ∩ Lf

2 = (L1 ∩ L2)
f for L1, L2 ⊆ B∗. Put M = ρ−1(N) ∩B∗.

4. From varieties of languages to monoids

Let L be a conjunctive variety of languages. We put

D(L) ={ (S, ·,∨) ∈ FSOM |

(A a finite set, L ⊆ A∗, (S(L), ·,∨) divides (S, ·,∨) ) ⇒ L ∈ L(A) }.
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Note that we can write here L 6= ∅.

Lemma 12. For any conjunctive variety of languages L, the class D (L) is a

pseudovariety of finite semilattice-ordered monoids.

Proof. Let T be a divisor of S ∈ D (L). Any monoid dividing T divides also S
and thus T ∈ D (L).

It remains to show that S, T ∈ D (L) implies S × T ∈ D (L). Let L 6= ∅ be a
language over a finite alphabet A and let S(L) divide S×T . By (ii) ⇒ (i) of Lemma
10, there exist an ideal N 6= ∅ in S × T and a homomorphism φ : (A∗)f → S × T
such that Lf = φ−1(N). Due to the finiteness of S × T , N = ((s, t)] for some
s ∈ S, t ∈ T . We have N = ((s] × T ) ∩ (S × (t]). Now φ−1((s]× T ), φ−1(S × (t])
are ideals in (A∗)f , so they are of the forms (L1)

f and (L2)
f , respectively. Let

π1 : S × T → S, π2 : S × T → T be the natural projections. We have (L1)
f =

(π1 ◦φ)−1((s]), (L2)
f = (π2 ◦ φ)−1((t]). By (i) ⇒ (ii) of Lemma 10, S(L1) divides

S and S(L2) divides T and therefore L1, L2 ∈ L(A). Also L = L1 ∩ L2 ∈ L(A).
Consequently S × T ∈ D (L).

For any mapping φ : S → T , put kerφ = {(a, a′) ∈ S × S | φ(a) = φ(a′)}.

Lemma 13. For any conjunctive variety of languages L, the classes D (L) and

S (L) coincide.

Proof. The monoids generating S (L) are in D (L) by Lemma 11 and thus S (L) ⊆
D (L).

Let S ∈ D (L). The structure ((A∗)f , ·,∪) is the free semilattice-ordered monoid
over the set A and therefore there exist a finite set A and a surjective homomor-
phism φ : ((A∗)f , ·,∪) → (S, ·,∨). We have that ((A∗)f , ·,∪)/kerφ is isomorphic
to (S, ·,∨).

For any a ∈ S, the set La = φ−1((a]) is an ideal in (A∗)f by Lemma 5 (i). We
show that kerφ =

⋂

a∈S ∼La
.

So let φ(u) = φ(v), u, v ∈ (A∗)f . For arbitrary a ∈ S, p, q ∈ (A∗)f we
have puq ∈ La ⇔ pvq ∈ La due to φ(puq) = φ(pvq). Conversely, let (u, v) ∈
⋂

a∈S ∼La
. In particular (u, v) ∈ ∼Lφ(u)

and 1·u·1 ∈ Lφ(u) gives v = 1·v·1 ∈ Lφ(u),

that is φ(v) ≤ φ(u). Similarly φ(u) ≤ φ(v).
Thus (S, ·,∨) is isomorphic to a substructure of the product

∏

a∈S S(La) and
every S(La) is a homomorphic image of S.

Now S ∈ D (L) gives La ∈ L(A), S(La) ∈ S (L) and thus S ∈ S (L).

5. Proof of the Theorem

Let V be a pseudovariety of finite semilattice-ordered monoids and let L be a
conjunctive variety of rational languages. Trivially S (L) is a pseudovariety and
L (V) is a conjunctive variety of languages by Lemmas 3, 4 and 5 (ii). It remains
to prove (i)–(iv).

(i) V ⊇ S (L (V)):
The right-hand side is generated by monoids S(L) where L ∈ L (V)(A) for some

finite set A, that is, by monoids S(L) ∈ V .
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(ii) V ⊆ S (L (V)):
Let S ∈ V . By Lemma 13 it is enough to show that S ∈ D (L (V)). So let A be

a finite set and let L ⊆ A∗ be such that S(L) divides S. Then S(L) ∈ V , L ∈ L (V)
and consequently S ∈ D (L (V)).

