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COMMUTATIVE NONSTATIONARY STOCHASTIC FIELDS

HATAMLEH RA’ED

ABsTRACT. The present paper is devoted to further development of commuta-
tive nonstationary field themes; the first studies in this area were performed by
K. Kirchev and V. Zolotarev [4, 5].

In this paper a more complicated variant of commutative field with nonstationary
rank 2, carrying into more general situation for correlation function is studied. A
condition of consistency (see (7) below) for commutative field is placed in the basis of
the method proposed in [4, 5] and developed in this paper. The following semigroup
structures of correlation theory for disturbances and semigroups are used in this
case: Ty(e) = exp(itAe), Ac = A1 + e, |e| K< 1.

1. In this section we will present the main preliminary information [4, 5].

Let us consider a two-dimensional curve T; = exp(it; A; + ito A2) in Hilbert
space H. From now on we will assume that the system of linear bounded operators
{41, A2} is a commutative one, [A1, A2] = 0, and there hold true:

1) (AQ)[H C (Al)[H;
(1) 2) (A1)r = 0;
3) (A) Am is restrictedly invertible.

As it is known [7], the system {A4;, A2} can be included in the commutative colli-
gation

(2) A:(AlaAQaqu)vE?Ul’UQ”y’:?)'

Where: E is Hilbert space; ® : H — E;o01,09,7,7 are selfadjoint operators in F
and also the next colligation relationships are valid:
1) Ak—A;;:Z.@*O’k(I) (k=1,2);
(3) 2) 4P =01PA; — 02PAT;
3) W =7 + i(Ulq)(I)*O'Q — O'QCI)(I)*O'l)
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From now on we will study only the case of finite-dimensional space E. From the
assumptions (1) follows that we can conclude that oy = Ig; i.e., A is dissipative.
This means that the semigroup 7; when ¢t5 = 0 is contractive. It is evident that
when ¢ is small enough then the operator A. = A; + €A, is also dissipative and
the semigroup Ti(e) = exp(itA:); (t1 = t, ta = et) is contractive. We will study CF
and ICF of semigroup of contractions T;(¢) as a function of the variables ¢ and ¢.
Similarly to [2] it is easy to prove that there exists the limit

(4) S lim T7() Ti(e) = K.

and also 0 < K, < I.

Proposition 1. For every z and s from R there holds true

(5) A K e = K, , where A=A+ zA5.

Proof. It is evident that

e—isAI[(EeisAI = s- lim e—i(sAI+tAE) e1'(15A5+5AI)

t—oo

. cs(x—e) A% _ * cs(x—e)
= S . llm el t+s As e l(t""S)As el(t+S)AE e'L tts As — KE
t—o0

because of strong continuity of semigroup €942 which tends to I when § — 0. O

Corollary 1. In this way for every small enough £(|e| << 1) we can assert that
AjK, = K A1, ASKy = K. Ay. From the existence of the limit K., (5), there fol-
lows that for the correlation function K.(t,s) = (I;(e)W, T, ()¥) the next formula
is valid
(6) Ks(t,s):Vs(t—s)—i—/ Wt 475+ 7)dr
0

where, as usual, ICF is defined by the formula

We(t,s) = — (0t + 0s)K:(t, s)
and

Vet — s) = (K.l A0 ),
Let us now notice the ICF, W.(t, s), which, obviously, has the form

We(t,s) = 2((Ac)1Te(e) ¥, Ts () ¥) = (0D (t, ), RWe(s, ),

here U (t, ) = Ty(e)¥, 0. = 01 + €02, (Ac)r = (2i71)(Ac — AZ).
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Proposition 2. The function f(e,t) = ®U(t) is a solution of the equation (7):

(7) [o9io; — it o to. — 7] f(e,t) = 0.

