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SOME COMMON FIXED POINT
THEOREMS FOR BIASED MAPPINGS

NASEER SHAHZAD AND SALMA SAHAR

ABSTRACT. Some common fixed point theorems in normed spaces are proved using
the concept of biased mappings- a generalization of compatible mappings.

1. INTRODUCTION AND PRELIMINARIES

Jungck [2] generalized the concept of commuting mappings by introducing com-
patible mappings. Several authors proved common fixed point theorems using
this concept (see, for example, the work of Pathak and Fisher [6], Jungck [3], and
Kaneko and Sessa [1]). Jungck, Murthy and Cho [4] gave the notion of compatible
mappings of type (A) which is equivalent to the concept of compatible mappings
under some conditions. Afterwards, Pathak and Khan [8] introduced the concept
of compatible mappings of type (B) and compared these mappings with compati-
ble mappings and compatible mappings of type (A) in normed spaces. A related
but different concept was also given by Pathak, Kang and Cho [7]. Recently,
Jungck and Pathak [5] introduced a generalization of compatible mappings called
“biased mappings”. The purpose of this paper is to prove some common fixed
point theorem using this concept. We also generalize a recent result of Pathak
and Fisher [6]. It is worth mentioning that the class of biased maps includes the
class of compatible maps and commuting maps as well.

Let (X, d) be a metric space. The self-mappings A and B : X — X are said to
be compatible if

li}ln d(ABx,,BAx,) =0

whenever {z,} is a sequence in X such that limAx, = lim Bz, = t, for some
n n

t € X. The pair {4, B} is B-biased iff whenever {z,} is a sequence in X and
Ax,, Bx, —t € X, then

ad(BAxy, Bxy,) < ad(ABx,, Ax,)
if @ = liminf and if o = lim sup.
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If the pair {A, B} is compatible, then it is both A- and B-biased [5]. However,
the converse is not true in general.

Example [5]. Let X = [0,1] with the usual metric d. Define the mappings
A,B: X — X by

{ 1-2z ifze(0,1/2]
Ax = .
0 if 2 € (1/2,1]
and

{ 2z if z € [0,1/2]

Bx =
1 ifze(1/2,1].
Then the pair {A, B} is both A- and B-biased but not compatible.
The pair {A4,B} is weakly B-biased iff Ap = Bp implies d(BAp, Bp)

< d(ABp, Ap). For more details, we refer to Jungck and Pathak [5].

2. MAIN RESULTS

Theorem 2.1. Let A and B be two self-mappings of a normed space X and let
C be a closed, convex and bounded subset of X satisfying the following condition.

[Az — Ay||” < al| Bz — By[” + (1 — a)

" o { L2 Bl? Ly B

2 ’ 2
(2) B(C) 2 (1 — k) B(C) + kA(C)
forallz,y € C, where 0 < a <1, p> 0, and for some fized k such that 0 < k < 1.

Suppose, for some xy € C, the sequence {x,} C X defined inductively for n =
0,1,2,... by

(3) Bxyy1 = (1 — k)Bxy, + kAx,
converges to a point z of C and the pair {A, B} is a B-biased. If B is continuous

at z, then A and B have a unique common fized point. Further, if B is continuous
at Az, then A and B have a unique common fized point at which A is continuous.

Proof. First, we are going to prove that Az = Bz.
We have

|Bz — Az||P = ||Bz — Bxp41 + Brpy1 — Az||P
(4) < (IBz = Bapyall + | Benir — Az|])”.
Now, from (3), we obtain
|Bxpni1 — Az||P = ||(1 — k)Bxzy + kAz, — Az||P
= ||(1 - k)(Bz, — Az) + k(Ax, — A2)|]P
< (1 = k)| Bzn — Az[| + k[| Az, — Az|))"
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and so

[Bansr — AzllP < [(1 — k)| Bz, — Az
(5) + k(|| Az, — Az|P)V/P]7.
It follows, from (1), that

|Az, — Az||P < a||Bx, — Bz||P + (1 —a)
{|Axn—Bx||p |Az—Ba:n|p}
X max )

2 ’ 2

185

Now, since B is continuous at z, it follows that Bx,, — Bz as n — oco. Also, from

(3), we have
|Az, — Bz|| =0 as n — co.

