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SOLUTION OF A CAUCHY-JENSEN
STABILITY ULAM TYPE PROBLEM

JOHN M. RASSIAS

ABSTRACT. In 1978 P.M. Gruber (Trans. Amer. Math. Soc. 245 (1978), 263-277)
imposed the following general problem or Ulam type problem: “Suppose a math-
ematical object satisfies a certain property approximately. Is it then possible to
approximate this objects by objects, satisfying the property exactly?”

The afore-mentioned problem of P. M. Gruber is more general than the following
problem imposed by S. M. Ulam in 1940 (Intersci, Publ., Inc., New York 1960): “Give
conditions in order for a linear mapping near an approximately linear mapping to
exist”.

In 1941 D.H. Hyers (Proc. Nat. Acad. Sci., U.S.A. 27 (1941), 411-416) solved
a special case of Ulam problem. In 1989 and 1992 we (J. Approx. Th., 57, No. 3
(1989), 268—-273; Discuss. Math. 12 (1992), 95-103) solved above Ulam problem.

In this paper we introduce the generalized Cauchy-Jensen functional inequality
and solve a stability Ulam type problem for this inequality.

This problem, according to P. M. Gruber, is of particular interest in probability
theory and in the case of functional equations of different types.

Definition 1. Let X be a linear space and let Y be a real complete linear space.
Then a mapping J; : X — Y is called Cauchy-Jensen, if functional equation

() g (P52 = Gl + (o)

holds for all vectors (1, z2) € X? with initial condition
() J2(0) =0.

Note that substituting 1 = 0, x5 = 22 into equation (x) and considering condition
(*x) one concludes that

(F) Jo(z) = 271 Ty(27) .
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Key words and phrases: Ulam problem, Ulam type problem, stability, Cauchy-Jensen, approx-
imately Cauchy-Jensen, Cauchy-Jensen mapping near an approximately Cauchy-Jensen mapping.
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Similarly substitution of z with 2z into (F) yields

(Fa) Jo(2x) = 271y (2%2) .

Combining (F) with (Fa) one gets that

(Fb) Jo(x) = 272 Jy(2%2).

Then by induction on n € N with  — 2"~ 'z one proves that the general identity
(Fc) Ja(z) = 27" (2 ),

holds for all z € X and all n € N.

Theorem 1. Let X be a normed linear space and letY be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately Cauchy-
Jensen mapping; that is, a mapping for which there exist constants ¢, @ (indepen-
dent of x1, x2) > 0 such that the Cauchy-Jensen functional inequality

0 7 (57 - e + sl <.

holds for all vectors (w1, x2) € X2 with initial condition

(1a) [£0)] <co-
Then the limit

(2) Jo(x) = lim 27" f(2"x)

n—oo

exists for all z € X and Jo : X — Y is the unique Cauchy-Jensen mapping
satisfying equation (x) and initial condition (xx), such that J is near f; that is,
inequality

(3) [f(z) = R@)<a  (=2+c),
holds for all x € X with constant ¢ (independent of x) > 0. Moreover, identity
(3a) Jo(x) =27 " Ja(2"x),

holds for all x € X and alln € N.
Note that from (1a) and (2) one gets

[5(0)| = tim 27| £(0)] < ((lim 27"} o =0, or
[|72(0)]| =0, or Jo(0) =0, or (xx).
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Proof of Existence.
Substitution 27 = 0, x5 = 2z into (1) yields

(4) 1£(2) =271 f(0) + f2)]]l < ¢
for all x € X.
Inequality (4), triangle inequality and (1a) imply

