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AN EXTENSION OF THE METHOD
OF QUASILINEARIZATION

TADEUSZ JANKOWSKI

ABSTRACT. The method of quasilinearization is a well-known technique for ob-
taining approximate solutions of nonlinear differential equations. This method has
recently been generalized and extended using less restrictive assumptions so as to
apply to a larger class of differential equations. In this paper, we use this technique
to nonlinear differential problems.

1. INTRODUCTION

Let yo, 20 € C*(J,R) with yo(t) < 20(¢) on J and define the following sets

Q={(t,u) :yo(t) <u
Q= {(t,u,v) : yO(t) <u< ZO(t)a yO(t) <wv< Zo(t), te J}

In this paper, we consider the following initial value problem
(1) :ZZ,(t) = f(t,ﬂ?(t)), teJ= [Ovb]v I(O) = ko,

where f € C(Q,R), ko € R are given. If we replace f by the sum [f = g1 + go] of
convex and concave functions, then corresponding monotone sequences converge
quadratically to the unique solution of problem (1) ( see [6,8]). In this paper we
will generalize this result. Assume that f has the splitting f(t,z) = F(¢,z,x),
where F' € C(©2,IR). Then problem (1) takes the form

(2) 2(t) = F(ta(t),a(t), teJ, o(0)=ko.
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2. MAIN RESULTS

A function v € C*(J,R) is said to be a lower solution of problem (2) if
v'(t) < F(t,u(t),o(t), teJ, v(0) <k,

and an upper solution of (2) if the inequalities are reversed.

Theorem 1. Assume that:

1° yo, 20 € CY(J,R) are lower and upper solutions of problem (2), respectively,
such that yo(t) < zo(t) on J,
9 F, Fy, Fy, Fua, Fay, Fyay Fyy € C(QLR) and

Fm(t,%y)ZO, Fzy(taxay)goa Fyy(taxay)go fOT’ (t,I,y)EQ.

Then there exist monotone sequences {y,}, {z,} which converge uniformly to
the unique solution z of (2) on J, and the convergence is quadratic.

Proof. The above assumptions guarantee that (2) has exactly one solution on Q.
Observe that 2° implies that F) is nondecreasing in the second variable, F, is
nonincreasing in the third variable and F}, is nonincreasing in the last two variables.
Denote this property by (A).
Let us construct the elements of sequences {y,}, {z,} by

y;+1(t) = F(t, Yn,s yn) + [F»L (ta Yn, Zﬂ) + Iy (t7 Zn; Zn)][yn-‘rl(t) - yn(t)] »

for n =0,1,---. Note that the above sequences are well defined.
Indeed, yo(t) < zo(t) on J, by 1°. We shall show that

(3) Yo(t) < yi(t) < 21(t) < 20(t) on J.

Put p=yo —y1 on J. Then

P'(t) < F(t,y0,y0) — F(t, y0,90) — [F(t, 90, 20) + Fy(t, 20, 20)][y1(t) — yo(t)]
= [Fy(t, Y0, 20) + Fy(t, 20, 20)|p(¢) .

Hence p(t) < 0 on J, since p(0) < 0, showing that yo(t) < y1(¢) on J. Note that
if we put p = z1 — zp on J, then

p'(t) < F(t, 20, 20) + [Fu(t, 0, 20) + Fy(t, 20, 20)][21(t) — 20(t)] — F (¢, 20, 20)
= [Fx(ta yOazO) +F‘y(taZOaZO)]p(t)a and p(()) S 07
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50 2z1(t) < zo(t) on J. Next, we let p = y3 — 21 on J, so p(0) = 0. By the mean
value theorem and property (A), we have
p'(t) = F(t,y0,90) — F(t, z0,90) + F(t,20,y0) — F(¢t, 20, 20)
+ [Fu(t, 9o, 20) + Fy (£, 20, 20)][y2 () — yo(t) — 21(t) + 20(2)]
= [Fx(t,€:90) + Fy (4, 20, 0)][yo(t) — 20(t)]
+ [F2(t,90, 20) + Fy (£, 20, 20)[y1 () — yo(t) — 21(8) + 20(t)]
< [Fa(t, Yo, 20) — Fu(t, Yo, yo)][z0(t) — yo(?)]
+ [F2(t, 90, 20) + Fy (£, 20, 20)]p(t)
< [Fe(t, yo, 20) + Fy(t, 20, 20)|p(t) ,
where yo(t) < £(t), o(t) < zo(t) on J. As the result we get p(t) < 0 on J, so
y1(y) < z1(t) on J. It proves that (3) holds.

