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GENERALIZED KRAWTCHOUK POLYNOMIALS:

NEW PROPERTIES

NORRIS SOOKOO

Orthogonality conditions and recurrence relations are presented for
generalized Krawtchouk polynomials. Coefficients are evaluated for the expansion
of an arbitrary polynomial in terms of these polynomials and certain special values
for generalized Krawtchouk polynomials are obtained. Summations of some of these
polynomials and of certain products are also considered.

1. Introduction

MacWilliams, Sloane and Goethals (1972) gave some properties of generalized
Krawtchouk polynomials. Sookoo [3] presented orthogonality conditions and re-
currence relations.

In this paper we study generalized Krawtchouk polynomials further. In Section
2, we define these polynomials and characters of the Galois field with q elements
and also present various notations. In Section 3, further orthogonality relations
are obtained and these are used in Section 4 to obtain the coefficients for the
expansion of a polynomial in terms of the generalized Krawtchouk polynomials.
Section 5 is devoted to recurrence relations. In Section 6, we consider certain
summations of generalized Krawtchouk polynomials and also products. All gener-
alized Krawtchouk polynomials can be expressed in terms of certain special values
of these polynomials of the lowest order. These special values we present in Section
7.

2. Definitions and notations

Generalized Krawtchouk polynomials are defined in terms of characters (c.f.
MacWilliams and Sloane (1978)) of a Galois field GF (q).

Notation. Let q = pm, where p is a prime number and m is a natural number.
Let α be a primitive elements of GF (q), the Galois field of order q. If β ∈ GF (q),
we set

β = β0 + β1 + β2α
2 + · · ·+ βm−1α

m−1 ,
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where 0 ≤ βi ≤ p− 1 (i = 0, 1, . . . ,m− 1), β can also be considered as the tuple
(β0, β1, . . . , βm−1).

Definition. For any element β = (β0, β1, . . . , βm−1) of GF (q) the character χβ
of GF (q) is defined by

χβ(λ) = ξβ0λ0+β1λ1+···+βm−1λm−1

∀ λ = (λ0, λ1, . . . , λm−1) ∈ GF (q) ,

where ξ is the complex number e2πi/p.

Notation. For natural numbers n and q, V (n, q) denotes{
(s0, s1, . . . , sq−1)

∣∣∣s0, s1, . . . , sq−1 = 0, 1, . . . , n and
q−1∑
i=0

si = n

}
.

MacWilliams, Sloane and Goethals (1972) defined generalized Krawtchouk po-
lynomials. An equivalent definition, suitable for our purpose, is the following.

Definition. For elements p = (p0, p1, . . . , pq−1) and

s = (s0, s1, . . . , sq−1) of V (n, q) ,

the generalized Krawtchouk polynomial K(p0, p1, . . . , pq−1; s0, s1, . . . sq−1) (or
K(p; s)) is ∑

rij

s!
r0!r1! . . . rq−1!

q−1∏
k=1

[
χ(αk−1)

]R(k)

where the summation is taken over all natural numbers rij (i, j = 0, 1, . . ., q − 1)
satisfying

q−1∑
j=0

rij = si (i = 0, 1, . . ., q − 1)

and

q−1∑
i=0

rij = pj (j = 0, 1, . . . , q− 1)

and where

s! = s0!s1! . . . sq−1!

ri = ri0!ri1! . . .ri(q−1)! (i = 0, 1, . . . , q − 1)

and

R(k) = r1k + r2(k−1) + · · ·+ rk1

+ r(k+1)(q−1) + r(k+2)(q−2) + · · ·+ r(q−1)(k+1)

for k = 1, 2, . . . , q− 1.
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3. Orthogonality relations

Sookoo (1998) has obtained orthogonality relations, which are used to obtain
those given below.

Theorem 3.1. Let p, t ∈ V (n, q), p = (p0, p1, . . . , pq−1) and t = (t0, t1, . . . , tq−1).
Then ∑

s∈V (n,q)

K(p; s)K(s; t) = qn
q−1∏
i=0

δpi,ti

Proof. Let s = (s0, s1, . . . , sq−1). From Theorem 4.2 of [3]

∑
s∈V (n,q)

1
s0!s1! . . . sq−1!

K(p; s)K(t; s)

=
qn

p0!p1! . . . pq−1!

q−1∏
i=0

δpi,ti .

Hence, from Lemma 4.4 of [1],

∑
s∈V (n,q)

1
s0!s1! . . .sq−1!

K(p; s)

[
s0!s1! . . . sq−1!
t0!t1! . . . tq−1!

K(s, t)

]
=

qn

p0!p1! . . . pq−1!

q−1∏
i=0

δpi,ti

∴
∑

s∈V (n,q)

1
t0!t1! . . . tq−1!

K(p; s)K(s; t) =
qn

p0!p1! . . . pq−1!

q−1∏
i=0

δpi,ti

and the result follows. �

4. Krawtchouk expansion of a polynomial

The coefficients for the expansion of a polynomial in terms of Krawtchouk
polynomials have been obtained (c.f. MacWilliams and Sloane (1978)). We obtain
a similar result for generalized Krawtchouk polynomials.

