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AN IMPROVED EXPONENTIAL DECAY RESULT FOR SOME
SEMILINEAR INTEGRODIFFERENTIAL EQUATIONS

S. MAZOUZI AND N.-E. TATAR

ABSTRACT. We prove exponential decay for the solution of an abstract in-
tegrodifferential equation. This equation involves coefficients of polynomial
type, weakly singular kernels as well as different powers of the unknown in
some norms.

1. INTRODUCTION

We consider the integrodifferential problem

2 (8) + Aa(t) = f(t,x(t))+/0tg (t,s,x(s),/OSK(S,T,x(T))dT) ds,
z(0) = o,

where z € X a Banach space and ¢t € [0,7], T > 0. The operator —A is the
infinitesimal generator of a linear semigroup e~*4, ¢ > 0 on X and zg is a given
initial value. The functions f : IXX — X, g: QxXxX — Xand K : QxX — X
are given, where @ = {(¢,s), 0 < s <t <T}.

A similar problem has been considered by Balasubramaniam and Chandrase-
karan [1]. They considered an infinitesimal generator of a Cp-semigroup and a
nonlocal boundary condition. The authors proved existence and uniqueness of
mild and strong solutions provided that the functions f, g and K are continuous
and satisfy some Lipschitz conditions.

In the present paper the functions f, g and K possess some interesting new
features. Indeed, besides inserting coefficients of polynomial type and weakly
singular kernels, we allow different powers of the unknown.

(1)

2. AN EXPONENTIAL DECAY RESULT

In this section we consider X = LP(Q), p > 1 with Q a bounded domain of
R™, n > 1. The operator —A is supposed to be sectorial (see [2]) with Rec(A) >
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b > 0 where Reo(A) denotes the real part of the spectrum of A. We may define
the fractional operators A% 0 < a < 1 in the usual way on D(A%) = X“. The
space X endowed with the norm ||z]|, = ||A%z]| is a Banach space.

The functions f, g and K are assumed to fulfil the following hypotheses for
every x,u,v € LP(Q), (¢t,s) € Q and 01,09,05,04 > 0:
(HL) | ft,2)l, < t7eu(t) [A%];" t 20, 2 € LP(Q), (01 = 0),
(H2) |lg(t, s, u,v)]l, < Ut —s)s7p2(s) [A%ull,* +p(t — 5)s7 o],
(H3) K (s, 7,2(7)]l, < k(s —7)77pa(s) [ A%x]|,;",

where [(t) = t=F2e772t p(t) = t P33t and k(t) = t P1e™4t, 3; € (0,1),4 =
2,3,4and v; >0, i = 2,3, 4. The functions ¢;(t), i = 1, 2, 4 are assumed to be
nonnegative and continuous.

Global existence of mild solutions of (1) under these assumptions may be proved
by modifying, for instance, the proof of Theorem 2.1 in [8] , see also [9] as well
as [4]. Imposing Lipschitz conditions on f, g and K one may obtain a uniqueness
result. Our primary goal here in this paper is to prove an exponential decay result
in the space C¥(Q) for some values of v.

To prove our next theorem we will use the same technique as used in the second
author’s paper [9]. Our problem is yet different in nature and presents some new
difficulties. The last part of the corresponding proof in [9] has to be modified
accordingly. To this end we prove a modified version of a result in Medved’ ([5],
Theorem 5). It will be clear that our results may be used to generalize those in
[9] as our powers m; are not necessarily equal.

The following lemmas will be used in the proof of our Theorem.

Lemma 1. If0 <« <1, then D(A%) C C¥(Q2) for 0 < v <2a— 7.

Lemma 2. If0 < a < 1, then ||A°‘e_tAHp < et~ t > 0 for some positive
constant cy.

Lemma 3. Ifd, v, 7 > 0 and z > 0, then
217”/ (z= Q)¢ e T d¢ < K (1,6, 1),
0

where K (v,6,7) = max(1,2!~")(8)(1 + )79,

The proofs of Lemma 1 and Lemma 2 may be found in [2] while for the proof
of Lemma 3 one can see [7] or [3].
In order to lighten the statement of our next theorem we set the following

conditions on the powers in (H1) — (H3) and a definition.
(H4) 0< By <1— g,

(H5) 14 g(o1 —amy) >0, 1+ g(o2 — amsa) > 0,
1+q(os — fams) >0, 1+ L (04 —amy) >0,

qam

(H6) bmg > v2, bmy > vy, yamsz >3, Y2 +73 > b,

for some ¢* to be determined later, m, mo and msz > 1.
We also need the following condition:
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_Z a*y s
(H7) [7°h(t)dt = Hy < PO allzollz ) go=1)

where 0 = min(mi, ma, mgma), H(t) = [;° h(t)dt and

¢
h(t) = m" et (t) + m’QnQEg/ pd (s)ds
0

t u
+ (m3m4)m3m454/ (/ @5 " (7) dT) du
o \Jo

for some constants ¢; to be identified in the proof of the Theorem.