Now we prove that y;, 21 are lower and upper solutions of (2), respectively. The
mean value theorem and property (A) yield

Yy (t) = F(t,y0,90) — F(t,y1,90) + F(t,y1,90) — F(t,y1,y1) + F(t,y1,91)
+ [Fa(t, yo, 20) + Fy (¢, 20, 20)][y1(t) — yo(t)]
= [F:(t,&1,90) + Fy(t,y1,00)|[yo(t) — y1 ()] + F(t, y1, 1)
+ [Fa(t, yo, 20) + Fy (¢, 20, 20)][y1(t) — yo(t)]
< [Fa(t yo, 20) — Fu(t, yo,y0) + Fy (L, 20, 20) — Fy(t, y1, y1)l[y1(t) — yo(t)]
+ F(ty1,y1) < F(t,y1,91)

where yo(t) < &1(t), 01(t) < y1(t) on J. Similarly, we get

21(t) = F(t, 21, 21) + F(t, 20, 20) — F(t, 21, 20) + F(t, 21,20) — F(t,21,21)
+ [Fa (£, 90, 20) + Fy (¢, 20, 20)][21(£) — 20(1)]
= F(t,21,21) + [Fa(t, &2, 20) + Fy (8, 21, 02)][20(t) — 21(1)]
+ [Fe(t 5o, 20) + Fy(t, 20, 20)][21(£) — 20(t)]
> F(t, z1,21) + [Fu(t, 21, 20) — Fa(t, Y0, 20) + Fy(t, 21, 20)
— Fy(t, 20, 20)][20(t) — 21(t)] = F(t, 21, 21)
where z1(t) < &(t), o2(t) < zo(t) on J. The above proves that yi, 21 are lower

and upper solutions of (2).
Let us assume that

Yo(t) <ya(t) < - <wp—1(t) < ynlt) < zi(t) < zi—1(t) < -+ < z1(t) < 20(t)
teJd,

and let yg, 2z be lower and upper solutions of problem (2) for some &k > 1. We
shall prove that:

(4) Ye(t) < yrt1(t) < 241 (t) < 2(t) telJ.
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Let p = yr. — yr+1 on J, so p(0) = 0. Using the mean value theorem, property
(A) and the fact that yy, is a lower solution of problem (2), we obtain

P'(t) < F(t,yk, yk) — F (& yk, yk) — [Fo(t, y, 2) + Fy(t, 2k, 20) [Yk+1 (1) — yx(t)]
= [Fa(t, yr, 2) + Fy(t, 25, 22)|p(2) -

Hence p(t) < 0, so yx(t) < yr41(t) on J. Similarly, we can show that zx4+1(f) <
z(t) on J.