Therefore, for every € > 0 and sufficiently large n,

1—a)||Az — Bz|P
(1-a)dz—Balp

(6) | Az, — Azl < .
Hence, from (4), (5) and (6), it follows that
1—q)/p1?
|Bz — Az||P < | (1 — k) + k% |Bz — Az|]?,

which is a contradiction. Therefore, Bz = Az.

Let w = Az = Bz. Since {A, B} is B-biased, it is weakly B-biased. It implies

that

|BAz — Bz|| < ||ABz — Az||,
that is
(7) [Bw — w|| < [|Aw — w]|.

We assert that Aw = w. If not, then

[Aw = Azp 1 ||P < af|Bw = Bepa || + (1 - a)

e {21 BOlP W~ Bl

2 ’ 2
Letting n — oo, we get

[[Aw — w||” < al|Bw —w|” + (1 — a)

« ma ||lw — Bw|]? || Aw — w|P
max
2 ’ 2

(1+a)

<
- 2

[Aw —w]]”,
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which is a contradiction, since 0 < a < 1. Thus, Aw = w. It follows from (7) that
Bw = w. Hence w = Aw = Bw, that is, w = Az is a common fixed point of A
and B.

Now, let {yn} be a sequence in C with the limit Az = w. Then using the
condition (1), we obtain

[Ayn — Aw||” < al[Byn — Bw|[” + (1 — a)

{ [Ayn — Bwl|P || Aw — Bynl”}
X max 5 , 5 .

Since B is continuous at Az = w, we have for sufficiently large n and ¢ > 0
1
4y, — Awl? < S Ay, — Bulp 4.
Again, since
w = Bw = Aw

we have, for sufficiently large n and € > 0

1—
Iy, — Aul? < LoD jay, — aw) 1<,

that is
lim ||Ay, — Aw|| =0,

which means that A is continuous at Az.
Let w and w; be two common fixed point of A and B. Then

(8) w = Aw = Bw
and
(9) w1 = Aw1 = B’LUl .

It follows, from (1), that

[[Aw — Awq||P < a||Bw — Bun||P + (1 —a)

{ |[Aw — Bun||P ||Aw; — Bw||p}
X max )

(10) 2 ’ 2

From (8), (9) and (10), it follows that

1
||Bw — Bw:||P < %HBU) — Buwr ||,

which is a contradiction. Therefore,
w = Bw = Buy = Aw = Aw; = w; .

This completes the proof. O
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Corollary 2.2. Let A be a mapping of a normed space X into itself and let C be
a closed, convex and bounded subset of X satisfying the following condition:

[Az — Ay||” < allz = y||” + (1 - a)

— p — p
s e {147 =l Ay )
2 2

and C D (1 — k)C + kA(C) for all x, y in C, where 0 < a < 1 and p > 0, and
for a fized k such that 0 < k < 1. If, for some xg € C, the sequence {x,} in X
inductively defined forn =0,1,2,... by

Tnt1 = (1 — k)z, + KAz,
converges to a point z of C, then A has a unique fized point at which A is contin-

uous.

Example 2.3. Let X = [0,00) with the Euclidean norm and C = [0,1]. Let A
and B be self-mappings of X defined by

{1 if 7 € [0,1],
Ax = .
1+2?2 ifxe(1,00)

and
1+2% ifzxel0,1),
Bz = .
1 ifzell o0).

For a fixed k such that 0 < £ < 1 we have
[1,2)=B(C) 2 (1-k)B(C)+EA(C)=1[1,2—k)
and
[Az — Ay[l? = 0

for all z, y € C' and p > 0.

Consider a sequence {z,} in X. If Bz, Az, — t(=1) € X, then z, — 0. It
follows that || BAz, — Bxzy,|| — 0 and so {A, B} is B-biased. Also, for any z( € C,
the sequence {z,} such that Bx,y1 = (1 — k)Bx, + kAz,, for n > 0 converges to
the point z = 1. Clearly, A(1) =1 is a common fixed point of A and B.

