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THE NATURAL OPERATORS LIFTING VECTOR FIELDS TO
GENERALIZED HIGHER ORDER TANGENT BUNDLES

WLODZIMIERZ M. MIKULSKI

ABSTRACT. For natural numbers r and n and a real number a we construct a
natural vector bundle T ("):¢ over n-manifolds such that T ("0 is the (classical)
vector tangent bundle T (") of order r. For integers r > 1 and n > 3 and a real
number a < 0 we classify all natural operators T'| o4, ~+ TT(r):a lifting vector fields

from n-manifolds to T"("):a.

0. Let n and r be natural numbers and a be a real number. Consider the linear
action GL(n,R) x R — R by (B,z) — |det(B)|°@. According to the theory of
natural bundles, see e.g. [3], this action defines a natural vector bundle over n-
manifolds. We will denote this natural bundle by 704 Given an n-manifold
M let T™*M = {jio | o is a local section of T®0:¢\M () = 0,2 € M} be
the set of all r-jets of local sections of T(%-0):¢\f with target 0. It is a vector
bundle over M with respect to the source projection. Let T @M = (T M)*
be the dual vector bundle. Every embedding ¢ : M — N of n-manifolds can be
extended functorially to a vector bundle mapping T"*%p : T"*M — T"**N,
jro — j;(m)(T(O*O)vagp oo op~1), and (next) it can be extended to a vector bundle
mapping 7% = ((T7*%p)*)~1 : T"2M — TSN over ¢, and we obtain
a natural vector bundle 7(")% over n-manifolds. 70 is the (classical) vector
tangent bundle 7" of order r over n-manifolds.

In this short note, we study the problem how a vector field X on an n-manifold
M induces canonically a vector field A(X) on T(")*M for a natural number r and
a real number a < 0. This problem is reflected in the concept of natural operators
A: T\pm, ~ TTT)@ in the sense of Koléf, Michor and Slovék [3]. We prove the
following theorem.

Theorem 1. Ifn > 3 and r > 1 are integers and a < 0 is a negative real number,
then the complete lifting T of vector fields to T)% and the Liouville vector
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field L on T)® form the basis (over R) in the vector space of all natural operators
A:Tim, ~ TTM,

For a = 0 the classification is different. The main result of [4] says that if
n > 2 and r > 1 are integers, then the vector space of all natural operators
A:Tpm, ~ TT™ is (r + 2)-dimensional. (For r = 1 or 7 = 2 this fact was firstly
proved in [5] or [1].) By the proof of Theorem 1 we reobtain the result of [4] for
n > 3.

In this note the usual coordinates on R™ are denoted by z!,...,z" and 0; = %,
i=1,...,n.

All manifolds and maps are assumed to be of class C'°°.

1. At first we study natural transformations C : T(r)a — T)a for ¢ < 0 in the
sense of [3].

Proposition 1. Ifn > 2 and r > 1 are integers and a < 0 is a real number, then
any natural transformation C : T — T oyper n-manifolds is proportional
(by a real number) to the identity natural transformation.

Proof. From now on the set of all & € (NU{0})™ with 1 < || < r will be denoted
by P(r,n).

Clearly, sections of T(%9).¢R"=R" x R are real valued functions on R" satis-
fying respective transformation rules. Then any element from the fibre 73" "R"
of T("):R™ over 0 is a linear combination of the (j5z®)* for all a € P(r,n), where
the (j§z)* form the basis dual to the basis jjz* € Ty "“R™.

Of course, any natural transformation C is (fully) determined by the contrac-
tions (C(u), jiz®) € R for u € T\""R™ and o € P(r,n), jiz® € To "R