1f (@) =27 f22)|| < [1f () = 271 [(0) + fa)]l| + 27 £ (O),  or

(5) 1) =2 o)l S e+ 270 = D= (1 -27Y),

for all z € X, where ¢; = 2¢ + ¢o(> 0).
Thus substituting = with 2z in (5) one gets that

| f(22) — 27 f(2%2)| < % or
(52) 1271 f(22) — 272 f(2%2)|| < S—i(z 2 G D1 —27Y),

holds for all x € X.
Inequalities (5) - (5a) and triangle inequality yield

1f (@) = 272f(2%2)|| < |If(x) — 27 f(2a) || + 1271 f(22) — 272 (2%2)[|,  or

(5b) 1f(@) -2 2f(2%)]| < e (% ; 2i> (= a(l-27),

for all x € X.
Similarly by induction on n € N with 2 — 2" 'z in (5) one concludes that
If@" ) =27 f(2 )| S ex(1 =271, or
(6) 27V ) =27 f(2R) | < er2” TP (1 =27,

holds for all z € X.
By induction hypothesis on n € N inequality

(62) | £@) = 270D )| < ea(1 - 27)

holds for all x € X.
Then inequalities (6) - (6a) and triangle inequality yield that

[f@) =27 @) < I f@) - 27D fE )|
H2m @ ) — 27 (2a)] or
If() =27 f@)] < ex(1 =27 D) + 277D - 27, or
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the general inequality:
(6b) [f(z) —27"f(2")[| < ex(1 —277)
holds for all x € X and all n € N, with ¢; = 2¢+ ¢(> 0).
Claim that the sequence
2 f(2))
converges.
Note that from the general inequality (6b) and the completeness of Y, one

proves that the afore-mentioned sequence is a Cauchy sequence.
In fact, if ¢« > j > 0, then

(7) 1277 f(2'2) — 279 f(P )| = 279|270 f(2) — f(2 )],
holds for all z € X and all 7, j € N.
Setting h = 2’z in (7) and employing inequality (6b) one gets
127 f(2'x) — 279 f(2 )| = 27727 D f(2 T h) = f(R)]), o
27 f(2%2) — 277 f(272)|| <270 ci(1—27079)) or
270 f(2x) =279 f(2z)| < (279 —27") <1279, or
(7a) Jim, 127" f(2'2) — 277 f(22)| = 0,

completing the proof that the sequence {27" f(2"x)} converges.
Hence mapping Jo = Jo(x) is well-defined via formula

(8) Jo(z) = lim 27" f(2"z),
for all z € X and all n € N. This means that limit (2) (or (8)) exists for all z € X.

In addition claim that Jy satisfies functional equation ().
In fact, it is clear from (1) and (8) that

. 2% + 2" 1 " n .
2 f<%>—§[f(2 r1) + f(2 $2)]H§2 ¢,
for all z1,22 € X and alln € N.
Therefore

|
lim 27" f (2”#) =5 [aim 27 p(@e) + Tim 277 f(20)| H

g(lim 2_")0:07 or

n—o0

=0, or

Jo (xl ;m2> - % [J2 (1) + J2($2)]‘

Jo satisfies the functional equation (*) for all (z1,z2) € X?2.

Thus Js is a Cauchy-Jensen mapping.
It is clear now from general inequality (6b), n — oo, and formula (8) that
inequality (3) holds in X, completing the existence proof of this Theorem 1.
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Proof of Uniqueness. Let J), : X — Y be another Cauchy-Jensen mapping
satisfying functional equation () and initial condition (*x), such that inequality

(3) 1f(z) = (@)l < &1

holds for all x € X with constant ¢; (independent of z € X) > 0.
If there exists a Cauchy-Jensen mapping J : X — Y satisfying equation ()
and initial condition (*x), then

9) Jao(x) = Jy(x),
holds for all x € X.

To prove the afore-mentioned uniqueness employ (Fc) for Ji, as well, so that
(Fc) Jy(x) =27""J5(2" ).

holds for all x € X and alln € N.
Moreover triangle inequality and (3) imply that

172(2"2) — Jo(2"2)|| < [[J2(272) — fF(2")|| + [ £(2"2) — J5(2"2)||, or
(10) HJ2(2”$) — Jé(2n$)” <c+c=2c,
forallz € X and alln € V.
Then from (Fc), (Fc)’ and (10) one proves that
[2(z) = Ja(2) || = 27" J2(2"x) = 27" Jy(2"2)[|,  or
(10a) | J2(2) = J(2)]| < 2" "er,

holds for all z € X and alln € N.
Therefore from inequality (10a), and n — oo, one gets that

lim || Jo(z) — Jo(z)|| < (nm 21—”) ¢ =0, or
[J2(x) = J3(x)[[ =0, or
Ja(x) = Jy(x),
for all x € X, completing the proof of uniqueness and thus the stability of Theorem
1.