Example 2.4. Let X = [0,00) with the Euclidean norm and C = [0,1]. Let A
and B be self-mappings of X defined by
Az =1

1+2 fzel01
B b B
{ z ifzx €]0,1]

1 ifx € (1,00).
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Then
[Az — Ay|[P =0

for all z, y in C and for all a, 0 < a < 1 and p > 0. Also
B(C)=[1,2] D [1,2— k]
= (1-k)B(C)+ EA(C).
Consider a sequence {z,} in X converging to 0. Then Bz,, Az, —t € X, but

|BAz,, — Bzy,| — 1 and ||ABx, — Az,|| — 0, as x,, — 0. Consequently, {4, B}
is not B-biased. On the other hand, A and B do not have common fixed points.

Lemma 2.5. Let A, B, S and T be self-mappings of a metric space (X,d). Sup-

pose that
2p — 2p 2p
dP(Sz, Ty) < ¢ ad®?(Axz, By) + (1 — a) max{d*?(Sz, By), d*?(Ty, Ax)}
max{d?(Sxz, By),dr(Ty, Az)}

for all z,y € X for which max{d?(Sx, By),d?(Ty, Ax)} # 0, where 0 < a < 1,
p> 0 and ¢ is a function which is upper semicontinuous from RT into itself such
that ¢(t) < t for each t > 0. If there exists u,v,w € X such that

w=Su=Au=Tv = Bv,
and {A, S} is weakly A-biased and {B,T} is weakly B-biased, then
w=Sw=Aw=Tw = Buw.

Proof. Since {4, S} is weakly A-biased,
d(ASu, Au) < d(SAu, Su),
that is
d(Aw,w) < d(Sw,w) .
We assert that Sw = w, and hence Aw = w. If not, then Sw # Bw, and therefore
max{d?(Sw, Bv),d?(Tv, Aw)} #0

and so

dP (Sw,w) = d?(Sw, Tv)

IN

( ad®(Aw, Bv) + (1 — a) max{d??(Sw, Bv), d*? (Tv, Aw)})
max{dP(Sw, Bv),dP(Tv, Aw)}
(ade (Aw,w) + (1 — a) max{d?"(Sw,w), d*"(w, Aw)})
max{d?(Sw,w), d?(w, Aw)}
( ad®(Sw,w) + (1 — a)d* (Sw, w)
dpr(Sw,w)

¢

¢

IN

p ) < & (Sw,w),
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a contradiction. Hence Sw = w and so Aw = w. Similarly, we can prove that
Tw = Bw = w. ([l

Theorem 2.6. Let A, B, S and T be self-mappings of a normed space X. Let C
be a closed convex subset of X such that

(11) (1— k) A(C) + kS(C)

-
(12) (1—K)B(C) + KT(C) C

A(C),
B(C),
where 0 < k, k' < 1 and suppose that

(13) |[[Sz =Tyl

< al| Az — By||*? + (1 — a) max{||Sz — By|*", ||Ty — Ax||*’}
- max{||Sz — By||?, [Ty — Az}

for all x,y € C for which

max{||Sz — By||”, [Ty — Az||"} # 0,
where 0 < a <1, p >0 and ¢ is a function which is upper semicontinuous from
RT into itself such that ¢(t) <t for each t > 0. If for some xg € C, the sequence
{zn} in X defined inductively forn =0,1,2,3,... by

A.r2n+1 = (1 — k‘)AJZQn + kSl‘Qn y
(14) B$2n+2 = (1 — k/)BJC2n+1 + k/T.Z‘Qn+1

converges to a point z € C, if A and B are continuous at z, and if {A,S} is
A-biased, {B,T} is B-biased, then A, B, S and T have a unique common fized
point w = Tz in C. Further, if A and B are continuous at w, then S and T are
continuous at w.

