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STOCHASTIC PARALLEL TRANSPORT
AND CONNECTIONS OF H?M

PEDRO CATUOGNO

ABSTRACT. In this paper we prove that there is a bijective correspondence be-
tween connections of H 2M, the principal bundle of the second order frames of
M, and stochastic parallel transport in the tangent space of M. We construct
in a direct geometric way a prolongation of connections without torsion of M
to connections of H 2M. We interpret such prolongation in terms of stochastic
calculus.

1. INTRODUCTION

The purpose of this paper is to study the intrinsic nature of the stochastic
differential equation associated with the parallel transport in the tangent space.
Firstly, we prove that the coefficients of the equation of parallel transport are
the local components of a connection of the bundle of second order frames, with
the opposite sign. This establishes a bijective correspondence between the set of
connections of the bundle of second order frames of M, and stochastic parallel
transport in the tangent space of M. In the section 2, we show an alternative
construction of a canonical prolongation proposed by I. Kolaf in [12], T — 't of
connections without torsion of M to connections of the bundle of second order
frames. We give an interpretation of this prolongation in terms of stochastic
parallel transport.

All manifolds are finite dimensional o-compact and of class C*°. As to manifolds,
geometry and stochastic calculus, we shall use freely concepts and notations as
Kobayashi-Nomizu [11], Ikeda-Watanabe [7] and Emery [4].

I thank my advisor, professor L. San Martin for his valuable suggestions and
comments.
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2. CONNECTIONS OF H2M AND STOCHASTIC PARALLEL TRANSPORT IN T'M.

In this section we study connections of H>M. Firstly, we calculate the associ-
ated operator of covariant derivative in local coordinates, and the transformation
coordinate formula for the local components of a connection in H?M. After we
calculate the transformation coordinate formula for the local components of a lin-
ear stochastic differential equation [14] and to show that this local components are
the local components of a connection of H2M with opposite sign. This establishes
a bijective correspondence between connections of F2M and stochastic parallel
transport in T'M. Finally, we prove that there is a bijective correspondence be-
tween connections of H2M and 2-connections of H'M [2].

We begin by recalling some fundamental facts about Schwartz geometry [13],
[14] and [4].

If x is a point in a manifold M, the second order tangent space to M at =,
denoted 7, M, is the vector space of all differential operators on M, at x, of order
at most two, with no constant term. If dimM = n, 7, M has n + in(n + 1)
dimensions; using a local coordinate system (U, z") around z, every L € 7, M can
be written in a unique way as

0 i 0

- 4 g ———
ox® ox*0xI
We use here and in other expressions in coordinates the convention of summing
over the repeated indices. The elements of 7, M are called second-order tangent
vectors (or tangent vectors of order two) at x.

The disjoint union 7M = |J,c, 7 M is canonically endowed with a vector

bundle structure over M, called the second order tangent fiber bundle of M.
Let M be a manifold, and

H?M = {jgs : s is a local difeomorphism of 0 € IR™in M}

with a¥ = a?".

_ i
L=a;

the set of second order frames of M. This set is a principal fiber bundle with
structural group

GlI? = {jgf : f is a local difeomorphism in 0 and f(0) = 0}

and projection 72 : H2M — M defined by 72(j2s) = s(0), where the right action
of GI? in H?M is given by

s gsf=Js(sof).
We recall that GI? is a semidirect product GI? = Gl(n) oc S?(n) where S?(n) is
the real vector space of symmetric bilinear forms of IR". We identify the subgroup
Gl(n) of GI? with {j2f € GI? : D;; f"(0) = 0 for r,i,j = 1,...,n}, and S?(n) with

{jgf €GI?:D;f1(0) = 65 fori,j =1, 7n} In local coordinates if ¢ = ( ;, Jlk),
n= (77}17%) € GI? the product ¢n = ( 3», 3k) is given by
X o= On

i

ik = isn§nZ+C§n§k
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and
—

¢t o= (@ -Ce,TiTh

where (C)) = (¢i)!
The group GI? acts on the left on 7pIR" as follows

¢-a

(4;7 C}k) - (a'D; 4 a” Dij)
= (Gia" + ¢pa™)Di + (¢¢la™)Di; .