(iii) L ⊇ L (S (L)):
Let A be a finite set and let L ∈ L (S (L))(A), that is, L ∈ L (D (L))(A). Then

S(L) ∈ D (L) and L ∈ L(A) since S(L) divides S(L).

(iv) L ⊆ L (S (L)):
For a finite set A and L ∈ L(A) we have S(L) ∈ S (L), L ∈ L (S (L))(A).

6. Modifications

6.1. +-varieties of languages and pseudovarieties of semilattice-ordered

semigroups. We have considered languages as subsets of A∗. An alternative
way is to exclude the empty word and consider languages as subsets of A+. For
L ⊆ A+ the set Lf is an ideal of the semilattice-ordered semigroup ((A+)f , ·,∪).
The structure S′(L) = ((A+)f , ·,∪)/ ∼Lf is called the syntactic semilattice-ordered

semigroup of L.
For a variety L of +-languages we put

S
′(L) = 〈 { S

′(L) | A a finite set, L ∈ L(A) } 〉

– the pseudovariety of finite semilattice-ordered semigroups generated by syntactic
semilattice-ordered semigroups of members of L.

Let V be a pseudovariety of semilattice-ordered semigroups. For a finite set A
we put

L
′(V)(A) = {L ⊆ A∗ | S

′(L) ∈ V } .

Straightforward modifications of our considerations lead to

Theorem 14. The assignments

L 7→ S
′(L) and V 7→ L

′(V)

are mutually inverse bijections between conjunctive varieties of +-languages and

pseudovarieties of finite semilattice-ordered semigroups.

6.2. Disjunctive varieties of languages. In our theory we can pass to comple-
ments of languages :

An operator L is called a disjunctive variety of *-languages if for every finite
set A a set L(A) of rational *-languages over the alphabet A is given in such a
way that

(ic) for every A, the set L(A) is closed with respect to finite joins (in particular,
∅ ∈ L(A)) and A∗ ∈ L(A),

(ii) for every A, a ∈ A and L ∈ L(A) we have a−1L, La−1 ∈ L(A),
(vii) for all sets A and B, a semilattice-ordered semigroup homomorphism

φ : (A∗)f → (B∗)f and L ∈ L(B) we have φ(−1)(L) = { v ∈ A∗ | φ(v)∩Lf 6=
∅ } ∈ L(A),
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In a definition of a disjunctive variety of +-languages each L(A) is a set of
+-languages and we modify (vii) to (vii’) :

(vii’) for all sets A and B, a semilattice-ordered semigroup homomorphism
φ : (A+)f → (B+)f and L ∈ L(B) we have φ(−1)(L) = { v ∈ A+ | φ(v)∩Lf 6=
∅ } ∈ L(A), respectively.

It is clear how to reformulate Theorems 1 and 14 for disjunctive *-varieties and
+-varieties.

7. Examples

Consider the following classes of languages : for each finite set A put

Ll(A) = {XA∗ ∪ Z | X,Z ⊆ A+ finite} ,

Lr(A) = {A∗Y ∪ Z | Y, Z ⊆ A+ finite} ,

Ld(A) = {XA∗ ∪A∗Y ∪ Z | X,Y, Z ⊆ A+ finite} , and

Lb(A) = { r1A∗s1 ∪ · · · ∪ rkA
∗sk ∪ Z | k ≥ 0, r1, . . . , rk, s1, . . . , sk ∈ A+, Z ⊆

A+ finite}.

Result 15 (Pin [4], Chapter 2, Theorems 3.4., 3.6. and Corollary 3.7.). The clas-

ses Ll, Lr and Lb are boolean varieties of languages. The equational characteri-

zations of the corresponding pseudovarieties of semigroups are

xωy = xω , yxω = xω and xωyxω = xω , respectively .

The class Lb is the smallest boolean variety containing both Ll and Lr.

In a similar spirit we obtain.

Theorem 16. The classes Ll, Lr, Ld and Lb are disjunctive varieties of lan-

guages. The equational characterizations of the corresponding pseudovarieties of

semilattice-ordered semigroups are

xωy = xω, yxω = xω, ( xωyxω = xω , xωyω = xωz ∨ tyω ) and xωyxω = xω ,

respectively. The class Ld is the smallest disjunctive variety containing both Ll

and Lr. Moreover, Ld 6= Lb.