Now, if p = yg+1 — 2k+1 on J, then
p'(t) = F(t,yr,yr) — F(t, 25, yx) + F(t, 26, yr) — F(t, 21, 21)
+ [Fu(t, Y, 21) + Fy(ts 2k, 2] [Yre1 () — ye(t) — zi41(8) + 20 (2)]
= [Fa(t,€, yr) + Fy(t, 21, 0)][yk(t) — zi(t)]
+ [Fe s yr, z1) + Fy(t 20 20) | [Yor1 () — yr () — 241 (8) + 21(8)]
< [Fe(t Yk, 2) — Fu(t, yr, yi)l[2k(t) — yr(t)]
+ [Fe(t, gk, 21) + Fy(t, 21, 20)|p(t)
< [Fe(t, yk, 21) + Fy(E, 21, 26)|p(t)
with yx(t) < £(t), a(t) < 2x(t). It proves that yrr1(t) < 2141(t) on J, so relation
(4) holds.
Hence, by induction, we have
Yo() Syit) < Sylt) Sz(t) < < aat) S 20(t),  ted,
for all n. Employing standard techniques [5], it can be shown that the sequences
{yn}, {zn} converge uniformly and monotonically to the unique solution z of
problem (2).
We shall next show the convergence of y,,, z, to the unique solution = of problem
(2) is quadratic. For this purpose, we consider
Pnt1 =T —Ynt1 2 0, Gnt1 = 2ny1—2 >0 on J,
and note that p,+1(0) = ¢,+1(0) = 0 for n > 0. Using the mean value theorem
and property (A), we get
Pra(t) = F(t,2,2) = F(t,yn, 2) + F(t,yn, ) = F(t,Yn,Yn)
— [Fe(t,yn, 2n) + Fy(t, 2n, 20)][yns1(t) — 2(t) + 2(t) — yn(t)]
= [Fa(t,&1,2) + Fy(t,yn, 51)pn(?)
+ [Fe (8 yns 2n) + Fy(t, 2, 20)][Prta (£) —pn(t)]
< [Fo(t,z, @) = Fo(t, yn, @) + Fo(t, yn, @) — Fo(t, yn, 2n)
+ Fy(ta Yn, yn) - Fy(ta Zny yn) + Fy(tv Zny yn) - Fy(ta Zns Zn)]pn(t)
+ [Fu(t, Yn, 2n) + Ey(t, 2n, 20)]Pnt1(t)
= {Fuu(t, &2, 2)pn(t) = Fay(t, yn, 52)qn(t) — Fya(t, &3, yn) (20 (1) — yn(t)]
— Fyy(t, 2, 03)[2n(t) — yn ()]} pn(t)
+ [Fe(t, yn, 2n) + Fy(tv Zns Zn)|Pnya (),
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where yn(t) < &1(t), &(t),51(t) < 2(t), 2(t) < G2(t) < za(t), yn(t) < &(8),
73(t) < z,(t) on J. Thus we obtain

p;1+1(t) < {Alpn(t) + A2Qn(t) + [A2 + A3an(t) + Pn (t)]}pn (t) + Mpn+1(t)
< Mppya(t) + Bipi(t) + Bagh(t)

where
|Fll(t7uav)| < Alv |me(tauav)| S AQa |Fyy(t,u,v)| < A37 |Fl’(t7uav)| < Mla

|Fy(t,u,v)| SMQ on () WlthM:M1+M2, Bl :A1+2A2+2A3,
1
BQZA2+§A3.

Now, the differential inequality implies
t
0< i) < [ (B () + Bosi (o) expl (¢ = 5)] ds.

This yields the following relation

< _ 2 _ 2
max |2(t) = yn+1(t)] < a1 max|a(t) — ya(t)]” + a2 max|a(t) — 2z ()],

where a; = B;S, i = 1,2 with
S’—{b if M=0,
| Llexp(Mb) —1] if M >0.