For this action 7M is a vector bundle associated with HQM

The canonical eplmorphlsm of principal fiber bundles 73 : H?M — H'M, is
given by 72 (j3s) = jis.

Let T be a connection in H>M and w its associated connection form. Then w
can be decomposed as

w = wo + w1
where wy is the gl(n, IR) component and w; the S?(n) component of w.
Let {E}}, {Eik = Eki} denote canonical bases of gl(n, R) and S%(n) respec-
tively, and o the local section of H2M given by o(x) = (2%, 1d,0) over (U, z"). We
define the functions I‘Zk, F e on U with ijl Fjlk by

oc'wy = (Dida?)E},
oc'wy = (Diyda?)EF.

The functions Fik, Fikl are called the local components of I' with respect (U, z*).

Let I be a connection of H>M. As 7M is an associated vector bundle of H*M,
there is a covariant derivative operator V in 7 M associated with T [6, proposition
1.10]. We are interested in compute in local coordinates the covariant derivative
V.

Let (U,2) be a local chart in M, (z~'(U), (¢*,2%)) and (7~ "(U), (* ,$J7$Jk))
the induced local chart by (U,2) in H*M and H?M respectively. Let T’ be a
connection in H'M and I a connection in H2M. It is known [3, pg. 203] that
if X = X° 6l € T,M, then the horizontal lift of X have the following local
expression in these coordinate systems

v [ 0 0
X'H i)y = X r ol .
(x7xj)_ (85(:1 _le ]ax )

2 0 0 0
XH (.’ﬂ 7{1,' y k) X lea" r - (lea" ik + lem i Ll )—r .
% Ot 39 J 7 Gar,

thre I‘;k are the local components of I' and I‘;k, F;kl are the local components
of I.
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Proposition 2.1. Let (U,x%) be a local chart of M and A(z) = d'(z)z2 +
a(x )&v‘&'w € 7M. Then
= da’ 0 da'l is i sin 02
VBA(CE) (8 k+F aJ+ijr )axi+(ak+rksa +staj)m'
Proof. Let A € (M) and Fy : H2M — TOR" given by Fa(p) = p~t-A(n(p)). If

the local expression of A in U is A(z) = d' a - +a¥ 8:3830 +, then the local expression
of Fa in (n=1(U), (', 2}, %)) is

7x3k) Lo Fu (2, 68,0)

) J?

xj7x§k) -[a'D; + a" Dy;]

FA(.’E 7{1,']7 ]k)

pqixkaﬂ“)Di
+(@ T a"*) Dy

where (Z%) = (2¢)~'and {D;, D;;} is the canonical base of 7oIR". Then

S S

5o B0 = [~ Mg~ T 5 64.5,0)
((ac a’® —wsquf xka )D + (2T a™*) D; 5)
= (g k +T},07 +T},;,0"")D;
+(gaz,: +T%,a"7 +T%,.a")D;; .
Thus
VA = (@650)- [ (06,0
5o oz
= (af ,6;7 0) - [((;9 ; + T aJ—i-ijrajT)Di
Jr((?9 = +TY,a" +T}.a”) Dy
= (g k + i aj-i-l"kjra”)
+(ZCZ,: + T ,a" 4+ T4, u;cj : 0O

Now, it is not difficult to compute the transformation coordinates formula for
the local components of a connection in H2M.

Proposition 2.2. Let T be a connection in H*M. If (T};,T},,,) and (TZJWFZmn)
are the local components of T in the local charts (U, ") and (U, ') of M respec-
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tively. Then

po_ o drtartor  ont o

T It oxt ozt 97 T Ox gz OT!

o i oz* 97 9z™ O™, 0%xF Ox oT*
rab

Imn gy o 0T JTb

82Tk Ozt ox™ 9"

421

o0 O O
bl 9%z7 ozt

A%xt 9t
OToT" 0T

ok

)+

Gyt B:ck ox? Bx
Bgl'l
dal oz 0T OT"

Oz 0z  OTOT" O
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Let X; be a semimartingale in M. We recall that Y;, the stochastic parallel

transport of Yy € T'x,M along of X; in the

sense of P. Meyer (c.f.