If « = (a1,...,a,) € P(ryn) with oy + -+ ap,—1 > 1 and 7 € R, then
the diffeomorphism ¢, , = (2!,...,2" 2" — 7(a)>r . ... (277 1)2n-1) sends
o (™) +h) € Tg " R™ into jg (2" + 7(at)*r ... ("7 =1)@Hh) (as oL =
(b, . e () (2 ) @n-1) and det(Jaco(T—p, . (y)°Pa,ro0Ty)) = 1
for any y € R", where 7, : R™ — R" is the translation by y). Then by the nat-
urality of C with respect to the diffeomorphisms ¢, -, the values (C'(u), j5((z™ +
r(zh)or L (@nmh)en-)ent ) for u € TR™ and 7 € R are determined
by the values (C(u), j5((z™)* 1)) for u € Tér)’aR”. On the other hand, given
ue T “R™ the value 17 (C(u), jgz®) is the coefficient on 7 of the polynomial
(C(u), jo((x™+1(at)or.. . - (zn—h)an-1)2nF1)) with respect to 7. Therefore the val-
ues (C/(w), j52%) for u € T\"*R™ are determined by the values (C/(w), 5((z™)%+1))
for u € T,""“R". Then C is fully determined by the values (C(w), j3((z"))) for
u € Tér)’aR” andi=1,...,r.

For i € {1,...,r} the diffeomorphism ¢; = (2! — (2")%,2?%,...,2™) sends
go(zt) € Ty "R™ into j§(z' + (z™)) (as ;' = (2! + (2™),22,...,2™) and
det(Jaco(T—yp,(y) © @i © Ty)) = 1 for any y € R"). Then by the naturality of
C with respect to ¢;, the values (C(u), j5((z™)1)) for u € T\ "R are determined



LIFTINGS OF VECTOR FIELDS TO T("):@ 209

by the values (C(u), j5(x!)) for u € TO(T)"IR”. Then C is determined by the values
(C(u),j5(x1)) € R for u € T“R™, ji(a)) € TT R,

So, we will study the real valued function F' given by F((tia)acp(rn)) =
(C(Cq ta - (J52°)%), dgat), pa € R, € P(r,n), ji(a') € Ty "R"

For any t € Ry and any a € P(r,n) the homothety a; = (tz!,...,tx™) sends
jex® € Ty R™ into tne—leljrae e, (joa®)* into tl*l=me . (jrx®)*. Then by
the naturality of C' with respect to the homotheties a; for t € R we obtain the
homogeneity condition F(t!*1="¢y,) = t!="*F(u,). Then (since na < 0) by the
homogeneous function theorem, see [3], (1) is the linear combination of the y,,
for |o| = 1. Similarly, by the naturality of C' with respect to the homotheties b, =
(z*,tx?, ... tz"™) for t € Ry we obtain F(t*2>tton—(n=1ay y — p=(n=Dap(, .
Then F(p,) is proportional to fu(10,...0)-

Hence the vector space of all natural transformations C : T{"):¢ — T("):@ gyer
n-manifolds has dimension < 1. This ends the proof of the proposition. |

2. We are now in position to prove Theorem 1. Let A : Ty, ~ T
be a natural operator, where r > 1 and n > 1 are integers and a < 0. (We assume
a < 0 because we want to reobtain the result of [4].)

At first we prove that there exists a number \y € R such that A — AT
Tipm,, ~ TT4 is a vertical operator.

If @ = 0, the G"*'-space S = TO(T)’GR" corresponding to T("):@ is naturally
contractible to ¢ = 0 € S in the sense of Definition 1 in [2], and we can apply
Proposition 1 in [2]. If a < 0, then the GT*l-space § = T3""*R™ can not be
naturally contractible, and we can not apply Proposition 1 in [2]. (For example,
the curve y(jrz1)- : R — S, y(jrar)- (1) = T (tidgn ) ((Gg2t)*) = tlt| =™ - (yab)*
is not smooth at ¢ = 0 for many a < 0, e.g. —na = % Hence the property (ii) of
Definition 1 in [2] is not satisfied.) In this case we modify the proof of Proposition 1
in [2] as follows. We define h: R x S — ToR"™ = R" by h(\,u) = Tmwo A(A0;)(u),
A€ R, uec S, where  : T()R"™ — R™ is the bundle projection. Since A is
natural, h is equivariant with respect to the homotheties a; = tidgr,t € Ry. Then
we obtain the homogeneity condition h(tX, 3", 17", - (jiz®)*) = th(\, 3, ta-
(J6x*)*), ta € R, @ € P(r,n). Then, since |a| — na > 1 for any a € P(r,n), the
homogeneous function theorem imply h(A,u) = h(A,0) = Av for some v € R™.
Next, by the naturality of A with respect to the & = (x!,tz?,... ta") fort € R
(all b; preserve 1), we obtain that h(1,u) = h(1,0) = XAa01 o for some real number
Aa. Then (A — /\AT(T)7“)(81) is vertical over 0. Hence A — AT is a vertical
operator.