Proof. First, we prove that
(15) Az=Bz=Sz=Txz.
It follows, form (14), that
kSxa, = Axoni1 — (1 — k) Az, ,
and since A is continuous at z,

lim Az, = lim Sxq, = Az.
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Similarly,
lim Bx,, = limTz9,+1 = Bz.
n n

Suppose that Az # Bz such that for large enough n, Say,, # Bra,41. Then, using
(13) we obtain

1Sz2n — Txon41|? <

¢ <a|Al’2n—B$2n+1|2p + (1 — a) max{||Szan — Bran 11 ]|%", ||T932n+1—14$2n|2p}>
max{||Sz2, — Brani1 ||, [|[TT2n4+1 — Azan|P} '

Letting n — oo, it follows that

|Az—Bz||P
<o <a|Az — Bz||*” + (1 — a) max{||Az — Bz||*?,||Bz — Az||2p}>
- max{||Az — Bz||?,|| Bz — Az||P}
= ¢(|[Az — Bz|]’) < [[Az — Bz,

a contradiction. Therefore, Az = Bz.
Now suppose that Tz # Az such that for large enough n, Tz # Aay,. Then,
using (13) again, we obtain

[|Sxon — Tz||P

<o al|Aza, — Bz||?P + (1 — a) max{||Sxa, — Bz||*", |Tz — Axa,||*?
- max{||Sxa, — Bz|]P, ||Tz — Azay||P} '

Letting n — oo, we get

|Az—Tz|P
<4 <a|Az — Bz||?” + (1 — a) max{||Az — Bz|*?, | Tz — Az|2p}>
- max{||Az — Bz||P, || Tz — Az||P}
=o((1—a)[|Az = Tz[P) < (1 —a)||Az = Tz|P,

a contradiction. Therefore, Az = T'z. Similarly Sz = Bz. Hence
Az=Bz=82=Tz.
Let
w=Az=Bz=852=Txz.
Then, by Lemma 2.5, we get

w=Aw =Bw = Sw=Tw.
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Let {y,} be an arbitrary sequence in C converging to w and suppose that the
sequence {Sy,} does not converge to Sw. Then, for large enough n, and using
(13), we obtain

1Syn — Swl]? = 1Sy — Tw|l”
<o (aww — Ay |*” + (1 — @) max{]| Sy, — Bu||*", | Tw - Ayn|2p}>
B max{[[ Sy, — Bu[]P, [Tw— Ay, [} |

Since A and B are continuous at w, it implies that, for arbitrary ¢ > 0 and
sufficiently large n

[Syn — Swl|” < ¢((1 — a)||Syn — Swl|” + )
< (1 —a)||Syn — Sw|? +¢,
a contradiction since a < 1. Thus the sequence {Sy,} converges to Sw. Similarly,
we can prove that 7" is also continuous at w. The uniqueness of the common fixed

point follows from inequality (13). If w, w’ are two common fixed points of A, B,
S and T. Then

w= Aw = Bw = Sw =Tw

and
w = Aw' = Bw = Sv' =Tuw' .
Now
[w—w|[P = [|Sw — Tw'||?
<o al|Aw — Bw'||* + (1 — @) max{||Sw — Bw'||?", |Tw" — Aw||?*"}
- max{[|Sw — Bw'[|?, || Bw" — Aw|[P}
— 6 allw — w'[|** + (1 — a) max{|lw — w'|[*", |’ — w|]*}
B max{|[lw — w'|[?, [[w — w[P}
= ¢(lw —w'[|) < [lw — '[P
This completes the proof. O

When S =T and A = B, we have the following corollary:

Corollary 2.7. Let A and S be self-mappings of a normed space X. Let C be a
closed convex subset of X such that

(1- k) A(C) + kS(C) € A(C),
where 0 < k < 1 and suppose that

al|Az — Ay[*? + (1 — a) max{||Sz — Ay||*”, || Sy — Axll2p}>
max{||Sz — Ayl|?, || Sy — Ax|[P}

ISz — Syl < ¢(
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for allz, y € C for which max{||Sx — Ay||?, ||Sy — Azx||P # 0}, where 0 < a < 1,
p> 0 and ¢ is a function which is upper semicontinuous from RT into itself such
that ¢(t) < t for each t > 0. If, for some xg € C, the sequence {x,} in X defined
inductively forn =0,1,2,3,... by

Azpi1 = (1 —k)Ax, + kSz,

converges to a point z € C, if A is continuous at z, and {A, S} is A-biased, then A
and S have a unique common fixed point Sz = w in C. Further, if A is continuous
at w, then S is continuous at w.

