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ON (1,1)-TENSOR FIELDS ON SYMPLECTIC MANIFOLDS

ANTON DEKRET

ABSTRACT. Two symplectic structures on a manifold M determine a (1,1)-tensor
field on M. In this paper we study some properties of this field. Conversely, if A is
(1,1)-tensor field on a symplectic manifold (M, w) then using the natural lift theory
we find conditions under which w4, w4 (X,Y) = w(AX,Y), is symplectic.

INTRODUCTION

Let M be a manifold with two symplectic structures w,w. Then the vector
bundle morphisms I, Iz : TM — T*M, I,(X) = ixw, Iz(X) = ixw determine a
(1,1)-tensor field A = I - I,. In Proposition 1 we conclude some properties of A
from the point of view of both symplectic structures.

Let A be a (1,1)-tensor field and w be a symplectic structure on M. Using
natural lifts on TM and T*M we find conditions under which the (0,2)-tensor
field w4, wA(X,Y) = w(AX,Y), is symplectic in both cases when w is closed only
(Proposition 2) and when w is exact (Proposition 3). Proposition 4 deals with the
same problem in the case when w = dd,, L is the basic symplectic structure on T'M
of a Lagrangian L on T M.

Finally we show (Proposition 5) that if C\ A is the complete lift of A on T*M, e
is the Liouville 1-form on T*M,w = de,a = ¢ - C, A, then w4 = da.

All manifolds and maps in this paper are assumed to be infinitely differentiable.

TWO SYMPLECTIC STRUCTURES ON A MANIFOLD M

Let A be a (1,1)-tensor field on a manifold M. Denote by A : TM — TM and
by A* : T*M — T*M the corresponding vector bundle isomorphisms over Idyy.
Let w be a (0,2)-tensor field on M. We will use the following notations:

I,:TM — T*M, I,(X)=ixw=w(X,-)
wh i M — @2T*M, w?(X,Y) =w(AX,Y),
wa: M — @T*M, wa(X,Y) =w(X,AY).
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Evidently I, - A : TM — T*M,I,A(X) = iaxw, [[LAX)](Y) = w(AX,Y) =
wA(X,Y).

If w is symmetric or skew-symmetric, then wa(X,Y) = (W)Y (X,Y) or
wa(X,Y) = —(w)*(X,Y), respectively, where (w?)? is transposed to w”. There-
fore, if w is a 2-form, then w? is symmetric or skew-symmetric if and only if

wa=—w? or wy =w? respectively.

Definition 1. We will say that a (1,1)-tensor field A on M is w-symmetric if
1,A=A*1L,.

Lemma 1. Let w be a 2-form on M. Then a (1,1)-tensor field A is w-symmetric
if and only if w? is skew-symmetric.

Proof. We have the equalities:

LAX)(Y) = (X,Y),
[A*L,(X)](Y) = L,(X)(AY) = w(X, AY) = wa(X,Y).

Then I, A = A*I, iff w* = wy, i.e. iff w? is skew-symmetric. O
Lemma 2. If both (0,2)-tensor fields w and w? are 2-forms, then isw = 2w™.

Proof. Recall that i4w(X,Y) = w(AX,Y)+w(X, AY). By our assumption ws =
wA. It completes our proof. O

Definition 2. Let w, be (0,2)-tensor fields on M. We will say that @ is A-related
with wif Iz = I, - A, i.e. if T = w?.

Let a (0,2)-tensor field be regular. Then A := ;! Iz is a (1,1)-tensor field on
M and W is A-related with w.

Lemma 3. If two (0,2)-tensor fields w,@ are symmetric or skew-symmetric and
w is regular, then (I;' - Iz)* = Iz- 1!,

The proof is evident when using the coordinate expressions.

Corollary of Lemma 1. Ifw and @ are 2-forms and w is regular then A = I I
is w-symmetric.

Let both forms w and @ be symplectic. Then A = I7! - I is regular, w? =

wa=w,I5=1,A= A1, A* = Iz I;'. As 0= w?(X,X) = w(AX, X) therefore
the vector fields X and AX are w-orthogonal for every vector field X on M.

