Archivum Mathematicum

Wtodzimierz M. Mikulski
The natural affinors on (.J"T™)*

Archivum Mathematicum, Vol. 36 (2000), No. 4, 261--267

Persistent URL: http://dml.cz/dmlcz/107740

Terms of use:

© Masaryk University, 2000

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/107740
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 36 (2000), 261 — 267

THE NATURAL AFFINORS ON (J'T%)*

WLODZIMIERZ M. MIKULSKI

ABsTRACT. For natural numbers r and n > 2 a complete classification of natu-
ral affinors on the natural bundle (J"7T™*)* dual to r-jet prolongation J"T* of the
cotangent bundle over n-manifolds is given.

0. The r-jet prolongation J" T M of the cotangent bundle 7% M of an n-manifold
M is the space of all r-jets of 1-forms on M, i.e.

JT*M ={jiw|wisa lformon M , z € M}.

It is a vector bundle over M with respect to the source projection. Let (JT*)*M =
(J"T*M)* be the dual bundle and let = : (J"T*)*M — M be its projection.
Clearly, every embedding ¢ : M — N of two n-manifolds induces functorially (in
obvious way) a vector bundle mapping (J"T*)*¢ : (J"T*)*M — (J"T*)*N over
©, and we obtain a natural vector bundle (J"T*)* : M,, — VB C FM.

In general, a natural affinor A on a natural bundle F' : M,, — FM is a system
of affinors

A:TFM — TFM

(i.e. tensor fields of type (1,1) on F'M) for any n-manifold M which is invariant
with respect to local embeddings between n-manifolds.

For example, the family id = idrpp : TFM — TFM for any n-manifold M is
a natural affinor on F.

Another example of a natural affinor on (J"T*)* is the family

§:T(J TV M — (J'T*)*M xp TM C (J'T*V* M x oy (J'T*)* M=V (J'T*)*M ,

where the arrow is the system (7l,Tw) : T(J'T*)*M — (J'T*)*M xp TM,
al : T(J"T*)*M — (J'T*)* M is the tangent bundle projection, the inclusion C
is induced by the bundle map dual to the target projection J T*M — T*M, = is
the standard canonical identification £ x; E=V FE for any vector bundle £ — M,
VE C TFE is the vertical bundle of E.

The main result of this note is the following classification theorem.
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Theorem 1. Ifn > 2 and r are natural numbers, then any natural affinor A on
(J"T*)* over n-manifolds is a linear combination (over R) of id and ¢.

In [7], we proved that if » and n > 2 are natural numbers, then any natural
affinor A on J"T, the r-jet prolongation of the tangent bundle T, is proportional
to the identity affinor. Then (as a corollary of Theorem 1) the natural bundles
J'T and (J"T*)* are not naturally isomorphic for r and n as above.

Natural affinors on F' play a very importrant role in the differential geometry.
For example, they can be used to define torsions of a connection on F, see [5].
That is why classifications of natural affinors on some natural bundles has been
studied in many papers, see e.g. [1]-[3] and [6]-[8].

Throughout this note the usual coordinates on R" are denoted by z!,...,z"
and 81 = %,iz 1,...,7’L.

All manifolds and maps are assumed to be of class C'*°.

1. We have a linear natural transformation 6 : T'(J"T*)* — (J"T*)* given by

§:T(J'T*)*M — TM C (J'T*)*M

for any n-manifold M, where the arrow is T'm : T(J"T*)*M — TM and the
inclusion TM C (J"T*)*M is defined in Item 0. The linearity of & means that 4
induces a linear map Ty, (J"T™)*M — (J"T*)7 M for any y € (J'T")*M.

The crucial point in the proof of Theorem 1 is the following proposition.

Proposition 1. Ifn > 2 and r are natural numbers, then any linear natural
transformation A : T(J"T*)* — (J"T*)* over n-manifolds is proportional (by a
real number) to §.

Proof. Clearly, any element from the fibre (J"7*)§R" is a linear combination of
the (ji(z*dx?))* for all o € (N U {0})" with || <r and i = 1,...,n, where the
(35 (x*dx"))* form the basis dual to the ji(z“dx?) € (J'T*)oR" for o and i as
beside.