1-—- 1-
Theorem 1. Assume the hypotheses (H1) — (HT7). Let z1 = a’ Z9 = B
a

B2’
1-— «
= Ps and £ = min{z;,i =1,2,3,4}. If p; € L? (0,00), i = 1,2,0," €
3

L7 (0,00) where

z3

L JEr2, i 0<e<t
772 if &>1

then any mild solution x(t) to problem (1) satisfies the estimate
A%z ()|, < et ™, t>0
for some constant ¢ > 0.

Proof. Let x(t) be a mild solution of (1). We have

t
z(t) = e~y —|—/ e~ =DA5 (s, 2(s)) ds
0

(2) +/0te<fS>A </Osg <s,u,x(u),/0u K(u,T,x(T))dT) du) ds.

Applying the operator A%, 0 < a < 1 to both sides of (2) and using hypotheses
(H1) — (H3) and Lemma 2, we get at once

t
[A%2(@)ll, < ext™e™ [lzoll, + 1 / (t —5) e 75701 (s) | A%a(s) ;" ds
0

+a /Ot(t — 5) et [/OS I(s — u)u®pa(u) ||Aax(u)||;”2 du
+ /Osp(s —u)u’ </0u k(u — 7)r% (1) | A% ()| 1 d7> mg} .
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Next, using the definitions of I(t), p(¢) and k(t), we obtain
lA2(@)ll, < ext™ e [|zoll, + cre™ /Ot(t —5) 7% (s) A% (s)]," ds
+ cpe bt /t(t _ 8)—aebs [/S(S _ u)_&e_%(s_“)u”(pg(u)
0 0
X ||A°“3r;(u)||;n2 du + /S(s —u) Psemms(smu)y 0
0

(3) x ( /0 "= 7)) s (1) |4 ()| dT> ms] ds .

Multiplying both sides of (3) by t“e®, then denoting the obtained right hand
side by U(t), we get

e | A%2(t)[l, < U(t) < e ||,
t
+ct® / (t — s)ebI—mu)sgrimamiy, ()™ (s) ds
0
t
+ clto‘/ (t — s)"@elbmr2773)s
0
X [/ (s — u)_526(“’2_l’m2)“u‘”_‘WL2<,02(u)Um2 (u) du
0
+ /9(8 _ u)—l33e(’73—’v4m3)uu03
0

ms3

(4) X </ (u— T)_54e(“"‘_bm“)TT‘T“_0””'”‘4904(7')Um‘L (1) dT) du] ds.
0

We may write inequality (4) as follows
(5) U(t) < cillzoll, + it At U) + et B(t, U),

where
A0) = [0 o)t () s) s
B(t,U) = /Ot(t —5)" b2 [O(s,U) + D(s,U)] ds
C(s,U) = /Os(s — )Pz mbma)uy o2 mama o) (N2 (4) duy
D(s,U) = /Os(s — u)*’33e(73*74m3)”u”3E(u, U)du

E(u,U) = ( / (u— )~ Prelr=bma)r pou—ama g, (p)prma (1) dT) .
0

We shall estimate below all these expressions separately.



AN IMPROVED EXPONENTIAL DECAY RESULT
Applying Holder inequality to A(t,U), we find

1/q

t
A(t, U) < </ (t _ S)*qaeqb(lfnu)ssq(ol7am1) ds)
0

< ( / o (U (s) ds) W

where ¢* is the conjugate exponent of ¢ , that is 1 + q% =1.
It can be seen by (H5), (H6) and Lemma 3 that

1/q"

(6) Aoy < i ([ o (U™ () i)

where K1 = K(1 — g, 1 4+ ¢(01 — ama), gb(mg — 1)).

167

It is worth to observe that when & > 1 one has 0 < a, (32,03 < % and if

0<¢<1, then

1 2
min{l—qa,l—qﬂg,l—qﬂg}Zmin{ ¢ }>0.

2(1+6)1+¢2
Next, estimating C(s,U) in the same manner we obtain
1 5 o . Va
) ctsv) < &5 ([ of o)
0

where Ko = K(1 — qf2,1+ q(02 — ama), q(bma — 72)).
Now we apply Holder inequality to E(u,U) with % + T% =1 to get

ms3

T

E(u, U) < (/ (u _ 7_)7r64er(’y4fbm4)-r7_r(o4fam4) dT)
0

X </0u o) (T) U™ ™ (7) dT) - :

We choose 7* so that =2 = q%, that is, r* = ¢*mg, we conclude as before by

(Hb5),(H6) and Lemma 3 that

1
PE

(®) E(u,U) < Ky* " u=fims ( /O ] " () UL M () dr)

ey made | d'ms(oi—ama) g ms(ma—ya)
where K3 = K(1 ma—1° 1+ ¢msz—1 0 q*mz—1 )-
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If we apply once again Holder inequality to D(s,U), taking into account the
estimate (8), we get

S
D(s,U) < K;ns_“%/ (s — u)*’33e(73*74m3)“u”37’34m3
0

1
F

x </0u @ ™3 (1)U MM (1) dT) du

S
< K;n37q_* </ (8 _ u)q,33€q(7374m3)uuq(0354m3)> ¢
0

x (/0 </0u903 ™3 (1 )UfI*mSW(T)dT) du)%.