Definition 2. Let X be a linear space and let Y be a real complete linear space.
Then a mapping J, : X — Y is called Cauchy-Jensen, if functional equation

T1+ T2+ Ty
P

1
{E3)) JIp ( ) = > [Jp(z1) + Jp(x2) + ... Jp(zp)]



166 J.M. RASSIAS

holds for all vectors (z1,x2,...,2,) € XP with initial condition
(b)) Jp(0) = 0.
Note that substituting z; = 29 = -+ = zp_1 = 0, &, = pr into equation ([])

and considering condition ([*x]) one concludes that

([F]) Tp(@) =p~" Jp(pe) -
Similarly substitution of z with pz into ([F]) yields

([Fa]) Tp(pz) = p~ ' Jp(p°x) .

Combining ([F]) with ([Fa]) one gets that

([Fb]) Jp(z) = p_2Jp(p2x) .

Then by induction on n € N with x — p" 'z one proves that the general
identity
([Fe]) Jp(x) =p " Jp(p ),

holds for all z € X and all n € N.

Theorem 2. Let X be a normed linear space and let Y be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately Cauchy-
Jensen mapping; that is, a mapping for which there exist constants ¢, @ (indepen-
dent of x1,2,...,xp) > 0 such that the Cauchy-Jensen functional inequality

(11) Hf(““”;”'””)—}3[f(xn+f<x2>+~--+f<a:p>1HsC,

holds for all vectors (z1,x2,...,xp) € XP, =2,3,... with initial condition

(11a) [FO)] < co-

Then the limit
(12) Jyl@) = Tim p~" ()

exists for all x € X and J,; X — Y is the unique Cauchy-Jensen mapping sat-
isfying equation ([*]) and initial condition ([**]), such that J, is near f; that is,
inequality

C1
p—1’

(13) 1f(z) = Jp(@)]| <
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holds for all v € X with constant ¢ (independent of x) > 0 such that ¢ =
pc+ (p — 1)co. Moreover, identity

(13a) Jp(x) =p " Jp(p ),

holds for allx € X, alln € N and p=2,3...

To prove this theorem it is enough to show that the following new general
inequality

C1
p—1

(14) 1f(z) —p " f(p" )] < (1—p™")

holds forallz € X, alln € N andp =2,3,... with ¢;1 = pc+(p—1)co,p = 2,3, ...
In fact, substitution zqy = 22 = --- = xp_1 = 0, T, = px into (11) yields

(14a) 1f (@) =p~(p— 1) f(0) + fp2)]| < ¢

forallz € X and p=2,3,...
Inequality (14a), triangle inequality and (11a) imply

1f (@) = p~ fp)|| < [1f () —p~ [(p— 1) £(0) + f(p)]ll + " (p = DIFO)], or

15) @) =7 fo)] < 470 = Do = (= =057

for all z € X, where ¢; = pc+ (p — 1)co(> 0) and p = 2,3,...
Thus with  — px in (15) one gets that

1 (pe) — p~ F(pP)|| < ; or

_ _ & & _(2— _
(152)  |lp~ ' flpz) —p 2 f(P°2)|| < p—i (Z pfllp (1 —p 1)) :
holds for all x € X.

