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NONNEGATIVITY OF FUNCTIONALS
CORRESPONDING TO THE SECOND ORDER
HALF-LINEAR DIFFERENTIAL EQUATION

ROBERT MARIK

ABSTRACT. In this paper we study extremal properties of functional associated
with the half-linear second order differential equation (E ;). Necessary and sufficient
condition for nonnegativity of this functional is given in two special cases: the first
case is when both points are regular and the second is the case, when one end point
is singular. The obtained results extend the theory of quadratic functionals.

1. INTRODUCTION

We study the second order half-linear differential equation

(E,) (r2 (/1)) +a0)@(u(1)) =0,

where ®(y) = yly[P~2, p > 1, is a real constant and 7(t), ¢(t) are real-valued
continuous functions defined on a given non-degenerate interval I, r(t) > 0 on I.
The domain of the operator on the left hand side is defined to be the set of
all continuous real-valued functions y defined on I such that y and r®(y) are
continuously differentiable on I. Let I be a subinterval of I. Equation (E,) is
said to be disconjugate on Iy if every non-trivial solution has at most one zero on
Io.

Equation (E,) has been investigated e.g. by Bihari [1], Elbert [4], Jaros, Kusano
[6], Li, Yeh [9]. Elbert in [4] proved the existence and uniqueness of solution of
(E,) with given initial conditions. He also proved that zeros of two nontrivial
solutions of (E,) either separate each other, or these solutions differ only by a
constant multiple and some another facts, that show, that the equation (E,) has
some properties similar to those of linear differential equation.
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A point T is said to be singular point of equation (E,) if (') = 0 or the
one-sided limit lim;_, 74 ¢(¢) resp. lim;_,7_ ¢(t) are not bounded.
We will introduce two cases
(1) regular case with I = [a, ]
(2) singular case with I = (0, ], and singular point T = 0.
In the regular case we study the functional

b
nl, = [ O @P - aolor]
on the class of functions
U = {n € ACla,b]: n(a) = n(b) =0, n" € L[a, b]}.
In case of singular point zero we study the functional
b
b
NAGINS hgégf/ [T(t)ln’(t)l” —q@®)In()["| dt
on the class of functions
U = {n e C[0,0]: n(0) = n(b) = 0,n € AC
and 1'(t) € L? on each closed subinterval of (0, b]}.
Any function n of class U resp. U will be termed an admissible function of given
class.
When p = 2 the equation (E3) reduces to the usual Sturm-Liouville linear
equation and the functionals J(n), J2(n) are quadratic functionals.
Jaros and Kusano in [6] proved a Picone-type identity for (E,) and for functional
Jp(n) |Z over the class of functions

U= {neC'a,b]: nla)=mn(b) =0, n(t) #0 on (a,b)}.
By this identity they proved the following theorem.

Theorem A (Jaro§-Kusano [6], Li-Yeh [9]). If there exists a solution y(t) of (E,)

on [a, b] such that y(t) # 0 on (a,b), then for alln € U we have Jp(n)|z > 0, where
the equality holds if and only if 1) is a constant multiple of y.

The aim of this paper is the following:

(i) To generalize Theorem A to the class of functions U and to prove equiva-
lency between disconjugacy of (E,) and nonnegativity of functional J, (7).

(ii) To establish the necessary and sufficient condition for nonnegativity of the
singular functional 7, (7).

As concerns claim (i), if ¢(t) > 0 on [a,b], then the result implicitly follows
from the paper Elbert [4], where a Raleigh quotient for the half-linear differential
equation is investigated.

The linear case and the singular quadratic functionals J%(n) were studied by
Dosla-Dosly [2], Kanovsky [7], Leighton-Morse [8]. The following theorem is due
to Leighton—Morse.
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Theorem B (Leighton-Morse [8]). Singular quadratic functional J2(n) |g is non-
negative for every admissible function n if and only if equation (Es) is disconjugate
on (0,b) and singularity condition is satisfied, i.e. if w(t) is solution of Riccati
equation

w'(t) + q(t) +rt) " w?(t) =0
on (0,b) such that lim; ;- w(t) = —oo, then

lim ief—w(t)UQ (t)>0

t—0

holds for every admissible function 7, such that J2(n) |g is finite.

We shall seek for analogy of Leighton—-Morse’s singularity condition in the case
of half-linear equation. Next example shows the fact that disconjugacy of (E,) is
not sufficient for nonnegativity of functional J,(n). It extends an example given
in the case p = 2, see e.g. Leighton—Morse [8].