Let (o, ). denote the Poisson bracket of 1-forms v and § in the symplectic
manifold (M,w). Recall that if we denote I,,(X,) =+ then two forms «, § are in
w-involution if w(X4, Xg) = 0. Further, it is said that a vector field X is a local
w-Hamiltonian or an w-Hamiltonian if I,,(X) is closed or exact, respectively, see

[4].
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Proposition 1. Let w and @ be symplectic 2-forms on M. Let A = I;' - I5.
Then
a) I-forms Iz(X),I5(Y) are in w-involution if and only if the I-forms
A*1,(X),I,(Y) are in w-involution.
b) The forms I,,(X) and A*1,(X) are in w-involution.
c) A vector field X is a local w-Hamiltonian if and only if AX is a local
w-Hamiltonian.
d) We have the identities

L(A[X,Y]) = A* (L, X, L(Y))w = ((X), I5(Y))s.

a) W(X,Y) =wA(X,Y) = w(AX,Y). Then the equality A*I,(X) = I,(AX)
yields the proof.

b) The proof is evident from w(AX, X) = 0.

¢) The assertion is the consequence of the identity I(X) = I,(AX).

d) By the definition of the Poisson bracket we get

(Iz(X), Y))g = I[X,Y] = A" L,([X,Y]) = A" (1, X, L,Y),
LA(X,Y]) = AL ([X, Y]) = A" (Lu(X), L, (Y)) - O

Remark. Denote by H,, or Hg the Lie algebras of all local w- or w-Hamiltonians,
respectively. By Proposition 1, X € Hg if and only if AX € H,,. It is clear that
Alp_ : Hy — H,, is an isomorphism of linear spaces which is not the Lie algebras
isomorphism in general.

(1,1)-TENSOR FIELDS ON SYMPLECTIC MANIFOLDS

We will deal with a question: Let (M,w) be a symplectic manifold and A be
a (1,1)-tensor field on M. Under what conditions the (0,2)-tensor field w* is
symplectic?

First of all we recall some lifts of geometrical fields on M to the tangent bundle
pyv  TM — M, see [2]7 [3]1 [5]

Let (z°) be a local chart on M. It induces the chart (2%, 2%) on TM. If f or F
is a function on M or on T'M then we will use the following shortened notations

of _OF _OF

f oz’

Cooxt T Tt Ot

The complete lift of a function f : M — R is a function Cf : TM — R such
that Cf(X) = Xf, X € TM, or equivalently Cf = S(pi,;f), where S is an
arbitrary semispray (a second order differential equation) on T'M and pj, f is the
pa-pullback of f. In coordinates: C'f = fixi.

The complete lift of a vector field X on M is the vector field CX on T'M the flow
of which is the tangent prolongation of the flow of X, CX = £0/0z* + &} a50/0xt,
where X = £9/0z".



332 A. DEKRET

The complete lift of a p-form € on M is the p-form Ce on TM which satisfies
the equality

(1) Ce(CXy,...,CX,) = C(e(X1,...,X,))

for any vector fields Xi,..., X, on M.
In coordinates, if ¢ = %Eil.,_ipdx“ A---Adz', then

1 . .
(2) Ce= —'Eil.,_imkx’fdx“ A Adx' +

o
p! (p—1)!

The Crp-lift of a p-form € on M is the p—form C're on T'M defined by

Eil,,_ipdxlf Adz2 A Ndate

Cre = dis(pyw) ,

where S is again a semispray on T'M and pj},w is the pull-back of w. Equivalently,
this form can be constructed by the following procedure: Let X € T M. Then the
map er : X —ixe is a (p — 1)-form on T'M such that

CTE = d&T .

In coordinates,

(3) Cre = (5i1,,_ip_1k7ipxlfdx“ A---Adx'e —|—61-1,,_ipdxlf Adz2 A ANdx'P) .

o
(p—1)!

Finally we recall that the complete lift of a tensor (1,1)-field A on M is a tensor
field CA on TM such that CA(CX) = C(AX) for every vector field X on M. In
coordinates, if A = a’dz’ ® 9/dx", then

CA= az-dxj ® 0/0x" + (aé—kxlfdxj + az-dx{) ® 0/0x .

There are well known the following properties of complete lifts, see [2], [3].

Lemma 4. Let ¢ be a p-form and A be a (1,1)-tensor field on M. Then

a) dCe = Cde
aa) C(A®%¢e)=CA®7 Cs,

where ®@° denotes a contraction of tensor products.