Inequalities (15) - (15a), and triangle inequality yield

I1f(@) —p 2 f @) < If(x) —p~ ' fFlp)|| + I~ " f(px) — p 2 fF(P*2)|| , or

b @ - el sa (e 4) (< S2a-)

D p—1

for all z € X.
Similarly by induction on n — N with z — p™~1z in (15) one concludes that

C1

IF(" ) = p~ P )| < — (1 =p7"), or
p

— —n n c —(n— —
(16) lp~ "V f(p e) —p " f )| < pfllp =D —ph),
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holds forallx € X, p=2,3,...
But by induction hypothesis on n € N inequality

C1

(1)

(16a) 1 (z) = p~ "V f " )| < ’

holds for all z € X.
Then inequalities (16) - (16a) and triangle inequality yield

I f(z) —p~"fp" )| < ||f(z) —p~ "D f(p" )|
+p~ "D fpte) — p " f (P )|, or

17@) = p @ o) < 25 (1= ) A o

the new general inequality:

C1

()~ p 7 f )] <

(1-p7")

completing the proof of inequality (14).
The rest of the proof of Theorem 2 is omitted as similar to that one of Theorem
1.

Definition 3. Let X be a linear space and let Y be a real complete linear space.
Then a mapping J, : X — Y is called generalized Cauchy-Jensen, if functional
equation

(a) Jp <Z aixi> = Z ain(xi)

holds for all vectors (z1,x2,...,xp) € XP, p=2,3,..., and all fixed real numbers
a;, 1 =1,2,...,p with a-condition: a = (a1,a2,...,ap),
P
(b) Zai =101>0,
i=1
and initial condition
(c) Jp(0) =0.
Note that substituting 21 = 22 = =2p_1 =0, z, = azjlx :0 <ap <1into

equation (a) and considering conditions (b) - (c) one concludes that

(@) Jp(w) = ap']p(aglx) .
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Similarly substitution of z with a, 'z into (G) yields

(Ga) Jp(aglx) = apJp(aszx) .

Combining (G) with (Ga) one gets that
(Gb) Jp(w) = a2J,(a; ).

(n—1)

Then by inductiononn € N with z — a, x one proves that the generalized

functional identity
(Ge) Jp(z) = aZJp(a;"Jﬁ) )

holds for all x € X, all n € N and all fixed reals a, : 0 < ap, <1,p=2,3,...

Theorem 3. Let X be a normed linear space and letY be a real complete normed
linear space. Assume in addition that f : X — Y is an approximately generalized
Cauchy-Jensen mapping; that is, a mapping for which there exist constants a,
¢ (independent of of x1,x2,...,xp)> 0 such that the generalized Cauchy-Jensen
inequality

(11) Hf <Z aﬂ?z‘) - Zaz‘f(xi)

holds for all vectors (z1,x2,...,2p) € XP, p = 2,3,... and all fized reals a;
(i=1,2,...,p) : 0 < a, < 1 with a-condition: a = (a,as,...,a,), > o ja; =1
and initial condition

<c,

(11a') 1£(0)[| < co-
Then the limit

(129 Jp(r) = lim ay f(a,"z),

n—oo p
exists for all x € X and J, : X — Y is the unique generalized Cauchy-Jensen
P
mapping satisfying equation (a), a-condition: > a; = 1, p = 2,3,... and initial

1=1
condition (c), such that J, is near f; that is, inequality

(13 1£(@) = H@)] < —2—cx (= M)

“1l—aq 1—a,

holds for all x € X with constant ¢, (independent of z) > 0 : ¢ = et-ap)co

a
Moreover, identity '

(13a”) Jp(w) = aZJp(a;"Jﬁ) )
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holds for all x € X, alln € N and all fized reals a, : 0 < ap, <1,p=2,3,... with
P

Z a; = 1.

i=1

To prove this theorem it is enough to show that the following generalized in-
equality

(14) 1f(z) = ay f(a,™ )] < ci(l —ay)

l—ap

holds for all x € X, all n € N and fixed reals a, : 0 <a, <1,p=2,3,..

Substitution x1 = x2 = -+ - = x,_1=0, z, = azjlx into inequality (11’) y1e1ds
(14a") 1f(z) = [(1 = ap) £(0) + ap f(a, )]l < ¢
for all x € X.