Proof. As far as 7® = 0.9 Ay — 02P A, so
Ff = 0. DAY — 09PA T = 0, DAz T — gy DA AT
= as(it)_1<1>ase“‘45\ll — ag(i_l)q)ate“AE\Il = oyioyf — it oo f,
which proves the assertion. O

Therefore, knowing the function f(¢) (when e = 0) we can compute also the
function f(e,t) as a solution of the next Cauchy problem:

{ io.f(e,t) = toc|ozior — 7] f(e,t)

®) e )mo = £(1)

2. Let dim ' = 2 and the operators o1, 09,7 are of the form

o (V) (md) (5 0)

where o, 8 € Ry;m € C.
In the Hilbert space L?O,l) (E?,dx), we consider a model operator system

4
Alfm:Z/ deC

4
nati=1 (5 )i [ n (0 )

where f, = (f1(2), f2(2)) € L%, (E, da).
Further, we consider a contractive semigroup

(11) ft,2) = Ti(e) fo = €< fo

with 1 — ¢|m|? > 0, i.e., ¢ < |m|™!. Then f(¢,x) is a solution of the Cauchy
problem

(10)

(12) i (t,m):fm(t,x)ie<% i)‘fff(t’odé(g; svln>
10,2) = f,

We introduce in the consideration a vector-function F'(t,z) such that

W e rme(3 )
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Then the Cauchy problem (12) for F'(¢,z) takes the form

(14) { Fy(t, @) = — [ F(t,) dcb
F(0.1) = f(x)

where the matrix b; has the form

and the unitary matrix U has the form
1 /1 1
=351 )

eist(gg)U _ eist(gg)eist(gg)U

e [ costel i sintef 1 1
- /2 \isintefl  costefs 1 -1

elitea eitsﬁ e—itsﬂ
= \/5 eits[} _e—its,ﬁ
Therefore,

1 eitsﬁ e—itsﬂ 1 +€ﬁ 0 e—itsﬁ e—its
by = 5 eitsﬁ _e—its,ﬁ 0 1— Eﬂ eits[} _eite

(1 em
“\em 1

Thus we obtain b; is independent on ¢.
Finally, let us determine an explicit form of F(¢,z) (13).
For this purpose we represent F'(¢,x) in the form

(15) F(t,x)zexp{t/:.dg}.exp{—tam/:.d<<(l’ })}f@)

First we calculate
l e o] (—t)n < ¥/ )n
exp | —t dC ) f = d¢ | f(x)
(o] )-S5 (]

¢ 2t 3l (2
:f(x)—%/ fgdC+%/(C—x)f<dC—%/ %fcdc+'“:

We calculate the expression
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Assuming then that f* exists and belongs to L, , (E?, dx) with f, = 0, we obtain
after integration by parts

(16) WPﬁ%Léﬂ>=—szM?tK—@)M

where Jy(z) = Z (GG k, k, * the Bessel function of zero order.

Now we calculate
¢ ¢ "
exp{—tam/ ~dC((1) )}f Z tam </d§((1) é)) f
2.2
—f(t“”/ C—a)fedC+ “”/) L jedc+-

e )0

Selecting as earlier f(z) from a dense set in L ,(E?, dx) such that f'(z) exists

and is in LY, , (E?, dz) with f(¢) = 0, we obtain after integration by parts

exp {—tam/:. d¢ (? (1)> } [= / fé Z (ten(g):;'(é;)?c)% dz

(tem)2RH1 (¢ — 2)2h+1 0 1
/f< 2k 1)\(2k + 1! dc(l 0)'

Further we make use of
Jo(2v/7) + Ip(2V/T) = 22:%@@

where Ip(z) is the modified Bessel function of zero order:

Io(.r) = JQ(ZZ‘) .

Finally, we have

¢ l
(17) exp{—tam/m ~d§(? é)}f:—%/mfédc

<%@ TEn(C=1)) +Io(2y/Fem(C—); Jo(2y/Em{C—a) —Io(2 wm«—x»>
Jo(2y/tem((—x)) — I (2\/tem(C—2)); Jo(2y/tem({—x)) + Ip(2y/tem((—x))
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A last, using expressions (16) and (17), we determine the form of function F'(¢, )
(15).
To this end, it is necessary to calculate the following integrals:

2 2

= [ ne t<<—x>>d% /C F'ndo(2y/EEm(y —0)) dn
2 2

L - / o2 t<<—x>>d% /C FIo(2y/Eem(y —0)) dn

To simplify the first of them (the second is calculated simplify) we make use of
integration by parts:

'3
b= [ gy =) dc

2
- / dCT -1 (2/i(C — ) ﬂ@

4
— [ fenieiEmC o)

/
/C 11 Jo(2\/tzm(n — O)) di

dg

2 2
Vi / £ dn / T @VHC — o) o(2VEm(r —0)

]

Using the following formula [1]

t
/ V=TT (o) Io(BYE—T) = 20~V o(ty/a® + )
0
we obtain

/17 J_1(2/t(¢ — :C)Jo(2\/t€—m))\/<d<__x = %

Jo ((n—z)2Vt +tem) .

