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ASYMPTOTIC PROPERTIES OF SOLUTIONS OF
SECOND-ORDER DIFFERENCE EQUATIONS

JAROSLAW MORCHALO

ABSTRACT. Using the method of variation of constants, discrete inequalities and
Tychonoff’s fixed-point theorem we study problem asymptotic equivalence of second
order difference equations.

1. INTRODUCTION

Some asymptotic relationships between the solutions of the second order differ-
ence equations

(1) A(pn—len—l) + gnTy = 0
and
(2) A(Pn-1AYn—1) + @u¥n = [0, Yn, AYn_1)

are studied.

The purpose of this paper is to extend some of the results from [2] and [6] on
differences equations.

Analogous problem for differential equations has been considered in paper [11]
by J. Kuben.

We suppose that n € N(ng + 1) = {no + 1,no + 2,...}, (no is a fixed non-
negative integer), A is the forward difference operator; i.e., Au, = u,4+1 — u, for
any function u: N(ng) — R (R is a real line), p: N(ng) — (0,00), ¢: N(ng) —
R, f: N(no+1)x Rx R— Ris for any n € N(ng+ 1) continuous as a function of
(y,z) € R x R. Hereafter, the term “solution” of (1) or (2) is always used as such
real sequence {u,} satisfying (1) or (2) for each n € N(ng + 1). Such a solution
we denote by u,.

Notation 1. Let M; be the set of all solutions of the equation (1) and M, the
set of all solutions of the equation (2) that exist for all n € N(ng + 1).
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16 J. MORCHALO

Let p: N(ng) — R. The symbols O and o have the usual meaning: z, = O(uy,)
denotes that there exists ¢ > 0 such that |z,| < ¢1|pn| for large n, and z, = o(uy,)
denotes that there exists h, such that z, = u,h, and lim h, = 0.

n—oo
Definition 1. We shall say that the equations (1) and (2) are u’-asymptotically
equivalent if for each x € M; there exists y € M, such that
(3) Tn — Yn = O(U%) )
and conversely.

Definition 2. We shall say that the equations (1) and (2) are weakly u'-asympto-
tically equivalent if for each x € M; there exists y € Ms such that

(3 Azp, — Ay, = 0(.“111) )
and conversely.

Definition 3. The equations (1) and (2) will be called strongly (1°, u')-asympto-
tically equivalent if for appropriate x,, and y,, (3) and (3’) holds.

The asymptotic equivalence was studied by many authors e.g. [1]-[10]. Our
method is similar to that of [9] but is applied to the difference equation.

2. EQUIVALENCE OF NONHOMOGENEOUS LINEAR DIFFERENCE EQUATIONS

Let in equation (2) f(n,u,v) = ap, where a: N(ng+1) — R. Then the equation
(2) has the form
(4) A(pn—lAyn—l) + dnlYn = Qn .

The method of variation of constants formula gives for each solution y of the
equation (4) the relation

n n
_ 1 1
(5) Yn = C1Uy + C2Up — C Uy Vss + ¢ U, UsOs
s=no+1 s=no+1

where c;, co are arbitrary constants, wu,,v, are lineary independent solutions of
the equation (1),
€ = PnlUnVnt1 — VnlUn1] -

Notation 2. If u,, v, are lineary independent solutions of (1) then

n o0
yg = —cu E Vsl — CUp E Uslg ,

s=no+1 s=n+1

where ¢! = p,W(uyn, v,], W[, ]-the Casorati matrix is a particular solution of

(4).

Applying the operator A to both sides of relation (5) we obtain

n n
(5") Ay, = c1Auy, + c2Av, — ¢ Au, Z vsas + ¢ Avy, Z UgQyg -

s=nop+1 s=no+1



ASYMPTOTIC PROPERTIES OF SOLUTIONS ... 17

Theorem 1. The equations (1) and (4) are ji°-asymptotically equivalent (weakly
ut-asymptotically equivalent, strongly (u°, u')-asymptotically equivalent) if there
exists a solution 19 of the equation (4) such that

yn = o(ud), (Ays =o(uy), A'yS =o(ul), i =0,1) where Ay, =y, .

Proof. Each solution of the equation (4) can be expressed in the form
Yn = Tn + yg

where 1z, is an arbitrary solution of the equation (1). This implies the assertion
of the theorem. O

Theorem 2. Assume that

(6) Unp, Xn: VsQs + Up f: ’U,SCLS:O(/J%)

s=no+1 s=n+1
or
(6" Au, Z vsas + Avy, Z usas = o(pul)
s=no+1 s=n+1
or both (6) and (6') hold. Then the equation (4) has a solution 1f with property
Un =o0(up) or Ayp=o(u,) or Alyp=o(s,);  i=0,1.