Example 1. Let us consider half-linear equation

(20)) +(2=2)" Lew) =0

D tp

It is disconjugate on (0,00) and y(t) = £ s its positive solution. Functional
jp(n)|g takes then the form

b
b . , p—1\P _
Fyly =t [0l - (=2) rop] ar
Consider admissible function n(t) = £7 (1 — (£)'/”), whereby p > 2. We have

'(t) = =L t/p (1 — 2 (L 1/p , and a direct computation shows that
n p p—1\b

aonly = () e [ [ - 2560 - - ()]

Substituting (%)UP = x we obtain

— 1\? 1 P ] dx
Jp(ﬁ)|g=p(p7) liminf/ “1— plx‘ _‘1_35‘ ]_

e—0t x

Denote the integrand by f(z). For p > 2 and = € [0, 1] the following inequality

holds ,
Fi(% 1) sl
fz) < g(x):=1{ 0 re[Z1-z)
=" v€[l- gy, 1.
An easy computation now shows that fol g(z)dx = —m < 0 and hence the

functional jp(n)|g is negative. Note that 1/ ~ ¢t~/? near zero, and hence it is
not in LP[0, b], what is the most significant difference between regular and singular
case.
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2. AUXILIARY RESULTS

Our method is based on Riccati equation and Picone identity. If y(t) is a
solution of (E,) which has no zero on I, then the function w(t) = r(¢)®(y/ (¢)/y(t))
is defined on I and satisfies the Riccati-type equation

(1) w'(t) +q(t) + (p = Dr(&) ~Ffw(®)|* =0

where k > 0 is such that 1/p+ 1/k = 1 holds. This fact can be proved by a direct
computation.

Following lemmas will be used in proving our main results.

Lemma 2.1. Let (E,) be disconjugate on (a,b). Then there exists solution y(t) of
(Ep) such that y(b) = 0 and y(t) # 0 on (a,b). Function w(t) = r(t)®(y (t)/y(t)
is a solution of (1) defined on (a,b) such that lim;_,,- w(t) = —oco.

Proof. Let y(t) be the solution given by the initial conditions y(b) = 0 and ¢/ (b) =
1. Suppose that there exist a zero # of y(t) in (a,b). Let e € (a,tp). Equation
(E,) is disconjugate, hence y(e) # 0. From the Sturmian theorem it follows, that
the solution w; (t) given by the initial conditions y;(e) = 0 and y;(e) = 1 has a
zero on (tp, b) (see Elbert [4]), which is a contradiction with disconjugacy of (E,)
on (a,b). Now the rest of the proof is obvious. O

The following two lemmas play an important role in our later considerations.
The first lemma is due to A. Elbert [3] and the second one is an integral form of
the Picone identity for the functional Jp(n)|z over the class of functions U.
Lemma 2.2 (Elbert). Letn € ACla,b],n' € L”[a,b] and let w be a solution of (1)

defined on (a,b). If n(a) = 0 resp. n(b) = 0 then it holds lim;_, .+ w(t)|n(t)|P = 0
resp. lim,_,,— w(t)|n(t)|? = 0.

Lemma 2.3 (Picone-type identity). Let (E,) be disconjugate on (a,b), n be an
admissible function of the class U, y(t) be a solution of (E,) which has no zero on
(a,b) and w(t) be the corresponding solution of (1). Then

b
@) Ll = / Py(n,w,r 1) dt
where

(3) Pp(n,w,r,t) =r(O)l' )1 + (p — D'~ (@) [w(®) | * ()7 — pw()@(n($))f (2).

The function P,(n,w,r,t) satisfies P,(n,w,r,t) > 0 and Py(n,w,r,t) = 0 if and
only if 1) is a constant multiple of y.

Proof. First, from Lemma 2.1 it follows that there exists a solution y(t) such that
y(b) = 0 and y(t) # 0 on (a,b). Hence w(t) is defined on (a,bd). In the next we
follow method from [3] resp. [5].
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Let us compute (w|n|P)’. Differentiating and using (1) we get

(w@ne)) = (~a(t) — 0~ D= H OO ) Ine)]? + pw(H) 2 (o) (1)

From here

(@) O OF - dn@)P = (w@n@P) +rObf 6P+
+ (o= VPO @) FIn(0)]” = po®) () (1) =

= (wOmOF) + P w1

for all ¢ for which 7(t) exists. This is a special case of Picone-type identity from

Jaros-Kusano [6]. Integrating (4) over the interval [a + €,b — €], letting ¢ — 0T

and using Lemma 2.2 we get (2), where the function P,(n, w,r,t) is given by (3).
To complete the proof we use the well-known inequality

I X[P/p+|Y[*/k— XY >0,

where the equality holds if and only if | X|P = |Y|* and XY > 0. Here p > 1 and
1/p+1/k = 1. Remind that r(¢) > 0 and let us write P, in the form

e [@(n(t)) w(t) r ' (t)|*
P k

Py(n,w,r,t) =pr(t) ( — n’(t)@(n(t))—> :