[14], page

181-182) is written as the solution of a linear stochastic differential equation. In
a local chart (U, %) of M, we have that Y; satisfies an equation of the following

type

Ay’ =al,Y7dX' +

]mn

where (77 1(U), a2ty =

VEb d[Xm, X"

dz7) is the natural induced chart of TM. We call

(aj I ajmn) the local components of the linear stochastic differential equation. Now,
we compute the transformation coordinate formula for these local components.

Proposition 2.3. Let M be a manifold, (aj;,a3,,,) and (E};jﬁimn) the local
components of a linear stochastic differential equation in the local charts (U,2*)

and (U, T") of M respectively. Then
- ; OT* Ozt O
rt = J nra Bxl oz
and
—k ;0T 97 9x™ O™
Argb =

i a7 O O 7
92Tk ozt dx™ O
G Ox™Oxt B:ck oT® Bx
n 02z’ % oz
ozt oz OT”

+2a!

Proof. From the product rule we obtain that

oTk
ozt

k ok

¥ = Y

Y =

Bgc

9zt 97" 0T

0%zk  9xd OTF

%

it ozaozt o 0at

02Tk 92yd Dl
 0zi0xd " 0T0T" O

(93.’L'l
9zl gz 0TboT

oTk
oxt’

| Y.

8
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Now, by an application of It6 formula

Ok 9%k ‘ Pk 1 ‘
% _ i J - J t
Y d(?:cl Y (Bsci(?xj aX’ + Vo lndo ndolind Zd[X X)
O2TF Oxd Ozt . 2zt 9rt 9%z -1
 9zi0xd %azry X+ Svion o7 oz OT® By 2d[X X
BTk Oxd dat 9xt —r 1
Sed7s 5 5 g 200 X 1

ozt . ozk
aﬁi dy’ = 8”; (a tYJdeJraJmn d[X™, X"])
. Ozt OxF 027 _r Ozt Oxt 0TF 1
= —Y dX ——Y —d XX
9t oz 0T’ OT" e 8_“8351’ oT" O X ]
;. 0T" 0xd 0™ 02" —r 1
Yimn a0z ot BETY XX ]

0T o _ g 0T Pt 1

oxt’ I = d[t?xi(?xj X’ + Oxidxi Ozt 2

d[X7, X", a%, Y7 dX"

A2zF  9xm dx™ Ot -1
" 9xidzn gzt O OT"

g X X = 2]

SdX” X1
Then

T - (@i B_xtﬁ_xk% Lo 9*T* 0x7 Ox

itoz! ox' T ' 9ridai oF 0T

s OO O et o
mn gyi 9z ozt O | ' ozeoz’ 0T O
92Tk 9z O™ Ozt 9%*T* Oxt 92l
Ul grioen o 9T OT" axzaxj aT" 0T oT
PTF  9xd dxt Ozt

+8xi8xj ozt 07 gT° OT"

Y dx

+2a!

v d[X X7).

However by partial derivations of 3 &E = J; and gﬂ, = Jy, we have

&%Tk 9xf 9zt oxk 9%t

Ozt0zs o ox" | Ox o' OT 0
PTF 027 dxt Ozt 0’TF Ozt 0%ad
0270270x" 07" 93" 07 | 0270a7 0T 0T O
92Tk 92xi Oxd Ozt 9z 0T 0P -

Y oo \oxor ot T onton o7 | oxl omrosb o
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Therefore, we obtain that

—k - OTF ozt 9z 9Tk 924t
o= (a Ozt oF 0" Ox' 9T T o) ax
OTF Oxd dx™ da™ - 9%k 927 oTk

HGmn 50t 97 07 3t T Yt meant 0 Ot

&?zk 9zt oz™ dx" ?zk  9%gd %
Uml g n oz ozF 0T° o 0r'0r 0T 0T oTb
&2xt Ot ok 931 —l 0 —
s oy~ — W odX".X].
ozbozr 0z’  Ox! BE“BEZ’BET) 2 XX

+2a!