Proof. The assertion is an immediate consequence of the relations

n %)
_ —1 —1
Yn = C1Up + CoUp — € Uy Vsls — C Uy, UsQs
s=no+1 s=n+1

n o0
Ay, = c1Auy, + co2Av, — ¢ Au, E vsas — ¢ LAwv, E Ugls .

s=no+1 s=n-+1 D
Theorem 2°. Assume that
(6") Un, Z Vss — Up Z usas = o(12)
or
(6" Ay, Z vsas — Avy Z usas = o(pk)
or both (6") and (6") hold. Then the equation (4) has a solution if with property

Yo =o(pu)) or Ayd=o(u,) or AW =o(u); i=0,1.

Corollary 1. If the hypotheses of Theorem 2 (or Theorem 2’) holds, then the
equations (1) and (4) are u°-asymptotically equivalent, weakly u'-asymptotically
equivalent or strongly (u°, 1) asymptotically equivalent respectively.
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3. EQUIVALENCE OF NONLINEAR DIFFERENCE EQUATIONS

In this chapter we shall give sufficient conditions for the types of asymptotic
equivalence defined above. We suppose that the following hypotheses hold:

(i) fi Nnp+1)x RxR— R

(ii) there exists a nonnegative function
F: N(’/lo—Fl) XR+ XR+—>R+

which is continuous and nondecreasing with respect two last arguments for each
fixed n € N(ng + 1) such that

(7) [f(n, u,0)| < F(n, [ul, |v]) .

Here R, is the set of all nonnegative real numbers.

Notation 3. Let r’: N(ng) — (0,00), (i = 0,1) be a positive function such that
(8) A, = O(rh), Av, =O(rl), (i=0,1).
For example, we can take
=AM, | + |AM, ] (i=0,1).

Theorem 3. Suppose that (7) holds and let for any o> 0

Z lus|F(s,ar, arl) < oo
S=ngo
and

n

(9%) | A%, | Z lvg|F (s, ar, ard) = o(rt), (1=0,1).

s=no+1

Let for each solution y € M,
(10%) Aly, =0(r;,),  (i=0,1)

and there exist finite limits for {Atu,}, {Atu,}, i =0,1.
The the equation (1) and (2) are strongly (12, ut)-asymptotically equivalent for
each pair of functions u°, u', such that for any a >0

(117)
| Ay, Z lvg| F'(s, ar?, arl) + |Alv,| Z lus|F (s, arl, arl) = o(ul),
s=no+1 s=n+1

(i=0,1).
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Proof I. Let y € My. Consider a nonhomogeneous linear difference equation
A(pn—lAZn—l) + qnin = f(n7yﬂa Ayn—l)

that possesses the solution y,. From assumption of the theorem for appropriate
a > 0 we have

‘Aiun Z vs f(8,Ys, Ays—1) + A'v, Z usf (8, s, Ays—1)
s=ng+1 s=n+1
< |Au,| Z lvs|F (s, ar?, arl) + |Atv,| Z lug|F(s,ar? arl) = o(ul),
s=no+1 s=n+1
(i=0,1).

Theorem 2 guarantees the existence of a solution z such that Alz, = o(u),
(i = 0,1). Then x,, = y, — 2, is the desired solution of the equation (1) that
satisfies the order relations (3) and (3).

II. Let x € M; and consider eqautions

n

Yn = Tpn — CUp, Z Usf(syysa Ays—l)

s=ni+1
— CUp, Z us,f(sy Ys, Ays—l)
(12) s=n-+1 .
Ayn = AJZ‘” — CAUn Z Usf(sy Ys, Al/s—l)
s=ni+1
— CA'Un Z usf(sy Ys, Ays—l)
s=n-+1

for n > nq1 where n; > ng will be choosen later.

We denote by ® = ®(N,,,, R?) the set all pairs functions defined on N (n;). For
g € ®, let pm(g) = Sup{”gnH: n e Nm(nl) = {nlanl +1,...,n1+ m}}’ m =
0,1,..., here || - || is some convenient norm in R2. Then p,, is a pseudo-norm and
® with the topology induced by the family of pseudo-norms {p,, }°_, is a Frechet
space.

Denote

By +1) = {p = [ '] € ®: |@},| < pry,,i=0,1},  n1>ng.
There exists o > 0 such that

|A%, Az |, | A%, Aul, [A%, Av| € By(ng +1).
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Let p > 2a and choose n; so that

o0

Z |U5|F(S,p7’g,p7’§) S

s=ni+1

e~

2

and
n

. 1.
Alup| Y [usl F(s, prls pry) < ol ™!
s=ni+1
for ny > ng, (1 =0,1).