Hence Py(n,w,r,t) > 0. Moreover P, = 0 if and only if [7'|P = |®(n)w/r|* and
7' ®(n)w/r > 0. From here and from relations

w ik Lyt p y w
“I)(W)?‘ = ‘np 14 and Sgr”lg :sgntp(n)?

p
p—1 /
yp—1 B ‘

.Y
nZ-
)

it follows that P, = 0 holds if and only if n’ = ny'/y, or, equivalently, n(t) is a
constant multiple of y(¢). The proof of lemma is complete. O

Remark. Relation (2) is not valid in the singular case. In this case, we must
modify method of the proof of Lemma 2.3. Integrating (4) over the interval [e, b—¢]
we see that following lemma is true.

Lemma 2.4. Let (E,) be disconjugate on (0,b), e € (0,b), n be an admissible
function of class U, y(t) and w(t) be the same functions as in Lemma 2.3. It holds

b
(5) 1,m[" = —w(@)nE)P + / By(n, w, 1) dt,

where the function B,(n,w,r,t) is given by (3).
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3. MAIN RESULTS

In the linear case, if (E3) is disconjugate, then the quadratic functional Jx(7)
considered on the class of AC functions with fixed end points attains its minimal
value for the function, which is a solution of (E3). This property can be partially
generalized to the half-linear case. More precisely, the following theorem holds.

Theorem 3.1. Let (E,) be disconjugate on (t1,t2), t1,t2 € I. Let u be a solution
of (E,) which has no zero on (t1,t2), n be a function such that n € AC[t1,t2],
n € LP[t1,t2] and n(t1) = u(t1), n(t2) = u(tz). Then

t t

Moreover, if (E,) is disconjugate on [ti,ts], then equality holds if and only if
n(t) = u(t) on [t1, ts].

Proof. Since u(t) # 0 on (t1,%2), the solution of Riccati-type equation w(t) =
r(t)®(u'(t)/u(t)) is defined on (t1,t2). Integrating (4) from t; + ¢ to ty — & we
have

2—E&

t
to— to—e
Il = w5 [ P
t1

+e

to—e

to—e to—e

J(u) tj+s = wul? tj+s —|—/ Py(u,w,r,t)dt.
tite

Letting ¢ — 0T, using Lemma 2.2 in case when w(t1) or w(t2) are not bounded,

i.e. u and n have zero t; or t2, and due to the fact that F,(u, w,r,t) = 0 we get

to to to

ta
ﬂmh:ﬂwh+/ Py w7, 8) dt > J(w)].
t1

Here the equality holds if and only if P, = 0 almost everywhere on (t1,t2) i.e. 1
is a constant multiple of w. If (E,) is disconjugate on [t1,ts] then at least one of
u(t1), u(tz) is nonzero value, hence 7(t) = u(t) on [t1, ta]. O

Remark. In the linear case we need not condition u(t) # 0 on (t,t2), see e.g.
Reid [10]. Method from here makes use of some properties of bilinear forms and
have no direct analogy in the half-linear case.

Following theorem is an extension of Theorem A.
Theorem 3.2. Functional Jp(n)|z is nonnegative for every admissible function
n € U if and only if equation (E,) is disconjugate on (a,b).

Proof. “=7: Let u(t) be a solution of (E,) given by the initial conditions u(a) =
0, u/(a) = 1. Suppose that there exists a point ¢ € (a,b) conjugate to a. Let
A € (a,c) be a real number. Define an admissible function

(t) = { u(®) Leln
mit) = Z(Tkg(b_t) teNb].
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and then define the function ¢(A) = J,(na(+)) |Z We shall show that there exists
Ao such that ¢(Ag) < 0. It holds

Jp<m>|2:[[r<t>|u<>|P—q< (O] e+ | A\/ (t)lb—1p] dt =
= (rO2 (1) u(®)]; - / u(t) [ (1O ) + a(t)B(u <>>} dt-+

‘b /\‘ / ‘b_t‘p}dt

= [u () (r)( () u( —\b_A\/ a0l -t at)),

where the first integral was computed by integration by parts.

The first term in the parenthesis tends to —oo if A tends to ¢ from the left,
the second one is bounded and y(\) # 0 in some ring neighborhood of ¢, hence,
there exists Ay such that ¢(Xg) < 0, i.e. the functional J,(n,,) is negative, a
contradiction. This means that u have no zero on (a,b). Then by the Sturmian
separation theorem no nontrivial solution of (E,) can have two zeros on (a,b).

“«<”: Follows immediately from (2). a

From Theorem 3.2 we have also immediately necessary condition for nonnega-
tivity of the singular functional J,(n).