Define a natural transformation Cy := pry o (A — AAT)2)(0) : TU)eM —
T)a )M for any n-manifold M, where 0 is the zero vector field on M and pry :
VT@sapg = TCa ) x 0, T A M — TTa ) is the projection onto second factor.
By Proposition 1, there exists g € R such that Cy = pgid.

Denote B := A — AT — paL. Then B is vertical and

(2.1) B(0) = 0 € X(T™-M) for any n-manifold M .
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It remains to prove that if n > 3 and r > 1 are integers and a < 0 (or a = 0),
then the vector space of all natural operators B : Tz, ~ TT()@ of vertical type
satisfying the condition (2.1) has dimension 0 (or < r).

Let B : Tjpm,, ~ TT():% be a vertical natural operator satisfying the condition
(2.1). Assume n >3, r>1and a <O0.

Define B : R x T(T ‘R" — T(T “R", B(\u) = pry o B(Ad;)(u), A € R,
u € T(T “R™, where pr; is as above. It is well-known that B is uniquely determined
by B( ,.) =prao B() So, we will study B.

For o € P(r,n) we define B, : R x TO(T)"IR” — Rby B = > e P(rn) B, -
(jox*)*. By the naturality of B with respect to the homotheties @x = tidgn
for t € Ry we have the homogeneity condition Ba(tA, 32, t'mj"a,uﬁ - (jrxP)*) =
t'o“_”“Ba()\,Zﬁ ps - (552°)*), ug € R, B € P(r,n). By (2.1), B4 (0,.) = 0 for any
a € P(r,n). Now, since —na > 0, from the homogeneous function theorem we
deduce that Ba (A, - s¢ p(rny 48 - (40 2%)*) is the linear combination of monomials
in A and the pg for § € P(r,n) with |§] < |a| — 1. Hence for all ug € R we have

|T[§r),aRn.

(2.2) B, Y wp- () =B, Y ns- (™)),

BeP(r,n) BEP(r—1,n)

Now, we prove that B(1,u) = B(1,0) for all u € TO(T)"IR”.

Assume the contrary. Then by (2.2), 7 > 2. Let k£ > 1 be the minimal number
such that there exists * € P(r,n) with |8°| = k such that @((uﬁ)ﬁep(r n)) =
B(l’ZﬁGP(nn) ps - (j52P)*) depends essentially on figo, i.e. 6#30 ® # 0. (Then
r—k>1) Wefix 5° = (67,...,52) as above. Let j° € {1,...,n} be such that
82, > 1.

We produce a contradiction. Let I° € {1,...,n}\{1,7°}. (Such [° exists as n >
3.) Let o = (2',..., 27" 4+ (z!)r=F+1 ... 2™) (only the jo-position is exceptional).
It is a diffeomorphism preserving both ¢y and 0 € R™. It is easily seen that
el = (2t,..., 29" —(a"") k1, .. 2™) and that det(Jaco(T_ -1, 09 toTy)) =1
for any y € R" where 7, is the translatlon by y. Denote ¢ := T and
By = B(1,.). We say that (jiz®)*, where 8 € P(r,n), is not essential if |3| < k
or || = r. It will be proved below that

BeEP(r—1,n),|8|>k
~ r Hpae —1.0 N — *
=B > useUeaf) - 6@ (b (271w ()=
BEP(r—1,n),18|>k
~— d ~ -7 * ,LL;f —10 Nr— *
=g toBi(p( Y, ps - (Goa?)* = 5[0 (g (7 1o () R ) )

BeP(r—1n),|8|>k
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=@ 1o By > s - (GoaP) — pgo - (o) +...)
BEP(r—1,n),|81>k

—_ 51 B o Byk B0\ *

=@ o By Z ps - (Jox”)" — pge - (Jox” )%),

BeP(r—1n),|8|>k

where the dots is the linear combination of the not essential (j52”)*’s. Then @ is
independent of pg., i.e. we have a contradiction.