Any natural transformation A as in the proposition is uniquely determined by
the values (A(u), ji (x*dz")) € R for u € (T(J"T*)*R™)o=R" x (V(J"T*)*R")o
=R x (JTT*)R™ x (J'T*){R", a € (NU{0})" with |a| <randi=1,...,n,
where = is the standard trivialization and the canonical identification.

Since A is invariant with respect to the coordinate permutations, it is uniquely
determined by the (A(u), ji (z*dx')) for any u and « as above.

If |a| > 1, then the local diffeomorphisms ¢, = (z!, 2% + 2% 23,... 27)"}
sends ji (z2dzt) into ji (z2dzt) + j5 (x*dx'). Then (using the invariancy of A with
respect to the ’s) A is uniquely determined by the (A(u), £ (z?dz')) € R and the
(A(u), 55 (dxt)) € R for any u € (T'(J"T*)*R™)o=R" x (JTT*)§R" x (J'T*)§R".

At first we study the (A(u), 5 (dzt)) € R for u as above.

By the naturality of A with respect to the homotheties ¢; = (t'!,. .., t"a™) for
t=(t,....t") € R}, (A(T(J"T*)"(ar)(w)), jg(dat)) = t'(A(u), j5(dz")) for any
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t=(t',...,t") €RY. Foranyt € R",anyi=1,...,n and any a € (NU{0})" we
have T(J"T*)* (a:)((45 (x“dx?))*) = to+¢i (45 (x*dx?))*. Then by the homogeneous
function theorem, see [4], we have

(1-1> <A(U)7j5(dxl)> = AU% + 1u2 (0),1 + YU3 (0),1

for some A\, pu,v € R, where u = (u1,uz2,u3), u1 = (uj,...,uy) € R", usq; is
the coefficient of ug € (J"T*)§R™ corresponding to (j§ (z*dz*))*, and u3 o ; is the
coefficient of uz € (JTT*)§R" on (j5(x*dz?))*, (0) = (0,...,0) € (N U {0})™.

Since A is linear, (A(u1,us,u3),j5(dxt)) is linear in (ug,us) for any uz. Then
1= 0. Replacing A by A — A, we can assume that A = 0. Then

(1.2) (A(OF 1), Jo(dah)) = (Aer, w, 0), j5(dat)) = 0

for w € (J"T*)§R™, where ( )¢ is the complete lift of vector fields to (J"T™*)*.

We prove that v = 0.

It is sufficient to show that (A(0,0, (ji(dxt))*), j5(dzt)) = 0.

For showing the last equality we prove

0= (A((() 100, 4y (d"))
(1.3) = (r+ 1)(A(0, w, (j5(dz"))"), jg (dz*))
= (r+ 1)(A(0,0, (j§ (dzh))"), 7§ (dah)) .
where w = (5 ((x1)"dzt))*.

The third equality of (1.3) is clear as in the formula (1.1) A and y are 0.

We can prove the first equality of (1.3) as follows. Vector fields &) + («!)" 19,
and 01 have the same r-jets at 0. Then, by the result of Zajtz [9], there exists a
diffeomorphism ¢ : R™ — R such that j,™'¢ = id and ¢.0; = 01 + (z1)" 10,
near 0. Clearly, ¢ preserves ji(dz') because of the jet argument. Then, us-
ing the naturality of A with respect to ¢, from (1.2) it follows that (A((dy +
(1) 101)C ), ji (dat)) = 0 for any w € (J"T*)§R™. Now, applying the linearity
of A, we end the proof of the first equality.

It remains to prove the second equality of (1.3). Let ¢; be the flow of (z!)"+14;.
For any a € (N U {0})™ with |a| < r we have
(@) 100G Gy (e o)
d

= %HZO(JTT*)S(%)(%U),J'S(ro‘dxi»

(J7T*)5(0) (), 55 (2 dar”))

4
dt |t=0
d

- MZO@U, 35 (=)« (x™dz")))

= (w5 (G,_ (P (a"de))

= (w, j§(Lz1yr+10, (z%dz’)))
= (w,jg(al(ml)’”xo‘daji +(r+ 1)5% (z!) z%dzh)) .
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Because of the definition of w, the last term is equal to 7 + 1 if j}(z%dz") =
jo(dz') and it is equal to 0 in the other cases. Then ((z')"™'d1)f, = (r +
1)(j&5(dzt))* under the isomorphism V,,((J"T*)*R™)=(J"T*)§R™. It 1mphes the
second equality of (1.3).