When A = B = I, the identity mapping on X, we have the following corollary:

Corollary 2.8. Let S and T be self-mappings of a normed space X. Let C be a
closed convex subset of X such that

(1-kC+EkS(C)CC,
(16) (1-k)C+EkT(C)CC,
where 0 < k, k' < 1 and suppose that
allz — y[|*” + (1 — a) max{||Sz — y||**, | Ty — xIIQ”})
Sz —TylP < ¢ (
8= Tl max{[[Sz — g7 [Ty — all"}

forall x, y € C for which

max{[|Sz —y||”, [Ty — z|"} # 0,
where 0 < a <1, p >0 and ¢ is a function which is upper semicontinuous from
R into itself such that ¢(t) <t for each t > 0. If, for some 29 € C, the sequence
{zn} in X defined inductively forn =0,1,2,3,... by

Tont1 = (1 — k)xapn + kSzon ,
(17) Tonie = (1 — KNwopi1 + K Trani1
converges to a point z € C, then T and S have a unique common fixed point

w =Tz in C. Further, T and S are continuous at w.

When A = B = I, the identity mapping and ¢(t) = at for all ¢ > 0 and
0 < a < 1, we have the following corollary:

Corollary 2.9. Let S and T be self-mappings of a normed space X. Let C be a

closed convex subset of X satisfying (16) and suppose that

allz — y|I*” + (1 — a) max{||Sz — y||**, | Ty — $||2”>
max{||Sz — y|?, [Ty — ||}

|Sx—TwPSa(

forall x, y € C for which
max{||Sz -y, [Ty — [|"} # 0,

where 0 < a, a < 1 and p > 0. If, for some xo € C, the sequence {xn} in X
defined by (17) converges to a point z € C, then S and T have a unique common
fixed point w =Tz in C. Further, S and T are continuous at Tz.
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Example 2.10. Let X = [0,00) with the Euclidean norm and let C' = [0, 1].
Define the mappings A, B, S and T of X into itself by

{1 if 2 € [0,1/2),
Ax = .
x ifxell/2,00),
{1 if 7 € [0,1],
St = .
1+2% ifze(l,00),
{1 ifxe€l0,1/2),
Bz = 9 .
x it x €[1/2,00)
and
1 ifz € [0,1],
Tx = .
1+2% ifze(l,00).

Then A and B are not continuous at 1/2 and S and T are not continuous at 1.
Consider a sequence {,} such that

lim Az, = lim Sz, = ¢.

Then lim ||ASz,, — SAz,|| = 0. Thus {S, A} is compatible, and hence is both S

and A-biased. Similarly, {B, T} is both B and T-biased.
For fixed k, k' € (0,1), we have

(1—K)A(C) +kS(C) = [1/2+ 1/2k, 1] € A(C) = [1/2,1],

(1-K)B(C)+KT(C)=1[1/4+3/4K',1] C B(C) = [1/4,1]
and
[Sz —TyllP =0
for all z,y € C and p > 0. Also, for any z¢ € C, the sequence {z,} in C such that

A$2n+1 = (1 — k‘)szn + kSl‘Qn y
B$2n+2 = (1 — k/)B$2n+1 + k/T.Z‘Qn+1

forn =0,1,2,3,... converges to the point z = 1. Clearly, w = T'1 is a common
fixed point of A, B, S and T. For details, we refer to [6].
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Example 2.11. Let X = [0,00) with the Euclidean norm and let C' = [0, 1].
Define the mappings B and T of X into itself by

C(14(1/2z  iteelo1],
x_{l if x € (1,00),

Tx=1

Then we see that ||Tz — Ty|P = 0 for all z,y € C with p > 0.
For some k € (0,1), we have

(1—k)B(C) + kT(C) =[1,3/2 — 1/2k] C B(C) = [1,3/2].

Also, if {z,} is a sequence in X converging to 0, then

lim,, Bz, =lim, Tz, =1,

but

lim, ||BTx, — Byl =1/2

and

lim,, |T Bz, — Tx,| = 0.

Consequently, {B,T'} is not B-biased. Clearly, B and T" have no common fixed
point in C. For details, see [6].
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