Similarly, we find that

U1 (t) = F(t, 2, 2n) — F(t, @, 2,) + F(t,2,2,) — F(t, 2, )
+ [Fw(tv Yn, Zn) + Fy(ta Zns Zn)][zn+1(t) - x(t) + x(t) - Zn(t)]
= [Fy(t, g4a Zn) + Fy(ta x,04)]qn(t)
+ [Fe(t yns 2n) + Fy(t, 20, 20)][gn41(8) —gn (1))
< [Fu(t, 2ny 2n) — Fu(t, yn, 2n) + Fy(t,z,2) — Fy(t, 2, )
+ F, (t Zn,T) — (t Zns Zn))Gn () + [Fo(t, Yn, 2n) + Fy(tv Zns Zn)]Qnt1(t)
= {Fua(t, 55,zn)[zn( ) = yn(t)]
= Fyuo(t,&6,2)an(t) — Fyy(t, 2, 55)qn (1) }gn (1)
+ [Fu(t, Yn, 2n) + Fy(t, 2n, 2n)]qn+1(t)
Whereta:(t) < &u(t), &(1),4(t),05(t) < 2n(t), yn(t) < &5(t) < zn(t) on J. Hence,
we ge
Tpr1 () < {A1[gn () + pn ()] + A205(t) + A3qn(t) }an (t) + Mn11(t)
< Manya(t) + Bapi (t) + Baqi(t)
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where 1 3
Blz§A1, BQZ§A1+A2+A3.
Now, the last differential inequality implies

gn+1(t) < [Bimaxp;(s) + Bymaxqp(s))S, teJ

or
t) — )| < a t) —yn(t)|? +a t) — zu(t)]?
mase [2(t) — 2n41(8)] < ax max [a(t) — g (O + a2 ma |o(t) — 2 (1)
with L_Li == BZS, 1= 1,2
The proof is complete.

O

Remark 1. Let f =h+g, and h, by, how, G, Gz, Gz € C(Q1, R) for Q1 = {(t,u) :
teJ, yo(t) <u < z(t)}. Put F(t,x,y) = h(t,x) + g(t,y). Indeed, F(t,z,2) =
f(ta JZ) and Fzz(taxay) = h’xm(tax)a Fzy(taxay) = Fyfb(taxay) = Oa Fyy(tvxay)
Gyy(t,y). In this case Theorem 1 reduces to Theorem 1.3.1 of [8].

Remark 2. Let f,h,g be as in Remark 1 and moreover let &, ®,,®,,, ¥V, U,
U, € C(Q,R). Put Ft,z,y) = H(t,z) + G(t,y) — ®(t,y) — (¢, z) for H =
h+® G =g+ V. Indeed, F(t,z,z) = f(t,z) and Fpp(t,2,y) = Hpp(t,x

~—

\I/m(t,aj), ny(taxay) = wa(t,x,y) =0, Fyy(taxay) = ny(t,y) - (I)yy(tvy)' If
assumptions of Theorem 1.4.3[8] hold (Hzz > 0, ¥y < 0, Gyy <0, &,y > 0)
then Theorem 1 is satisfied ( see also a result of [6] for ¢ = ¥ = 0, ®(t,z) =

Maz?, M > 0).

Theorem 2. Assume that
(i) condition 1° of Theorem 1 holds,
(i) F,Fy,F,, Fuz, Fuy, Fya, Fyy € C(QR) and

Foo(t,z,y) >0, F(t,x,y) >0, F,tzy) <0 for (t,z,y) € Q.

Then the conclusion of Theorem 1 remains valid.

Proof. Note that, in view of (ii), F} is nondecreasing in the last two variables,
F), is nondecreasing in the second variable, and F), is nonincreasing in the third
one. Denote this property by (B).

We construct the monotone sequences {y,}, {z,} by formulas:

Yns1(t) = F(t, yn, yn) + [Fo(ts Yns Yn) + Fy(t, Yn, 20)] [ynr1(t) — yn(t)]
yn+1(0) = ko ,

Z;«L+1(t) = F(t,2n, 2n) + [Fo(t, Yn, yn) + Fy(ta Yns Zn)][2nt1(t) — zn(t)],
2n+1(0) = ko

forn=20,1,....
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Let p=y9 —y1 on J. Then

P'(t) < F(t,y0,y0) = F(t, 50, y0) — [Fa(t, Yo, y0) + Fy(t, yo, 20)][y1(£) — yo()]
= [Fw(tay07y0)+Fy(t7y0a20)]p(t)7 and p(O) SO