To end the proof of the proposition it remains to show (A(u), j5(z2dzt)) = 0
for any u € (T(J"T*)*R™")o=R" x (J'T*)5R" x (J'T*)5R".

To prove this we use similar procedure as in the case of (A(u), § (dzt)).

By the naturality of A with respect to the homotheties ¢; = (t'at,... t"a")
for t = (t,...,t") € R", the homogeneous function theorem and the linearity of
A, one can easily deduce

(1.4) (A(u), jo (%dzt)) = Mg en1 + pz e, 2 + VUTU2 (0) 2
=+ PU%U2,(0),1 + ouz (0),1U3,(0),2 T KU2,(0),2U3,(0),1

for some \, pu,v,p,0,5 € R, where u = (u1,us,u3), u1 = (ui,...,u}) € R,
ug,ug € (J'T*)§R™, and u, 4, is the coefficient of u, on (j§(z“dz"))*, T € {2, 3},
e; =(0,...,1,0,...,0) € (NU{0})™, 1 in é-position.

Then

(1.5) (A0 1), g5 (a*dzt)) = 0

for any linear combination w of the (j§(z%dz?))* € (J"T*)§R™ for |a| > 1 and
i=1,...,n
At first we prove that A = yu =
(A(0,0, (j§ (zdz?))*), jb ( le" )
For showing the equality (A(

0,ie. (A(0,0, (jo(z*dz"))*), j (z*dxt)) = 0 and
) =0.
0,0, (jo (z*dz1))*), jg(z*dz?)) = 0 we prove

A(((=h00)f,), o (xdat))
(A0, w, (j5(z*dz"))"), jg («*da))
(A4(0,0, (jg(=d"))"), jg (a*dx")) ,

where w = (55 (z%(z) " tdzt))* € (JTT*)sR".

The third equality of (1.6) is clear, see (1.4).

We can prove the first equality of (1.6) as follows. Vector fields & + (z1)";
and 0; have the same r — 1-jets at 0. Then, by the result of Zajtz, there exists
a diffeomorphism ¢ = ¢; x idg»-1 : R = R x R""! - R"” = R x R""! such
that 1 : R — R, jio = id and p.d; = 9 + (')"0; near 0. Let ¢! send
w into @w. Then @ is the linear combination of the (j§(z%dz?))* € (J"T*);R"
for |a] > 1 and i = 1,...,n. (For, (w,j§(dz?)) = (w,j5(d(z? o ¢71))) = 0
for j = 1,...,n.) Consequently (A(0{z),75(22dz")) = 0. Clearly, ¢ preserves
Jo(z%dzt). Then, using the naturality of A with respect to ¢ it follows that
(A((Or + (21)701)% ), J (x2dz")) = 0. Now, applying the linearity of A, we end
the proof of the first equality.

(1.6)

r

r



THE NATURAL AFFINORS ON (J'T*)* 265

It remains to prove the second equality of (1.6). Using the flow argument one
can easily compute

(=" 00, 36 (2%da")) = (w, jg(an(ah) T2 da’ + 1o} (z)" ~ a%da")).

Because of the definition of w, the last term is equal to r if ji(x*dz®) =
Jo(z%dzt) and it is equal to 0 in the other cases. Then ((x 1)’”81)|€U = r(j5(z2dzt))*
under the isomorphism V,,((J"T*)*R™)=(J"T*)§R™. It implies the second equal-
ity of (1.6).

For showing the equality (A(0, 0, (j5(z1dx?))*), j5 (z2dxt)) = 0 we prove

0= <A(((x1)’”31)ﬁu) jo(z?dzt))
(1.7) = (A(0,w, (jo (zdz?))*), jo (% dzt))
= (A(0,0, (jg(xldx N, 9o (x 2dzt)),

where w = (ji ((x1)"dz?))*.

The third equality of (1.7) is clear, see (1.4).

The first equality of (1.7) has similar proof as the first equality of (1.6).

It remains to prove the second equality of (1.7). Using the flow argument one
can easily compute ((z')"91)f, = (j§(¢"'dz?))* under the obvious isomorphism. It
implies the second equality of (1.7).

We have proved that g4 =\ = 0.