Thus

l
19 L :/ f! {J0(2 tem(C — 2)) — Jo (¢ — )2/ +t5m)} dc .

In a similar manner we obtain

¢
I, = / fé {10(2 tem(C — ) — Jo (¢ — 2)2vt — tam)} dc¢.
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Taking into account the expressions (16), (17) and (19), we obtain that the com-
ponents of vector-function F(¢,x) = (F(t,z); F?(t,z)) (13) are as follows:
(20)

Pt = 3 [ {10650 + 00O @VITT) ~ I(€ — 22 TTTEm)
+ [0CF1(Q) = L Qo (2v/Eem(C—2)) = Jo((C—2)2VTF Tom)) b dC
P = 3 [ {10680 + 00PN @VITT) — I~ 22T TEm)
HOCS (€)= DS (O Ho(2/Em(C—2) = o(((—2)2V/T= Tem)) b dC

Finally it remains to take into account (13):
_ Lo B . ita [ coste isintef
flt,x) = F(t,m)exp{zt (5 a)} = F(t,x)e (z sintef  costefl
hence
fH(t,x) = " [F(t,x) costeB + F(t, x)i sintefd]

) F2(t, ) = " [F(t,x)i sinte + F%(t,z) cos teff]

Accounting the asymptotic of Bessel function [1] Jy(z) when z — oco(|arg z| < )
we will obtain that f(¢,2) — 0 when ¢ — co. So T(¢) is asymptotically decaying
function and hence V.(t — s) = 0.

Theorem 1. The limit correlation function V.(t — s) for the stochastic field
Ti(e) = expit(Ay + €Ay), when Ay, Ay have the form (10) (le| < L) is equal
to zero Ve(t — s) = 0. Therefore infinitesimal correlation function W.(t, s) has the
form

(22) We(t,s) = (1 +em)® (t,e)®L(s,¢) + (1 — em)P?(t,)D2(s,€)

where it is obvious that
1 E
#(1e) =5 [ (F(ta)+ Fta) da
0

4
#(t.6) = 3 [ () = P0a) de

The Cauchy problem (7) for this case and the function ®(¢,¢) = (®(t,¢), ®%(t,¢))
has the form

0.0(t,e) = t{m (1 +05m 0 ) )

em—1

23 A (a+B)(1+em) 0
23) +22< o (a—ﬁ)(l—am)>}q’(t’5)

O(t,0) = (2'(1), 2*(t))
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where ®(t,0) is determined by a dissipative process with a spectrum at zero and

'3
B0 =3 | 71O+ POIBEVR) i

(24) )
w0) = 3 | (10 - PRV i

One can write the equation of Cauchy problem (23) in the following form:

Ol = (1 +em)(mtd} + 2i(a+ B)@")

(25) D2 = (em — 1)(mt®} + 2i(3 — a)0?)

where ®F = 0.®% ®F = 0,0 (k = 1,2); therefore it is necessary to solve in a
general form the equation

0P = (em + a)(mtd,® + ib®),

where a,b, m € R. It is easy to see that a general solution of this equation has the
form

B(t,e) = et (atemP 2 G2 nt 4 (em + a)?)

where G(x) is an arbitrary differentiable function.
Taking into account the initial condition of the problem (23), it is easy to obtain

i(atB)

q)l(t,é‘) — e 3 5(5m+4)q)1(e

2t4e2m242em
2

(20 )

CI)Q(t,é‘) —e T 5(5m—4)q)2(e

2t4e2m2 _—2em
2

where ®F(t) has the form of (24).
Thus, the following theorem is proved.

Theorem 2. The correlation function of stochastic field Ti(¢) for the commuta-
tive system of operators Ay, As (10) has the form

Ks(t,s)z/ We(t+ 1,8+ 7)dr
0

where We(t, s) has the form (22) and ®*(t,¢) is represented in the form (26).
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