Hence p(t) < 0 on J, showing that yo(t) < y1(¢) on J. Similarly, we can show that
z1(t) < zo(t) on J. If we now put p = y3 — 21 on J, then the mean value theorem
and property (B), we have

p'(t) = F(t,y0,90) — F(t, z0,90) + F(t,20,y0) — F (¢, 20, 20)

+ [F2 (£, 90, y0) + Fy (t, o, 20)][y1 (£) — yo(t) — 21(t) + 20(t)]

= [Fa(t,€,90) + Fy(t, 20, 0)][yo(t) — 20(1)]
+ [F(t, 90, y0) + Fy (£, 50, 20)][p(t) — 21(£) + 20(2)]

< [Fy(t, 90, 20) — Fy (£, 20, 20)] [20(£) — yo(?)]
+ [Fx(t, 90, y0) + Fy(t, yo, 20)p(t)

< [Fu(t,yos yo) + Fy(ts yo, 20)]p(t) ,  p(0) =0

with yo(t) < &(t), o(t) < zo(t) on J. Hence y1(t) < z1(t) on J, and as a result, we

obtain
yo(t) S Y1 (t) S Zl(t) S Zo(t) on J.

Continuing this process successively, by induction, we get
Yo(t) Sy1(t) <  <yn(t) < 2p(t) <--- < 21(t) < 20(t), teJ,

for all n. Indeed, the sequences {y,}, {2} converge uniformly and monotonically
to the unique solution z of problem (2). Now, we are in a position to show that
this convergence is quadratic.

Let

Pl =2 —Yn+1 >0, Gny1 =2p41—2>0 on J.

Hence pr+1(0) = ¢n+1(0) = 0. The mean value theorem and property (B) yield

Pria(t) = F(t,z,2) = F(t,yn, 2) + F(t,Yn, ) = F(t,Yn, Yn)
= [Fu(t, yns yn) + Fy(t yns 20)][Yn1(8) — 2(t) + 2(t) — yn(?)]
= [Fo(t,&1,%) + Fy(t, yn, 01)]pn(?)
+ [Fe(t,Yns Yn) + Fy (s Yn, 20)] [Prt1 () —pn(t)]
< [Folt, 2, 2) — Fy(t,yn, @) + Fo(t, yn, @) — Fo(t,Yn, yn)
+ Fy(t, yn, Yn) — Fy(t, Yn, 20)]pn (t)
+ [Fu(t, Yns Yn) + Fy(ts Y, 20)|Pnt1(t)
= {Fua(t, §2, 2)pn(t) + Fuy(t, Yn, 02)pn(t)
— Fyy(t,yn, 03)[2n(t) — yn(t)]}0n(t)
+ [Fu(t, Yns Yn) + Fy (s Yns 20)Pnta (1)
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where y,(t) < &1(t), &2(t),01(t), 02(t) < z(t), yn(t) < o3(t) < 2,(t) on J. Thus
we obtain

D1 (1) < {(A1 + A2)pn(t) + Az[gn(t) + pn(O)]}pn(t) + Mpnya(t)
< Mppga(t) + Dipi(t) + Dagi(t)

where D; = A; + As + %Ag, Dy = %Ag. Hence, we get

0< pua(t) < / [D1p2(s) + Dag? (s)] expM(t — )] ds,

and it yields the relation

_ < _ 2 _ 2
max |2(t) — yn+1(t)] < dy max|a(t) — yn ()" + dp max|z(t) — za ()",

where d; = D;S,1=1,2.
By the similar argument, we can show that

_ < d _ 2 7 _ 2
max |2(t) — znt1(8)] < dymax[z(t) — yn(t)|” + dz max|z(t) — 2 ()],

with CL = DZS, 1= 1,2, for Dl = %Al + AQ, D2 = %Al + 2A2 + A3.
This ends the proof. ([l

(1]
2]

(3]
(4]
(5]
[6]
(7]
(8]
(9]
(10]

(11]
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