Proof. We need to verify the condition (vii’) :
If φ : (A+)f → (B+)f is a semilattice-ordered semigroup homomorphism and
K,L ⊆ B+, then φ(−1)(K ∪ L) = φ(−1)(K) ∪ φ(−1)(L). Therefore it is enough
to consider only the summands r, rB∗, B∗s, rB∗s where r, s ∈ B+. So let A =
{a1, . . . , an}, φ(ai) = {vi1, . . . , viki

}, i = 1, . . . , n, vij ∈ B+. Then

φ(−1)(r) = { ai1 . . . aip
∈ A+ | there exist j1, . . . , jp such that vi1j1 . . . vipjp

= r } ,

φ(−1)(rB∗) = { ai1 . . . aip
∈ A+ | there exist j1, . . . , jp such that r is a prefix of

vi1j1 . . . vipjp
}, and similarly for B∗s and rB∗s.

Clearly, for disjunctive varieties K and L, the sets

(K ∨ L)(A) = {K ∪ L | K ∈ K(A), L ∈ L(A) }, A finite,
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form the smallest disjunctive variety K∨L containing both K and L. Thus Ll∨Lr =
Ld.

Next we show now that Ld is not closed with respect to intersections. Indeed,
let A = {a, b, c}, K = aA∗, L = A∗a. Suppose that K ∩ L = XA∗ ∪ A∗Y ∪ Z,
X,Y, Z ⊆ A+ finite. Let n be greater than the lengths of all the words from
X ∪ Y ∪ Z. Then an ∈ K ∩ L and an ∈ XA∗ would imply an−1b ∈ XA∗ and
similarly an ∈ A∗Y would imply ban−1 ∈ A∗Y . We get a contradiction in both
cases. Thus Ld 6= Lb.

We need to show that, for each r, s ∈ A+,

S
′({r}c) |= xωy = xω, S

′({rA∗}c) |= xωy = xω, S
′({rA∗s}c) |= xωyxω = xω .

Let n ≥ |r|, |s| (the lengths of r, s) and let v1, . . . , vk ∈ A+ with |v1|, . . . , |vk| ≥ n.
Then, for each p, q, w ∈ A∗,

p{v1, . . . , vk}wq ⊆ {r}c ⇐⇒ p{v1, . . . , vk}q ⊆ {r}c ,

p{v1, . . . , vk}wq ⊆ (rA∗)c ⇐⇒ p{v1, . . . , vk}q ⊆ (rA∗)c ,

p{v1, . . . , vk}w{v1, . . . , vk}q ⊆ (rA∗s)c ⇐⇒ p{v1, . . . , vk}{v1, . . . , vk}q ⊆ (rA∗s)c .

Each idempotent of S′(L) can be represented as {v1, . . . , vk} ∼L with |v1|, . . . , |vk| ≥
n and thus we get the result.

The syntactic semigroup of L is isomorphic to a substructure of S
′(L) by

Lemma 7. Therefore Result 15 implies

L ∈ Ll(A) ⇐⇒ S
′(Lc) |= xωy = xω ,

L ∈ Lb(A) ⇐⇒ S
′(Lc) |= xωyxω = xω .

The statement concerning Lr(A) is dual to that for Ll(A).
Notice that each of xωy = xω and yxω = xω implies xωyω ≤ xωz∨yxω. Observe

that S′(Lc) |= xωyω ≤ xωz ∨ yxω if and only if (for each p, q ∈ A∗, u, v, r, s ∈ A+

such that u ∼Lc , v ∼Lc are idempotents)

( puvq ∈ L =⇒ purq ∈ L or psvq ∈ L ) .

Put p = q = λ. Then for each idempotents u ∼Lc , v ∼Lc we have

uv ∈ L =⇒ uA+ ⊆ L or A+v ⊆ L .

For every semigroup S satisfying xωyxω = xω also S |= xωyzω = xωzω and Sm

consists entirely of idempotents for m = |S| (see [4], Chapter 2, Prop. 3.5.).
Now let S′(Lc) |= xωyxω = xω, xωyω ≤ xωz∨ tyω and let w ∈ L with |w| ≥ 2m.

Then w = utv where u, t, v ∈ A∗, |u| = |v| = m. The elements u ∼Lc , v ∼Lc are
idempotents of S′(Lc) and thus uv ∈ L and (uA∗ ⊆ L or A∗v ⊆ L).

Finally observe that uA+ = ua1A
∗ ∪ · · · ∪ uanA

∗ for A = {a1, . . . , an}, and
similarly for A+v.
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