Let T: B,(n1+1) — B,(n1+1) be an operator. T'p = [Top, Ti¢], ¢ = [¢°, ]
where

(Tig)(n) = Ay — cAup Y vaf (5,900,000 — cAlvn Y uaf(s, 9%, 0}),
s=ni+1 s=n+1

i=0,1.

The convergence in @ is the uniform convergence on every compact subinterval on
(n1 + 1, 00).
Let ¢ € By(n1 + 1), then

o1 | . . _
(Tip) ()] < ary, + 5lel - o fe] 7y, + Slel - - [el Ty, = 2ar7, < pry,

for n > ny + 1,4 =0,1. Therefore TB,(n1 + 1) C B,(n1 +1).
Next, we will verify that the transformation 7" is continuous.
Let {¢ni}32, be a sequence of element B,(n1 + 1) such that ¢,; — @no in the
1— 00

Frechet space ®.
Let ny > n1+ 1 and € > 0. Denote d = maxr? for n € (n; +1,n2+1). Choose
nsg > no + 1 such that

- lc|te

D lusl Fs, prd, prl) < S

S=n3
Put

, ele|™t gle|™t

© = min o , s

2d > |us| 4d DD |ugl

s=ni+1 s=ni+1

Since f is continuous and ,; — pno convergent uniformly on (n; + 1,n3), there
exists a positive constant Ny such that if ¢ > Ny, then

| f(n, @2 0mi) — f(n, <P910a %110)| <0
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for n € {n1 + 1,n3). Thus

|(Towi)(n) — (Towo) ()]
< el funl Y- fvsl [£(s, 0% %) = F(5,05, 05)
s=ni+1

Hlelfonl Y Tusl 1£(s, 0%, 08) = F(5, 8%, 05|
s=n-+1
n

< |C| ‘uﬂ| Z |US| |f(57 410(5)1) @;i(_f(sa ngoa @;0”
s=ni+1

ns3

+ |C| ‘Uﬂ| Z |u5| |f(57 90(5)1) @;i(_f(sa Qp(s)oa @;0”
s=n-+1
0o

Hlelfonl D usl 1£(s, 0% e (=1 (5,62, L)
s=nz+1

n ns o0
<leld® D fvdl+1eld® Y fug|+2leld > jus|F(s,rdr}) <e

s=ni+1 s=n-+1 s=nz+1

for i > Ng and n € (ny + 1,ng + 1).

Therefore, the mapping 7p is continuous. The same is true for 77. This implies
that T is continuous. Since T'B,(n1 + 1) C B,(n1 + 1), then TB,(n1 + 1) is
uniformly bounded for each n.

It suffices to prove that elements of T'B,(n1 + 1) satisfy Cauchy’s condition
uniformly on TB,(n1 + 1). In fact, let ¢ € B,(n1 + 1) and n > m € N(m + 1).
Then we have

[(Tow)(n) = (Top)(m)]

m
< an =@l + el fun Y va f(5,00, 08 —um > vaf(s,90,00)]

s=ni+1 s=ni+1
o0 o0
+ lel |vn Z usf (2,0, ¢3) — vm Z us f (5,00, 03]
s=n+1 s=m-+1
n n
< |C|{|un| Z |US|F<57P7’gap7§) + |ty Z |U5|F<$,p7’g,p7§)
s=m+1 s=ni1+1
m o0
+ |uml Z [vs|F (s, prl, pri) + |vn| Z |uS|F(s,prg,pr§)} .
s=ni+1 s=m+1

By assumptions of Theorem for given £ > 0, there exists ny € N(ny + 1) such that

[(Tow)(n) = (Tow)(m)| <e



22 J. MORCHALO

for all n,m € N(n4).

The same is true for 7;. By Ascoli’s theorem T'B,(n1 + 1) is relatively compact
in ®. Therefore as B,(n1 + 1) is convex and closed in ®. T has a fixed point in
B,(n1 + 1). This assertion is due to Tychonoff’s fixed theorem — see e.g. [3], p.
45. At the same time, we have proved that the system (12) has a solution. The
relations (11%) and (12) imply that (3) and (3’) hold.

Theorem 4. Suppose that (7) holds and let for any o> 0

o0

D (usl + s F (s, arl, ar}) < oo
s=no+1

Let for each y € Ma (10%) hold.