Corollary 3.1. If jp(n)|g is nonnegative for every admissible function n € U,
then equation (E,) is disconjugate on (0,b).

Proof. Suppose that j,,(n)|3 is nonnegative for all n € U and (E,) is not dis-
conjugate, i.e. there exists a non-trivial solution y(t) with two zeros on (0,b), say
t1,t2. Let e € (0,t1). From the nonnegativity of 7, (77)|g on the class of functions
U it follows nonnegativity of J,(n) |e on the class of functions which are admissible
on the interval [e, b]. From Theorem 3.2, (E,) is disconjugate on (e,b), which is a
contradiction with properties of y(t). O

The opposite statement to Corollary 3.1 does not hold, as we have shown in
Example 1. The next theorem gives a necessary and sufficient condition for non-
negativity of singular functional J,(n) and it is a straightforward generalization
of Theorem B.

Theorem 3.3. Singular functional J, (77)|g is nonnegative for every admissible
curven € U if and only if (E,) is disconjugate on (0, ) and the singularity condition
is satisfied:

liminf |~ w(®)]n()]"] = 0

t—0+

for every admissible curve n for which the functional J,(n) |g is finite, where w(t)
is the solution of Riccati-type equation defined on (0,b) such that limy_,,- w(t) =

—0Q.
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Proof. “=7: Our method follows the idea used by Leighton-Morse [8]. Let
Tp(n) |g > 0 for every admissible function of the class U and let € U be such that

jp(n)|g < 00. There exists a decreasing sequence {6, }5° ; such that e, — 0 and

b b . b
jp(n)|0 = 11n1111f,]p(77)|6 = nh_}n;o Jp(77)|6 .

e—0+ n

Let g, denotes the curve defined by

() for t € (0, e,,]
gﬂ(t) - { n(en)y—l(en)y(t) for t € (en;b]7

where y(t) is the solution of (E,) from Lemma 2.1. The function g,, is admissible,
S0
lim lim J,(g,)|" >0.

It holds

b
en”

lim lim J,(gn * = lim lim J [ + lim J,(gn
P em M), T A0 Jp

n—oo m—oo n—od Mm—0o0

Here the first term on the right hand side tends to zero, and for the second one
we can use the Picone identity (5). We get

To(gn)|2 = —w(en)ln(en)”,

where w(t) is the solution of (1) corresponding to y(t), i.e. limy_ ;- w(t) = —oo.
Hence
(8) lim —w(ey)|n(en)|” > 0.

To prove that liminf;, g+ —w(t)|n(t)|? > 0 we use (5), setting e = e, and letting
n tend to infinity. Note that F, > 0. We find that both limits lim, o [ P,dt
and lim,_, o+ f: P, dt exist, are finite and equal. From (5) we get relations

b

lim J,(n)|

n—oo

b
= lim —w(ey)|n(en)|P + lim / P,dt,

n—oo

b
lim inf Jp(n)|z = liegérlf —w(e)|n(e)|? + el_i,%l+/ P, dt.

e—0+
From here and from (8) it follows that

limief —w(e)|n(e)|P = lim —w(e,)n(en)? > 0.

e—0

We have proved that the singular condition is necessary for to be J,,(n)|3 > 0.
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“<”: Let (E,) be disconjugate and n € U be an admissible function. If

VA |g = 00, then J,(n) |g is positive and theorem holds. So assume J,(n) |g < 00
and liminf, o+ —w|n|? > 0. We use formula (5). Hence

b
b
liminf J > liminf —w(e)|n(e)|? + liminf | P, dt.
mint ()] > liminf —uw(e) o(e)+ limint [ P,
Both terms on the right side of the last inequality are nonnegative, hence the
functional is nonnegative too. O

Remark. Theorem 3.3 gives a necessary and sufficient condition in the case when
the left end point T' = 0 of I is singular. Using the transformation ¢t = 1/s we can
study the functional J,,(n)|20 with the singularity at the right end point T = co.
Denote

U = {n € Cla,o0] : n(a) = lim 5(t) = 0,17 € AC

and n'(t) € L? on each closed subinterval of [a,c0)}.

Next theorem is then corollary of Theorem 3.3.

Corollary 3.2. Let T = oo be a singular point of the equation (E,). Singular
functional jp(n)|zo is nonnegative for every admissible curve n € U, if and only
if (E,) is disconjugate on (a,c0) and the singularity condition is satisfied:

litm inf w(t)|n(t) |p >0

for every admissible curve 1 for which the functional J, (1) |ZO is finite, where w(t) is
a solution of Riccati-type equation (1) defined on (a,c0) such that lim,_, ,+ w(t) =
00.
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