On the other hand dY" = =aky’ X' +ar Y éd[7a7 Yb]. Comparing this equallity
with 1 we get

;0" 02t 027 07" 9%t
U L O e e

@, = d B_Ekﬁi](?x—mﬁi" at 7829616 BLJB_E’C
rab imn gyi gx" 07T ox° Ut oreoxt OT dxt

o%zk ozl ox™ 9z o%zk 9% 9l
m dandzt gk 9T oF°  0xidxi OT OT" IT®
O%xt Oxd ozF ot
orbozT 97’ Ozl ortoTtor O

+24a!

From the last proposition we get

Corollary 2.4. There is a bijective correspondence between connections of H> M
and stochastic parallel transport of TM. Let T be a connection of H*M and
(U, z%) a local chart of M. Then this correspondence is given by
. . o 1
I'= ( }cj7 Zmn) —dY" = _F}ZYJXm Fzmnyj§d[Xm7Xn] .

We recall [2] that a 2-surconnection of T'M is a splitting Ay : TM — JoTM of
the following exact sequence of vector bundles:

0 — JITM — J,TM — TM — 0.

Let (U, 2°) be a local chart of M, (W;ZIMU, 2t y® = dz®) and (W;QlTqu, zt y®, Y2,
y%) the induced chart for TM and LT M respectively. Then in this local coordi-
nates

o - ) -
)‘2 : (1’17 yj) ( 7y ) akr( Z)y ) _a.ljw‘s(xz)y ) .
It is to easy to verify, that there is a bijective correspondence between connections

of H?>M and 2-surconnections of TM. In local coordinates this correspondence is
given by

S

I'= ( ;cj’ kmn) — Ar: (mi7yj) ( 7y ) I“I]cry 7_I‘I;:rsyk)
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As a consequence of the above comments and [2, proposition 4.8], we have the
following result wich is of the strictly geometric nature.

Proposition 2.5. There is a bijective correspondence between connections of
H?M and 2-connections of H' M.

3. THE PROLONGATION ' — T,

The basic purpose of the present section is to give a natural prolongation I' —
I'! of connections of H'M to connections of H2M. Such prolongation is built
from the following result of S. Kobayashi [10]: There is a bijective correspondence
between Gl(n)-reductions of H2M (that is, a subbundle of H2M with structural
group Gl(n)) and connections without torsion of H* M (affine connections without
torsion of M). We give a new proof of this and build the prolongation I' —
I'!, calculate the local components of I'' and show that I'' coincide with the
prolongation p(I') defined by I. Kold ¥ [12]. We give an interpretation of this
prolongation in terms of stochastic parallel transport. Finally, we remark that by
the bijective correspondence of Proposition 2.4, I'! is associated with the parallel
transport of Dorhn-Guerra in TM.

We remember that

Definition 3.1. [5] Let M and N be manifolds endowed with connections without
torsion I'p; and I'y respectively, z € M and y € N. A linear mapping F' : 7, M —
Ty N is affine if

I'yoF=Foly.

Let I" be an affine connection without torsion of M. Then we define
Q) = {jgs € H>M : 5, : 7J'IR — T5(0)M is affine for I‘}

where IR™ is taken with the usual flat connection.
Let (U,z%) be a local coordinate system (U,z*) for M then [4] s. : 70R" —
Ts(0)M is affine for T" iff

Dijso‘ = —DiSBDjS’YI‘g,Y
where I'; are the components of I' in (U, z%).
Obviously, if jés € Q(T) and j2 f € Gl(n) < GI? then jbso f € Q(T). In fact,
since
Dij(so f)* = (Dps®) o f.D; f7 - Di f* + (Dys®) o f - Dy f"
and D;; f" = 0, we have
Dij(so f)* = (Drs*)o f.Dif" - Dif’
= —Dys"Dys'TG, - D, f7- D f*
= —Di(so f)?Dj(s o f)'T3, .

And as, j2s € Q(T') and j3s - g € Q(T') implies g € Gl(n). We conclude that Q(T")
is a Gl(n)-structure of H?>M.
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Theorem 3.2. [S. Kobayashi| The application
Q : {connections without torsion for M} — {Gl(n)-structures of H*M}

is bijective.