Corollaries.

1. If e is closed, then Ce is also closed.
2. A 2-form @ is A-related with w if and only if Cw is C A-related with Cw.
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Lemma 5. Let w be p-form on M and let Cw or Crw be its complete or Cp-lifts,
respectively. Then w is closed if and only if Cw = Crw.

Proof in coordinates. If w = %wil LAz A Adz' then dw = p,w“
dz't A+ Adx'» and so w is closed iff

kdl‘k/\

“ips

(4)  Wiyipk = Wiy .oip_1kip T Wiy ip_siphyip_y T+ (—1) Wiy ik, = 0.
By (2) and (3) we get that Cw = Crw if and only if

1 - 1
_ ’Ll 1p —
(5) | Wiy..ip, pridz A A dx G

o .
Wiy.oip_rkyip L1z Ao Ndz'™

For arbitrary vector fields Xi,..., X, on TM we get for the left side L or for
the right side R of the equality (5), respectively:

L =wj, i, ktVEY ... Elp
. i T ip—
_ﬁ i1...1p—1k, lpxl[( _1)'5 ...fpp —(p_ l)lfll E 2§pp 3

+(p— DU TG -+ (CD)P T —1)1631 §2-~-§§p‘1§?]

k¢t i
=Wiy.ip_1kip 181 ---f;,p — Wiy ipkyip_ 1$1§ B i 25
=+ w’ilw-ip—?»ip—lipkvip—zgil t é"‘p 36 17_—22 +oeet (_l)p 1wi2"-ipkvi1§§2 e

.. fp‘fl - (wll...lp_lk‘,lp - w’Ll...’Lp_z’ka‘,lp_l + wll...lp_glp_llpk‘,lp_z + ...

(1P wiy ik )E L E
So L = R if and only if

Wiy .ip,k = Wiy, iy _1k,ip — Wiy..ip_aipkip_1 T Wiy..ip_sip_1ipkyip_o T - -
-1
+ (=17 Wiy ki -
Comparing it with (4) we complete our proof. O
Now we get

Proposition 2. Let w be a symplectic 2-form. Let w* be skew-symmetric. Then
w? is symplectic if and only if A is regular and Cw? = Cpw™.

Proof. I,A is regular iff A is regular. Then Lemma 5 completes our proof. [

Remark. Let a 2-form w is A-related to w. Let X be a vector field on M. Then
A*I,(X) is closed if and only if Cax = Crax, ax = Iz(X).
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(1,1)-TENSOR FIELD ON A MANIFOLD (M, w) WITH AN EXACT 2-FORM w

Let ¢ = g;dz’ be a 1-form on M and A be a given (1,1)-tensor field on M. Then
we have the forms:

E = A%c = galds’, w=de = ¢g;jdr? Ndx"
w=d(A%) = (g al + 6tafj)dxj A dz?,

Ce = egalda’ + e;dat, Ore = eyalda’ + g;dat .
Let X = £'0/0x" is a vector field on M. Then we get in coordinates:
I,(AX) = (et — en)at & da’
I(X) = (e ak + 5tafj — 5tia§- — 6ta§-i)§jdazi }
So the form w? is skew-symmetric if and only if
(6) (git — eri)al = —(gjt — e5)a; -
Proposition 3. The 2-form & = d(A*e) is A-related to the 2-form w = de if and
only if wh is skew-symmetric and the 2-form dicsCre is semibasic.
Proof. As @ is a 2-form, then it is A-related to w iff w? is skew-symmetric and
1,(AX) = Iz(X), i.e. iff the equalities (6) and
(7) 6tja§ + 5ta§j — 6ta§-i = 5ita§'
are satisfied.
We get
CA*Cre =icaCre = (epurial + eralpxh)da’ + ealdalt
d(CA*Cre) =(epujaial + epuaial + ejalay + ecaly af)da? A da’
+ (stjaf — 5“@;— + &:t(aﬁj — a;i))dxi A da:{ .
Comparing this with (7) we finish our proof. O
REMARK ON A LAGRANGIAN L OF FIRST
ORDER ON M WITH A (1,1)-TENSOR FIELD A