Inequality (14a’), triangle inequality and initial condition (11a’) imply

1 (@) = ap flay @) | < [If(2) = [(1 = ap) £(0) + ap fa;, " 2)][| + (1 = ap) [ £(0), or
1f (@) = ap flay @) < e+ (1= ap)co, or

- Q.
15) @) —ap Sl D] < et (1= ap)er = T2—cr(1 - ap),
P
for all x € X with ¢; = %

Thus with 2 — a, 'z in (15) one gets

| £(ay"2) = ap f(a %) | < T

c1(l—ap), or
P

(15a') lap f(ay ') — a2 f(ay x)| < 1“

P a 1 ap(l_ap)v

P
for all x € X.
Inequalities (15") - (15a’), and triangle inequality yield
1f (@) = ap fla*2) || < [If (@) — ap f(ay )|
tllay f(ay2) — a2 f(ay )], on
(15b") | £(@) = @} fla, @)l < 77211 - ap),

P

for all z € X.
Similarly by induction on n € N with z — a, " (n=
the required inequality (14’) holds.

The rest of the proof of Theorem 3 is omitted as similar to that one of Theorem

2.

Yz in (15") one concludes that
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General Theorem 4. Let X be a normed linear space and let'Y be a real com-
plete normed linear space. Assume in addition that f : X — Y is an approx-
imately generalized Cauchy-Jensen mapping; that is, a mapping for which there
exist constants cy, ¢ (independent of x1,x2,...,x,)> 0 such that the generalized
Cauchy-Jensen inequality

(11" Hf <§:aixi> —zp:ai flxi)|| < e,
i=1 i=1
holds for all vectors (x1,x2,...,xp) € XP, p = 2,3,..., and all fized reals a;
(1 =1,2,...,p) with generalized a-condition: a = (a1, as,...,ap), _Xp: a; =1>0,
and initial condition =
c, if0<a,<1:1=0
c ifa,>1:1=0

=, if0<i<1
112/ 0)] < = b
(11a”) 1F(O)] < o o, if0<a,<l:1=1
co , ifap>1:l=1

., ifi>1

Then the limit
ay fla,"z), if0<a,<1:1=0
ay™ f(apz), ifa,>1:1=0
(12") o= tim 4 AU A0 <E<d

n—co | a? f(a,"x), f0<ap,<l:l=1
ay" flapx), ifa,>1:1=1
I ey, ifl> 1

exists for all x € X and J, : X — Y is the unique generalized Cauchy-Jensen

P
mapping satisfying equation (a), generalized a-condition: Y a; = 1 > 0, p =

2,3,... ad initial condition (c), such that J, is near f; thazlf:z';, inequality
i’—ZZC, if0<a,<1:1=0
ZZEC, ifa,>1:1=0

Wy e gl ] T s
e, i0<a,<1:l=1
etleloo - ifg, >1:0=1

=, ifl>1
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holds for all x € X. Moreover, identity

apJpla,"z), if0<a,<1:1=0
a,"Jplapyz), ifa,>1:1=0
i, "z, ifo<i<l1
apJp(a,"z), if0<ap,<l:l=1
a,"Jplapyz), ifa,>1:1=1

= J,(I"x), ifl>1

(13a”) Jp(a) =

holds for oll x € X, alln € N, p = 2,3,..., and all fixed real vectors a =
P

(a1,a2,...,ap), p=2,3,... with Y a; =1>0.
i=1

Proof. To prove this theorem it is enough to show that the following bounds
on || f(0)||, functional equations on J,(x) and functional inequalities on | f(x) —
() f(-2)|| hold in X.

First claim that the following bounds hold for x = 0 € X:

B1) [f(O) <ec, ifl=0

(B2) [f(O)] <15, if0<i<1

(B3) [If(0)] < 5, ifl>1

In fact:

Substituting r, = z3 = --- = 2, = « in Cauchy-Jensen inequality (117),

P
and considering the special a-condition ) a; = [ = 0 one gets that || f(0)] < ¢,
i=1
completing the proof of (By).