If F does not depend on u or v, the assumption (10F) can be omitted. Then the
equations (1) and (2) are strongly (40, ut)-asymptotically equivalent for each pair
of functions pi°, p' such that for any o > 0

o0

Z (| A%y, - vs| + |us - Alvp|)E (s, ar, arl) = o(ul), i=0,1.
s=n-+1

Proof. In an aim to prove this theorem one should consider the equations

o0 o0
Yn = Tn + C_lun Z USf(Sa Yss Ay5_1) - C_lvn Z USf(Sa Yss AyS—l)

s=n s=n
and
o0 o0
Ay, = Az, + ¢ HAu, Z vs F(8, s, Ays—1) — ¢ tAvy, Z usf(S, ys, AYs—1) ,
s=n-+1 s=n-+1
and follow an analogous way as in the case Theorem 3. O

4. SPECIAL CASES OF PERTURBATIONS

Suppose that

(13) £ (n, u, )| < Pl
or
(13') £ (n,u, ) < gnlv]

where h,g N(ng) — (0,00) are nonnegative.
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Lemma 1. Let (8), (13) and suplo(r8)*h, < v < 1 hold, where ly is a positive

constant, then each solution of the equation (2) exists on N(ng) and

n—1

p=0(ew( 3 ().

s=no+1 v

Proof. From the relation (5), assumption of theorem and generalised Gronwall’s
inequality we obtain the needed estimate. 0

Lemma 2. Let (8) and (13) hold, then each solution of the equation (2) exists
on N(ng) and

n—1
Ay, = O(r}l eXp( > Egs+17‘g+17"§)> )

S=ng
where lg is a positive constant.

Proof. In an aim to prove this Lemma one sholud consider the equation
n
Ay, = c1Auy, + c2Av, — ¢ Au, Z Vs [ (8, Ys, Ays—1)+

s=no+1
n

+C_1A7Jn Z usf(8,Ys, Ays—1)

s=no+1
and follow an analogous way as in the case of Lemma 1. O

Lemma 3. Assume that
1° (7) holds,

2° forany A >0, > r9F(n, A8 Arl) < oo,

n=ng+1
3° there exists A\g > 0 such that
1
(14) sup — Z rOF(n, Al Ark) = 8 < |¢f
)\€<>\U,OO) n=ni+1

o0

for an appropriate n; > ng. _
Then each solution y of the equation (2) exists forn > m + 1 and A'y, =
o@r), 1=0,1.
Proof. As
n

—1
Yn = C1Up + C2Uyp — € Uy, E vs (8, Ys, Ays—1)
s=nop+1
n

—+ C_l'Un Z usf(sny)AyS—l)

s=nog+1
and
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n

Ay, = 1 Auy + c2Avy, — ¢ A, Z Vs (8, Ys, AYs—1)
s=no+1
n

—+ C_lAUn Z ’Uzsf(sy Ys, Ays—l) )

s=nop+1

then for n € (ny + 1, N%),n1 > ng, N° < co we have

n

Ay < Ko+ el ST 0P (s, il [Ayei)),  i=0,1

s=ni+1

K is a positive constant.

Denote
(15) 2= Klel+ Y r0F(s, |yl [Ayeaal),  i=0,1
s=ni+1
for m € (n; +1,NY).
Then
(16) Ay, | < le| ™78 2 for n € (ng 4+ 1,m), 1=0,1.

If 2, < |c|\o for each m € (ny + 1, N°) then
(17) |Afy,| < Xorly, n € {ng+1,N°), 1=0,1.

If there exists myp € (n1 + 1, N?) such that z,, > |c/[\o then 2z, > |c|\¢ for
m € (mg, N°). From relation (14) we obtain

m

1
sup ~ . rF(nxrd ar) =S < S <.
)\€>>\U7OO) s=ni41

Put A = |c| 1z, for m € (mg, N?), then

m
Z rOF(s, |e| " 2mr?, o] Tt emrt) < |7 Sz,
s=ni+1

Now from (15) and (16) we obtain
Zm < Klc| + |¢| ™ 'Szm, m € (mg, N°).
Therefore

< K|
Zm S T 1o
1— |78
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since |c|71S < 1.
Relation (16) implies
(18)

|Aiyn| <

—1_|C|_1STZ1) for 77»6<77»1‘|'1777’l),7’7’216<’I’)’L0,]\/v0)7 12071

But this estimate does not depend on m, thus (18) holds for each n € (n; +1, NY).
As (17) or (18) holds, we get Aly, (i = 0,1) are bounded on (n; + 1, N°).
This is a contradiction and hence necessarily N° = co. At the same time we have

obtained that
|Alyn| :O(T;)v i=0,1. 0

Theorem 5. Let the assumptions of Lemma 3 hold. Then the equations (1) and
(2) are strongly (r°,rt)-asymptotically equivalent.

Proof. The proof is a consequence of Theorem 4 and Lemma 3. O
Using Theorem 4 and Lemmas 1 and 2 we obtain
Theorem 6. In addition to the assumptions of Lemma 1, suppose that

o0

Z (r°)2h, < .

n=ng+1

Then the equations (1) and (2) are 1°-asymptotically equivalent.

Theorem 7. In addition to the assumptions of Lemma 2, suppose that

o0
E 7',017“,119” < 00.

n=ng+1

Then the equations (1) and (2) are r*-asymptotically equivalent.
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