Theorem 4.1. Let x = (x0, x1, . . . , xq−1) be a q-tuple of real numbers. If the
Krawtchouk expansion of a polynomial α(x) is

(I) α(x) =
∑

s∈V (n,q)

αsK(x; s)

then
αl = q−n

∑
i∈V (n,q)

α(i)K(l; i), ∀ l ∈ V (n, q) .
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Proof. Setting x = i and multiplying both sides of Equation (I) by K(l; i), we
obtain

α(i) K(l; i) =
∑

s∈V (n,q)

αsK(l; i) K(i; s) .

Summing both sides over all i ∈ V (n, q), we have

∑
i∈V (n,q)

α(i)K(l; i) =
∑

s∈V (n,q)

αs
∑

i∈V (n,q)

K(l; i) K(i; s)

=
∑

s∈V (n,q)

αsq
n

q−1∏
j=0

δlj ,sj
(Theorem 3.1)

= αlq
n .

�

5. Recurrence relations

Lemma 5.1. Let p0, p1, . . . , pq−1 be nonnegative integers. The number of ways we
can obtain (p0− i0, p1− i1, . . . , pq−1− iq−1) from (p0, p1, . . . , pq−1) by subtracting
1 from a single coordinate of (p0, p1, . . . , pq−1) and each successive tuple in turn is

j!
i0!i1! . . . iq−1!

where i0, i1, . . . , iq−1 and j are nonnegative integers satisfying ik ≤ pk; k =

0, 1, . . . , q− 1 and
q−1∑
k=0

ik = j.

Proof. We note that the required number of ways is equal to the number of
different words that we can form from the letters L0, L1, . . . , Lq−1, where Lm
occurs im times (m = 0, 1, . . . , q− 1), and the result follows. �

Theorem 5.2. Let u1 = 1, ul = χ(αl−1); l = 1, 2, . . . , q − 1, and let j be a
nonnegative integer satisfying j ≤ sh, h ∈ {1, 2, . . ., q − 1}. Then

K(p0, p1, . . . , pq−1; s0, s1, . . . , sq−1)

=
∑

i0,i1,...,iq−1

{
j!

i0!i1! . . . iq−1!
ui1h u

i2
h+1 . . .u

iq−1
h−1

×K(p0 − i0, p1 − i1, . . . , pq−1 − iq−1; s0, s1, . . . , sh − j, . . . , sq−1) }

where the summation is taken over all nonnegative integers i0, i1, . . . , iq−1 satisfy-
ing ik ≤ pk; k=0,1, . . . , q-1 and

i0 + i1 + · · ·+ iq−1 = j .
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Proof. From Theorem 4.3 of [3]

K(p0, p1, . . . , pq−1; s0, s1, . . . , sq−1)

=K(p0 − 1, p1, . . . , pq−1; s0, s1, . . . , sh − 1, . . . , sq−1)

+ uhK(p0, p1 − 1, . . . , pq−1; s0, s1, . . . , sh − 1, . . . , sq−1)

+ uh+1K(p0, p1, p2 − 1, . . . , pq−1; s0, s1, . . . , sh − 1, . . . , sq−1)

...

+ uh−1K(p0, p1, p2, . . . , pq−1 − 1; s0, s1, . . . , sh − 1, . . . , sq−1) .

We apply Theorem 4.3 of [3] repeatedly. In so doing, suppose that we reduce
by one the term involving pl (l ∈ {1, 2, . . . , q − 1}) in one of the Krawtchouk
polynomials, e.g.

K(p0 − r0, p1 − r1, . . . , pq−1 − rq−1; s0, s1, . . . , sh − r0 − r1 − · · · − rq−1, . . . , sq−1)

is changed to

K(p0 − r0, p1 − r1, . . . , pl − rl − 1, . . . , pq−1 − rq−1;

s0, s1, . . . , sh − r0 − r1 − · · · − rq−1 − 1, . . . , sq−1) .

We must then multiply the latter by a factor uh+l−1. The coefficient of

K(p0 − i0, p1 − i1, . . . , pq−1 − iq−1; s0, s1, . . . , sh − j, . . . , sq−1)

must therefore be ui1h u
i2
h+1 . . .u

iq−1

h−1 multiplied by the number of ways that we can
start with (p0, p1, . . . , pq−1) and end up with (p0 − i0, p1 − i1, . . . , pq−1 − iq−1) ,
subtracting one each time from one of the entries of each successive tuple.

This coefficient is therefore
j!

i0!i1! . . . iq−1!
ui1h u

i2
h+1 . . .u

iq−1

h−1 . �

Corollary 5.3.

K(p0, p1, . . . , pq−1; s0, s1, . . . , sq−1)

=
∑
iab

q−1∏
a=1

ja!
ia0!iai! . . . ia(q−1)!