Similarly substituting 1 = 0, ¢ = 1,2,...,p in (11”), and considering 0 <
P
> a; =1 <1 one gets
i=1

1£(0) = 1) <. or
£ < 775, if0<i<1,

and thus (B3) holds.

P
Also substituting z; = 0,¢=1,2,...,pin (11”), and considering > a; =1 > 1
i=1
one gets that

ifl>1

IF O <

holds. Therefore (Bs) is true.

-1’

Second claim that the following functional equations hold for all x € X:
(F1) Jp(x) = apJp(a,"z),if0<ap, <1:1=0,0rl=1.
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(F2) Jp(x) =a," (x),ifa,,>1:l=0,orl:1.
(F3) Jp(z) =1"J,(I""z),if 0 <l < 1.
(Fa) Jyl) = 1" Jy(Ima), i1 > 1.

In fact, the proof of equation (F;) has been established via functional identities
(G) - (Ga) - (GD) - (Ge).

Substitution x1 = x9 = -+ = zp_1 = 0,2, = 2 in equation (a) and considering
conditions (b) - (c), one concludes that
(H) Jp(z) = a;lJp(apx) , ap > 1.
Then substitution of z with apz(: a, > 1), in (H) yields
(Ha) Jp(apx) = azjl JIp (af,x) .

Combining (H) with (Ha) one gets that

(Hb) Jp(z) = a,

2T, (af,x) .
Then by induction on n € N with z — ag_lx one proves that the formula

(Hc) Jp(x) =a,

o IplapT),  ap > 1,

holds for all x € X and all n € N, completing the proof of equation (F).

Also substitution 1 = 29 = -+ =, =72, 0 < [ < 1, in (a) and considering
(b) - (c¢) one concludes that

(17) Jp(x) =1J,(I" ), 0<l<1.
Then substitution of x with [71z, 0 <1 < 1, in (17) yields
(17a) Jy(I7 2) = 1J,(1" %)
Combining (17) with (17a) one gets that
(17b) Jp(x) =1 J,(I2%z) .
Then by induction on n € N with z — [=("~1z one proves that the formula
(17¢) Jp(x) =1"Jp(IT"z), 0<i<1,

holds for all z € X and alln € N.
Thus the proof of equation (F3) is complete.
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Finally substitution 1 = z2 = --- =, =z, [ > 1, in (a) and considering (b) -
(c) one gets that

Jp(lz) =1J,(x), or
(18) Jp(x) =1 T,(lx), 1>1.

Then substitution of « with lz, [ > 1, in (18) yields
(18a) Jpy(lz) =171 J,(Pz) .
Combining (18) with (18a) one concludes that
(18b) Jp(w) = 172J,(1%2).
Then by induction on n € N with x — ["~12 one proves that the formula
(18¢) Jp(x) =17"J,({"z), 1>1,

holds for all x € X and all n € N, completing the proof of equation (Fg).
Third claim that the following functional inequalities hold for all z € X:

(L) [If(2) = apfla, )| < THze(l—ap), f0<a,<1:1=0
) |f(z) - ‘"f(a )| < gp“ (1—a;™), ifap>1:1=0

(I3)  f(z) =" f" )| < g1 =17), 0 <l <1

(1) If(z) —aj f(a, x)Hg%u—ag), if0<a,<1:1=1
1) |If(z) — ‘"f(a z)| < %(1 —ay™), ifa,>1:1=1

(Ie) [f(z) =" f( )| < gl —177), if 1> 1.
Note that from above inequalities (I;) (i = 1,2,3,4,5,6,) and n — oo one gets
inequalities (13").