Proof. Let ' and IV be connections without torsion for M. It is not difficult
to see that Q(T') # Q(IY) if I' # I’. Now, let P be a Gi(n)-structure of H>M
and jds € P. Then by the inverse function theorem, there is a neighborhood
U of x = s(0) € M such that (U, (2') = s7!) is a local coordinate system. In
this coordinate system D,s’ = 4% we define I'g,(x) = —Dgys®. These are the
local components of I', an affine connection without torsion for M. Obviously, for
this connection P = {jgs € H>M : s, : 0 IR" — Ts(0)M 1is affine for F}. That is

P=Q(). O

Let T be a connection without torsion of M. We can define a monomorphism of
principal fiber bundles ir =i o [v7/Q(T)]~! : H'M — H2*M where ir : Gl(n) —
GI? is the natural inclusion. Then, by [11, proposition 6.1] there is a unique
connection I'! in H2M such that the horizontal subspaces of I' are mapped into
horizontal subspaces of I'' by ir. If wr is the connection form of T' then #fwr:1 =
(ir)*wF.

Let T be an affine connection without torsion. Our next aim is to seek the local
components of I'!.

Let pr = (2,0}) € H'M and p = (2%,65,0) € H*M. From ir(p1) =

; ) ) ) J?
(', 05, —I'};) we have that

, o. 9 ., ,0r, d
ZF*(pl)(Bsci) I L dxly,
o oy 9

oxt Ozt Bscé X

and
) 0 0 oxbazk) ., 0
i) = ™ (BscT ) L
_ 9 k i ipi 0
N oz’ m Tkt?x;m n lrﬁx;j
= 0 -2 8.




314 P. CATUOGNO

Then
i )XY = X (i) () — Thip (p1) ()
oxt K Bxg
R ) A, R, )
= X (%_ ozt Bsc;k B ij((?:cg B Frk(?x;k)

_ % 9 T 9 r i arék 9

Let g= (6;7ann) € GZZ Since Zl—‘(pl) g = (xi76;‘7 _I‘zk) ’ (5;7F3k) = (xi76;‘70)7
we have that

X" (p2) = Rgwoira(p)(X™)
, 0 0 orr ) 0
= X M A 21 I8 — mn _ 1771V
(8%’1 1] BJI; +( sn=m BJII (%] mn) Bx:nn>

=1

Let fj»k, Fj»kl =I'j;;, be the local components of I't. Then

Ty = T

—r orr .

T, = = mn o propd (T PS4 TS
mn ( axz —"_ Z] mn ( sn m —"_ sm 11’7,))

This last formula implies
Proposition 3.3. Let (U,z%) be a local chart of M and T' a connection with-
out torsion for M with local components sz Then the local components of T,

T}k and T, are given by

7

Tjk = F;‘k
r,..,X = (BF:”” + T —(I7, 15 417, T%))
mn - B:I;Z )T mn sn—am sm— n

As this are the local components of p(I') [9], where p is the natural operator
defined by I. Kolaf in [12]. We have proved the following

Corollary 3.4. Let T be a connection without torsion for M. Keeping the above

notations, we have that
p(r) = T

Now, we give a description of I'! in terms of stochastic parallel transport. Let
I" be a connection without torsion of M and X; a semimartingale. It is known
that I' determinates a stochastic parallel transport in T'M along X, Px.x, :
Tx,M — Tx,M. By [5, lemma 11] we have that there is a unique affine extension
PE{S x,  Tx.M — 7x,M . It is not difficult to prove, that PE(S x, determinates
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the stochastic horizontal lift of X; in H?M associated with (I'')S (this is the
Stratonovich prolongation of I', [2]).

We remember that the stochastic differential equations associated with the par-
allel transport of Dorhn-Guerra in T'M [14] have the following expression in local
coordinates (7~ 1(U),z¢,y? = da’):

(T T, )Y X X7,

oxt ij = mn m

dY; =TT, Y;"dX] + (

Hence by the above proposition

=

dy;tr = _F:my;tdeZn - Fimn

1
YidlX™, X",

Corollary 3.5. Let I' be a connection without torsion of M. Then by the corre-
spondence of 2.4 I'Vis associated with the parallel transport of Dorhn-Guerra.
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