Let us explain the above equalities.

The first, the second and the last equalities are consequences of the formula
(2.2), the definition of k, the definition of (3°, the definition of not essential
(j52P)*’s and the equality (|3°] — 1) + (r — k + 1) = r. The third equality is
a consequence of the invariancy of B and J; with respect to ¢. The fourth equal-
ity is a consequence of the following two facts: (a) For any 6 € P(r — 1,n) with
|B| > k the diffeomorphism ¢ sends (jz”)* into (jiz”)* +..., where the dots
denote the linear combination of the (jjz®)* for |a| < k. (b) The diffeomorphism
@ sends (jf (z% 712 (2!7)"=F 1)) into B2, - (ji="")* +..., where the dots denote
the linear combination of the (jjz®)* for |a| < k or |a| = 1.

To prove the fact (a) we consider §,a € P(r — 1,n) with |a| > k and |5]| >
k. We have (T"hap((52%)%), jtz®) = ((j5a?)", 5 (TOa(p1) 0 2 0 ) =
((joxP)*, jb (o)) because of the Jacobian argument. But jj (z%op) = j5 ((x1)*1-
(@ (2R (1)) = jPr®+. .., where the dots is the linear com-
bination of the j§z" with |y| = 7. Hence (T(")%o((j52?)*), jox®) = 62 (the Kro-
necker delta). This ends the proof of the fact (a). The proof of the fact (b) is quite
similar. (We propose to study the contractions (T()-%o((j5 (x%° 1 (1) —F+1))*),
jox®y for a € P(r — 1,n) with |a| > k.)

We have proved that B(1,u) = B(1,0) = > aep(rn) Va * (jgz®)* for any u €

Tér)’aR”, where v, are the real numbers. Now, using the invariancy of B and
01 with respect to the b = (a!,tz?,...,tz") for t € R, we get the condition
Pacp(rn) Vo (G32%)" = X 0epirn) toet o tan=(n=Nay, . (jrze)* for any t € Ry
Then for a = 0 we have B(1,u) = Y27_, A;-(j5((21)?))* for any u € T{V“R", where
\; are the real numbers, and for a < 0 we have B(1,u) = 0 for any u € TO(T)"IR".
Hence the vector space of all vertical natural operators A : Tx, ~ 7T
satisfying condition (2.1) has dimension < r if ¢ = 0, and it has dimension 0 if
a < 0.

The proof of Theorem 1 is complete. O

3. Remark. (a) Let X be a vector field on an n-manifold M. If s = 1,...,r,
we have a vector field A®)(X) on T M given by A®)(X), = (u, A®)(X)(x))
e T MTM = V,TOM ¢ T,TOM, ue TV M, z € M, where A®)(X)(z) :
J(M,R)o — Ris a linear map given by A®)(X)(z)(j57) = Xo- - -0X~(z), s-times
of X,v: M — R, v(z) = 0. Clarly, the natural operators 7, L, A . A"
are linearly independent. Then they form the basis of the vector space of all
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natural operators T, ~ TT") if n > 3. Thus we have reobtained the result of
[4].

(b) Starting from the action GL(n,R) xR — R given by (B, z) — sgn(det(B))
|det(B)|*z instead of the one from Item 0 and using the same construction as
in Ttem 0, we can construct new natural vector bundle 7(")-% over n-manifolds.
Clearly, Theorem 1 is true for 7(")-¢ instead of T("):, (We use the same proof
with 7()-¢ instead of T(TW.) More, for n > 3 and r > 1, the vector space
of natural operators Thq, ~- TT™O is also 2-dimensional, i.e. the complete
lifting 7% and the Liouville vector field L form the basis in the vector space
of all natural operators Tjpq, ~ TT "), (To see this, in the last acapit of the

proof of Theorem 1 we use additionally the invariancy of B with respect to the
Yy = (xb,... 2" —tz") for t € Ry. Since T, sends (j5((z')"))* into
—(J5((zh)?)*, then we deduce that Ay = - = A\, = 0.)
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