“lx, 0 < a, < 1, into

In fact, substitution z; = x2 = - =251 =0, 2, = a,

(117) yields

| £(x) = [(=ap) £(0) + apf(a, 2)]|| < e, or
||f(a:) — apf(a_lx)H <c+apc=(1+ay)c, or

1£@) - apflay a)| < 22

1—ap).
l—ap( ap)

Therefore, by induction on n € N one concludes

1£(2) - a3 f(ay ™) < ”a” 1—a), 0<ap<1:1=0,



SOLUTION OF A CAUCHY-JENSEN STABILITY ULAM TYPE PROBLEM 175

Thus the proof of inequality (I;) is complete.
Also substitution zy = x93 =---=xp_1 =0, z, = x, a, > 1 into (11’) yields

[ f(apz) = [=ap f(0) + apf(@)][| < c, or
[/ () —ay* flape)] — [~ £(0)]]| < é 0<ap,<1,or

||f(a:) —aglf(apx)H < i—|—c= CLID—_|—1(;, or
ap ap
ap+1

£ @) =y flapo)|| < E—7e(l —a, 7).

Therefore, by induction on n € N with x — a?'a:

2
—-n n ap+1 —-n
| f(x) - a, f(apx)H < ﬁc(l —a,"), ap,>1:1=0.
Hence the proof of inequality (I2) is complete.
Then substitution z; = 2 = -+ =z, ="'z, 0 < < 1 into (11’) yields
c
—If(IT )| <e= 1-1).
[#@)~1£0712)]| < o=~ 1)

Thus induction on n € N with z — ="z yields

| f(z) =" fI7"2)|| < 1-10", 0<l<1.

c
—1
Therefore, the proof if inequality (I3) is complete.

The proof of inequality (I4) has been completely established by means of (14)
- (14a), and (15) - (15a/) - (15b’).

Moreover, substitution 1 = 23 = --- = xp_1 = 0, 2, = z, ap > 1, into (11')
yields

1 F(ap) — [(1 = ap) £(0) + apf (@)l < ¢, or
HU@ﬁ—%fﬂ%ﬂﬂ—[l_%fmﬂHéfmor

P

|£(@) = a* flap)| < =+ —co, or
P

_ c+ (ap — 1)cg _
I f () —aplf(apx)H < +1(1—ap1), ap>1:1=1.
Thus induction on n € N with z — ag_lx implies
c+ (ap — 1)cg

[1f(z) —a," flay2)|| < (1-a;™), a,>1:1=1.

ap —1
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Thus the proof of inequality (I5) is complete.
Finally, substitution 1 = 2 = --- =2, =z, [ > 1, into (11') yields
1

) =@ <. or |lf(@) — 1 )] < = 5ol =17,

Therefore induction on n € N with  — "'z yields

£ (@) =" 2)] < 7=

Therefore the proof of inequality (Ig) is complete.
The rest of the proof of Theorem 4 is omitted as similar to the proof of Theorem
2.

e(l=17"), I>1.

Examples.

1. Let f : R — R be a real function, such that f(x) = x + k with k£ a real
constant: |k| < co and a-condition (a1 = 2,a2 = 2) : a1 + az = | = 1. Then the
limit

n—oo

JIp(z) znlin;oagf(agnx) = lim (g)” [(g)nx—kk] =z,

exists for all x € X and Jo : R — R is the unique Cauchy-Jensen mapping
satisfying inequality

5 5¢+ 2 3
(@) = Jaa)| = (@ + k) — | = |k| < o < Se+co = % (: §cl> .

It is clear that f satisfies Cauchy-Jensen inequality (11') and initial condition
(11a’), as well.

2. Let a = (a1, a2,...,ap) be such that

1 2 p (2
M= 50?7 5 P T ey \ T pr1)
2 2 2

l:a1+a2+---—|—ap:Hf(ji;l‘;””:l,andletf:R—>Rbearealfunction,such

that f(z) = = + k with k a real constant: |k| < co.
Then the limit

2 \" 1\"
Ip(z) = nlin;oagf(agnx) = HILHgO <m> [(%) x+ k] =z,p=23,...,
exists for all x € X and J, : R — R is the unique generalized Cauchy-Jenssen
mapping satisfying inequality
[f(@) = Jp(2)| = [(z + k) — 2| = k| < co
p+1 (p+ e+ (p—1)a (_ 2 )

< — =
p_lc—|—co -1 p_lcl

It is clear that f satisfies inequality (11) and condition (11a’), as well.
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