Now, we prove that ¢ =k = 0.

Local diffeomorphism ¢ = (2! + 3(z!)2, %, x3,...,2") preserves j;(z2dxt),
it sends (j5(xz'dx?))* into (j5(xz'dx?))* — (ji(dz?))*, and it preserves (jj(dz'))*.
Now, using (1.4) with A = g = 0 and the naturality of A with respect to ¢ we
obtain

Therefore in (1.4) we have o = 0.

Similarly, starting from 0 = —(A(0, (5§ (xtdz?))*, (j5 (dz1))*), j5 (x2dxt)) we ob-
tain (A(0, (5 (d2?))", (75 (dx"))*), jb (vdz)) = 0, ie. & = 0.

Now, we prove that in (1.4) we have v = 0.

The above local diffeomorphism 1) sends the germ at 0 of J; into the germ at 0
of 01 + ... , where the dots is some vector field vanishing in 0 € R". Now, using
(1.4) with A = p = 0 = kK = 0 and the naturality of A with respect to ¢ we obtain

Aer, (5 (2" d?))*, 0), jg (a*dzt))

—( )
—(A(er, (o (= da?))") — (45 (d?))*, us), j (*dz"))
= <A(61,(36(dx2)) ,0), jg (a*dz"))

o3 o3

(1.9)



266 W. M. MIKULSKI

for some us € (J"T*)§R™. Therefore in (1.4) we have v = 0.

It remains to prove that in (1.4) we have p = 0.

From (1.4) with 4 = A = v = 0 = k = 0 and the invariancy of A with respect
to the diffeomorphism permuting z! and 22 we have

(1.10) (Alez, (o (dah))*, ug), jo (¢ dz?)) = 0
for any uz € (J"T*)§R"™. From (1.1) with A = pr = v = 0 we have

(L.11) (A(e2, (jo(dz'))*,0), jg(dz")) = 0.

Now, using the invariancy of A with respect to © = (2! + 222, 22,...,2™)~! from

(1.11) we obtain

0 = (A(e2, (g (dz"))", us), jy (da') + jg (¢ da®) + jg (a*dz"))
= (A(e2, (jo(dz))", 0), jg (a*dz"))

for some ug because of (1.1) withA=p=v=0,14)with \=p=v=0=k=0
and (1.10). Therefore in (1.4) we have p = 0.

The proof of Proposition 1 is complete. O

2. The tangent map Tr : T(J"T*) « M — TM of the bundle projection 7 :
(J'T*)*M — M defines a linear natural transformation T'r : T'(J"T*)* — T over
n-manifolds.

Proposition 2. Ifr and n > 2 are natural numbers, then any linear natural
transformation A : T(J"T*)* — T over n-manifolds is proportional (by a real
number) to Tr.

Proof. Applying the inclusion TM C (J"T*)*M, we have A : T(J"T*)*M —
TM C (J'T*)*M. Then by Proposition 1, A : T(J'T*)*M — TM C (J'T*)* M
is proportional to §. Then A : T'(J"T*)*M — TM is proportional to T'. O

3. In Item 0, we defined natural affinor § : T'(J"T*)*M — (J'T*)*M xp TM C
(JTT*)*M xpq (JTT*)* MZV (JTT*)* M.

Proposition 3. Ifr and n > 2 are natural numbers, then any natural affinor
A:TJT**M — V(J'T*)*M on (J'T*)* over n-manifolds is proportional (by
a real number) to 9.

Proof. Define a linear natural transformation A = pry o A : T(J'T*)*M —
V(JTT*)* MZ(JTT*)* M xpq (JTT*)* M — (J'T*)* M, where pro : (J'T*)*M x4
(J'T*)*M — (J'T*)*M is the projection onto second factor. By Proposition 1,
A =)\ for some A € R. Then A = (77, A) = A\(«T,8) = \é. 0
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4. We are now in position to prove Theorem 1. Let A : T(J"T*)*M — T(J"T*)*M
be the natural affinor on (J"T*)* over n-manifolds. Then Tro A : T(J"T*)* - T
is a linear natural transformation. By Proposition 2, Tmr o A = A\T'w for some \.
Clearly, Tm o id = Tw. Then A — A\id is an affinor on (J"T™)* of vertical type.
Now, applying Proposition 3 we end the proof. O
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