×
q−1∏
a=1

uia1
ha
uia2
ha+1 . . .u

ia(q−1)

ha−1

×K(p0 −
q−1∑
r=1

ir0, p1 −
q−1∑
r=1

ir1, . . . , pq−1 −
q−1∑
r=1

ir(q−1);

s0, s1 − j1, s2 − j2, . . .sq−1 − jq−1)

where uha , uha+1, . . . , uha−1 ∈ {u1, u2, . . . , uq−1}, uha = ua and when uha = u1,
we take uha − 1 as uq−1, and the summation is taken over

iab(a = 1, 2, . . . , q − 1; b = 0, 1, . . . , q− 1) 3
q−1∑
b=0

iab = ja; a = 1, 2, . . . , q − 1 .

Proof. We apply the previous theorem to K(p0, p1, . . . , pq−1; s0, s1, . . . , sq−1) re-
peatedly, subtracting j1 from s1, j2 from s2, . . . , jq−1 from sq−1 in turn. �
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6. Summating over V (n, q)

We use the generating function to evaluate the summation of K(p; s) as p varies
over V (n, q).

Theoren 6.1. ∑
p∈V (n,q)

K(p; s) = 0 ∀ s ∈ V (n, q) .

Proof. From MacWilliams’ theorem for complete weight enumerators (c.f. MacWil-
liams, Sloane and Goethals (1972)) and Theorem 4.1 of [3],(

q−1∑
i=0

zi

)s0 q−1∏
j=1

(
Z0 +

q−1∑
i=1

χ(αi+j−2)zi

)sj
=

∑
p∈V (n,q)

K(p; s)
q−1∏
i=0

zpii .

Setting z0 = z1 = · · · = zq−1 = 1, the result follows quickly, since 1 + χ(1) +
χ(α) + · · ·+ χ(αq−2) = 0. �

Theorem 6.2. Let i ∈ {1, 2, . . . , q− 1} and let ri (i = 0, 1, . . ., q− 1) be nonneg-
ative integers whose sum is n. Then∑

s∈V (n,q)

{K(r0, . . . , ri + 1, . . . , rq−1; s0, . . . , si + 1, . . . , sq−1)

×K(r0, r1, . . . , rq−1; s0, s1, . . . , sq−1) }

=χ(αi−1)
qn

r0!r1! . . . rq−1!

where s = (s0, s1, . . . , sq−1).

Proof. We use Theorem 4.3 of [3] to expand

K(r0, r1, . . . , ri + 1, . . . , rq−1; s0, s1, . . . , si + 1, . . . , sq−1)

and then apply Theorem 4.2 of [3] to give the required result. �

7. Special values

For the smallest values of si and pj for which we get non-trivial generalized
Krawtchouk polynomials, the values of these polynomials are given in the next
result.

Theorem 7.1.

(i) If s0 = p0 = 1, si = 0 (i = 1, 2, . . . , q− 1) and pi = 0 (j = 1, 2, . . ., q− 1),
then

K(p; s) = 1 .
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(ii) If s0 = 1, si = 0 (i = 1, 2, . . ., q − 1), pj = 0 (j = 0, 1, . . . , b − 1, b +
1, . . . , q − 1) and pb = 1, then

K(p; s) = 1 .

(iii) If si = 0 (i = 0, 1, . . ., a− 1, a+ 1, . . . , q − 1), sa = 1, p0 = 1 and pj = 0
(j = 1, 2, . . . , q − 1), then

K(p; s) = 1 .

(iv) If si = 0 (i = 0, 1, . . . , a − 1, a + 1, . . . , q − 1), sa = 1, pj = 0 (j =
0, 1, . . . , b− 1, b+ 1, . . . , q− 1) and p b = 1, then

K(p; s) =

{
χ(αa+b−2), if a + b ≤ q

χ(αa+b−q−1), if a+ b > q .

Proof. Let si = ri0 + ri1 + · · · + ri(q−1), pj = r0j + rij + · · · + r(q−1)j, i, j ∈
{0, 1, . . . , q− 1},

(i) Case 1. rij =

{
1, if i = j = 0;

0, otherwise.

(ii) Case 2. rij =

{
1, if i = 0, j = b;

0, otherwise.

(iii) Case 3. rij =
{

1, if i = a, j = 0;

0, otherwise.

The result is clearly true in the above cases.

(iv) Case 4. rij =

{
1, i = a, j = b;

0, otherwise.
In the expression for K(p; s), the power of χ(αi+j−2) is{

r1(j+i−1) + r2(i+j−2) + r3(i+j−3) + · · ·+ rij + r(i+1)(j−1) + . . .

+ r(i+j−1)1 + r(i+j)(q−1) + r(i+j+1)(q−2) + . . .

+ r(i+ q−1
2 )(j+ q−1

2 ) + r(i+ q−1
2 +1)(j+ q−1

2 −1) + . . . +r(q−1)(i+j)
}
.

If a+ b ≤ q, we set a = i, b = j and obtain

K(p; s) = χ(αa+b−2) .

If a+ b > q, we set

a = i +
q − 1

2
, b = j +

q − 1
2

∴ a+ b = i+ j + q − 1, ∴ i + j − 2 = a + b− q − 1

and so
K(p; s) = χ(αa+b−q−1) �
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