Therefore

©) 1

D(s,U) <K, TKjs® (/ (/ @d ™ (UL mama (1) dT> du)q :
0 0

where Ky = K(1 — qf3,1 + q(03 — Bams), q(yams — 73)).
Inserting now the estimates (7) and (9) into the expression of B(t,U) we find

t 1 S . . 1/q*
B(t,U) < / (t — s)~@elbmr2779)s [KgsBZ ( / o3 (u)U1 mz(u)du>
0 0

+ KT K s (/ (/ @] " MU (r) dT) d“) | ] "
0 0
(10) = F(t,U)+G(t,U).

It is obvious that

1/a
F(t,U) < 2% ( (t —s) —qa,q(b—72—73)s g—aB2 d8>

([ rmrevme)”
(11) < (Ko Ks5)ht™ (/Ot (/O o8 (W)U ™2 () du) ds>w,

with K5 = K(1 — qo, 1 — ¢B2,q(v2 + 73 — b)) and

1
ma—L 1 t 7
G(t,U) < K, a K} </ (t— S)—qaeq(b—'yz—vs)ss—qﬂs ds)
0

([ ([ ([ ormemmm ) w) o) "
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Applying again hypotheses (H5), (H6) and Lemma 3 we obtain

ms—L 1
Gt U) < Ky 7 (KyKg)ot™®

(12) y (/Ot (/0 (/Ou P07 () moma (1) dr) du> dsf*,

where K¢ = K(1 — qa, 1 — gB3,q(v2 + 73 — b)).
Now, if we substitute all the obtained estimates in (5), namely (6) and (10)
-(12), we get the following

1/q”

1 t * *
U) < o1 aoll, + 1 K7 ( JRCACE ml(s)ds)
0

b1 (KaKs) ( /0 t ( /0 "o (W)U () du> ds)

_ 1
e

+ Ky (KaKe)

13) ([ ([ ([ amemrmmear) w) ) |

Applying the following algebraic inequality

(14) <Z a¢> <m®! <Z af) ., YmeN*, Vs,ai,..amn€RT,
i=1 i=1

to (13) with s = ¢* and m = 4, we infer

1/q"

» . N * a* t N N
U (1) < 47 et {nxouz LK [ U ) ds
0

k)T | t ([ ot e du) as

« t s U . .
+ KY m3—1(K4K6)%/ (/ (/ G4 () U M (7) dT) du) ds}.
0 0 0

Define the new constants
. * . o
& =47 "], & =47 "] K7,
C3 :4q*7161{‘ (K2K5)q7, Cq4 = 4q*7lcl{*Kg*m371(K4K6)qT
and set v(t) = U9 (t). It readily follows that the last inequality becomes

t
o(t) < & [lzo]” + / o (s)0™ (s) ds

+é /0 t ( /0 T8 ()™ () du) ds
(15) + &y /Ot (/0 </Ou @ ™3 (7)™ (1) dT) du) ds.
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Denote the right hand side of (15) by V' (¢), then V(0) = & ||x0||g* and v(t) < V(¢).
Next, differentiating the function V' (), we get at once

’

V() = eap] (t)0™ (t) + ¢ / 03 (s)v™2(s) ds

t u
+ 54/ (/ of " (T)u™3™a(7) dT) du .
0o \Jo

Now since V() is nondecreasing, it is then straightforward that

Vi) < el (V™ 0+ (o | () i) V(o)

(16) + (54 /Ot (/Ou ol ™ (1) dT> du> Ve ()

Let § = min(mq, me, mgmy), then multiplying both sides of inequality (16) by
e~ and making use of the algebraic inequality
yre W < (E) , VYa,b,y >0
eb
we infer that

(17) VeV < e 067 0n(1),

where

t
h(t) = mi et (1) + mi2é / oY (s)ds
0

t u
+ (M3m4)m3m464/ (/ w3 " (1) dT) du.
0o \Jo

Integrating (17) from 0 to ¢, we find the following
t
% (e—av(o) _ e—av(t)) < 6—55—5/ h(s)ds < e 360 H.
0

But since we have by assumption Hy < efU—cllzolly )§o-1  then S —Crllzolly ) _
8§91 Hy > 0 and therefore,

1 é
V(t) < =In __(e0) . V> 0.
) (561—61”-%0”;5 )8 — 6H

Accordingly, we have

1 e A ()| < U (1) = v(t) < V(1)

1 1
< _ (65)* , Yt>0
0\ (set-aleolliye — 5,

from which we get the desired estimate

(18) lA“2 (D), < et e, Vi >0,
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1 5)°
withc= =1In - (e q)* . This completes the proof of the Theorem.

é (561*01|\I0Hp )8 — 6Hy

O
Corollary 1. If0<a<1and0<v <2a-— %, then
|A%z(t)|, < ct™ ¥, V>0,

(where |.|, is the norm of the space C¥(2)).
Proof. It is a straightforward consequence of Lemma 1. (|

Remark 1. It is fairly apparent that our inequality (5) is more complicated than
inequality (29) stated in [5].
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