Let L:TM — R be a Lagrangian on M and v = dx* ® 0/0x} be the canonical
endomorphism (almost tangent structure). Then ¢ = d,L = L;,dz’, w = de =
Liy;dzd A dz® + L j,dx] A dz® are the Lagrange forms on TM which are the
fundamental objects of the Lagrange formalism of classical mechanics. If A is a
(1,1)-tensor field on M we put € = icae = Ly aldz’ and w = de = (L, jal +
Ly, af;)da? N dx' + Ly, jyatda) A da'. Tt is easy to prove the following assertion.
Proposition 4. The 2-form @ = d(icad,L) is CA-related to the Lagrange 2-

form w = dd,L if and only if w€4 is skew-symmetric and the 2-form dicadL is
semibasic.
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AN EXAMPLE OF THE CANONICAL 2-FORM w WHICH IS A-RELATED
TO THE LIOUVILLE 2-FORM ON THE COTANGENT BUNDLE T*M

Let (2%, 2;) be the induced chart on the cotangent bundle my; : T*M — M.
Then € = zdx® is the Liouville 1-form on 7*M and w = de = dz; A dz* is the
canonical symplectic form. A tensor field A = a%dz? ® 0/0z' on M determines
some geometrical objects on T*M which are closely connected with the natural
lifts of A to T* M. We recall some of them, ([1], [5]):

1. Let A* : T*M — T*M be the dual vector bundle morphism to A : TM —
TM. Then a = alz;dz' : T*M — T*T*M is a 1-form on T*M such that a(z, X) =
A*z(Tmp X) for every X € T,T*M. Put

w=da= aszkdxj Adzt + ajdzj Adzt.

i
This immediately gives

Lemma 6. The 2-form da is symplectic if and only if the (1,1)-tensor field A is
regular.

2. The complete lift C,A of A to T*M is a (1,1)-tensor field on T*M such that
(8) da(Y, X) =< iyde, CLAX) >,

where the symbol < > means the evaluation mapping.
In coordinates

CuA = alda’! @ 0/0x" + [(afi - afj)zkdxj + aldz] © 0/0z; .
It is evident that a = ic, g¢€.
Proposition 5. The 2-form @ = da is C', A-related to the 2-form de.

Proof. As < iyde, CLA(X) >=de(Y,CLA(X)) = —de(CLA(X),Y) therefore the
equality (8) can be rewritten in the form ixda = ic, axde. It means that da is
C. A-related with de, i.e. da = (de)®+4. O

Corollary. As da is a 2-form therefore de+# is skew-symmetric and therefore
C.A is de-symmetric, i.e. I4-(CyA) = (CLA)* 4.

Let a = audx®, o : M — T*M, be a 1-form on M. Then o’ = 7},;a = a;dz’
is the socalled vertical lift and XY = «;0/0z" is the vertical vector field on T* M,
induced by the section « and by the identification VI*M = T*M X ; T* M. Since
I3 (X?) = oV therefore X is a Hamiltonian of the symplectic manifold (7"* M, de)
iff o is closed. It implies that the 1-form A*« is closed iff the vertical field X}4. ,
is a de-Hamiltonian.

Recall that the complete lift C.. X = £'0/0x° — £F2,0/02; of a vector field X =
£'9/0z" on M to the cotangent bundle is a de-Hamiltonian and I (C. X) = —dfx,
where fx(z) =< 2z, X >= z¢' is a function on T*M determined by X. If A is
regular, then AX is a vector field on M and I;: (C.AX) = —dfax. We have

CLA(C.X) = aj€'0/da’ + [(af, — ab) 2! — al€¥2)0/07;
Ci(AX) = aj€'0/0x" — (af€" + af&}) 20/ 0z .
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Proposition 6. Let A be a regular (1,1)-tensor field. Then the vector fields
C.(AX) and C,A(C.X) are equal if and only if the 1-forms df sx and ic, adfx
are also equal.

Proof. The field C,A is de-symmetric, therefore I;.(C.A(C.X)) = (C.A)*
I;:(C.X) = —(C.A)*(dfx). Then the equality I;.(C.A(C.X) — Ci(AX)) =
—(CLA)*(dfx) + dfax completes our proof. O

Corollary. The vector field C,A(C.X) is a de-Hamiltonian iff ic, adfx = dfax.
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