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A POINTWISE INEQUALITY IN SUBMANIFOLD THEORY

P. J. DE SMET, F. DILLEN, L. VERSTRAELEN AND L. VRANCKEN

ABSTRACT. We obtain a pointwise inequality valid for all submanifolds M ™ of all
real space forms N "12(c) with n > 2 and with codimension two, relating its main
scalar invariants, namely, its scalar curvature from the intrinsic geometry of M ",
and its squared mean curvature and its scalar normal curvature from the
extrinsic geometry of M ™ in N™(c).

1. INTRODUCTION

Aiming for an answer to a question of S.S. Chern [Ch] concerning intrinsic
obstructions for a Riemannian manifold M " to allow a minimal immersion in the
Euclidean ambient space (besides the well-known compactness and the positivity
of the Ricci tensor), B. Y. Chen [C2] proved a basic pointwise inequality for all
submanifolds M™ in all real space forms N™(c¢) of constant curvature c,

(L.1) ou < BERNH|? + L+ 1)(n - 2)e,

2(n—1)

involving, besides ¢, the square length || H||? of the mean curvature vector of M™ in
N™(c) and a new intrinsic invariant, dy = n(n—1)/2 p—inf K, where p and K are
respectively the normalized scalar curvature and the sectional curvature function
on M™. In the same paper, Chen also obtained a neat characterization in terms
of the second fundamental form of the case when the equality is satisfied in (1.1).
Then this inequality was extended to, for instance, all totally real submanifolds
in complex space forms and several interesting classes of submanifolds in these
ambient spaces could be characterized as those actually satisfying Chen’s equality
([CDVV1], [CDVV2], [CDVV3], [CDVV{], [CY], [Dal], [Da2],[DV]).
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Later, B. Y. Chen [C3] obtained a second general and optimal pointwise in-
equality,

(1.2) IH|* > p—ec,

this time involving, besides || H||?, only the normalized scalar curvature.

In the light of the study related to those two inequalities of B. Y. Chen, we
aimed for a new inequality, also to be pointwise, and to contain as main scalar
invariants for the submanifolds under consideration, as intrinsic ones: the scalar
curvature p and as extrinsic ones: the square ||H|? of the mean curvature and
also the normal scalar curvature function p, as defined below. In this respect, at
the geometry meeting at Nordfjordeid in 1995, B. Y. Chen pointed out to us the
work of Wintgen [W] in this direction for surfaces in Euclidean 4-space. Wintgen’s
inequality is extended to surfaces in real space forms by 1.V. Guadalupe and L.
Rodriguez [GR]. We could however also make progress in the higher dimensional
case. Our main aim here is to prove the following theorem.

Main Theorem. Let ¢ : M™ — N"2(c) be an isometric immersion. Then at
every point p, we have

(1.3) IH[]> > p+p" —c.

We remark that for n = 2, the inequality (1.3) is Wintgen’s inequality. Further,
we give examples of several classes of submanifolds realizing the equality in (1.3)
and we will also obtain classification theorems about various classes of submani-
folds realizing the equality in (1.3). In view of the above main theorem, we would
like to conjecture the following.

Conjecture. Let ¢ : M™ — N™(c) be an isometric immersion. Then at every
point p, we have

(1.4) IH|? > p+p- —ec.

As said above, this conjecture is proved for n = 2, m = 4 and ¢ = 0 by Wintgen
[W]; for n = 2 and m > 4 by Guadalupe and Rodriguez [GR]; in both cases
equality is realized in (1.4) at a point p if and only if the ellipse of curvature at p
is a circle. In case of trivial normal connection, (1.4) reduces to Chen’s inequality
(1.2). For 3-dimensional totally real submanifolds in the nearly Kaehler 6-sphere,
the conjecture is also true [DDVV].

2. PRELIMINARIES

We will use the following three trivial inequalities.

(2.1) 2ab < a® + b

= if and only if a = b
(2.2) (a + b)2 > 4ab

= if and only if a = b
(2.3) (a+b)? <2(a® +b?)

= if and only if a = 0.
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Putting a = A — B and b= B — C in (2.3), we obtain that

(24)  (A-C)?<2((A-B)+(B-C))
= ifand onlyif A— B=B—C, ie. B=31(A+C)

Lemma 2.1. Let ai,...,a, € Rand define A = 33, _(a; — a;j)?. Then
(1) A> (a1 — az)? and equality holds if and only if %(al +az)=az=a4 =

= Ay

(2) Let k,{ be integers such that 1 < k < ¢ <n and (k,¢) # (1,2). If
A=2(a1 —a2)? = Z(ar — ar)?,
then a1 = as = az = -+ = ay,.
Proof. First, notice that if n = 2, then the lemma is trivial. Let us now assume

that the lemma is satisfied for some integer number n > 2. Then, using (2.4), we
find that

n+1 n n
Z (ai — aj)2 = Z (a; — aj)2 + Z(ai — an+1)2
1<j=1 i<j=1 i=1
z %(al - a2)2 + (a1 — an+1)2 + (ag — an+1)2
> $(a1 —a2)® + (a1 — a2)? = “fH (a1 — a2)?,
and if the equality is realized, then a3 = a4 = -+ = a, = any1 and apy1 =

(a1 + az). The converse follows by a straightforward computation.

In order to prove (2), we first remark that if k,¢ > 2 it follows from (1) that
ar, = ag; then A = 0 and the conclusion follows. Therefore, we may assume that
¢ > 2 and that k = 2. Applying then (1) for both the indices (1,2) and (2,¢), we
find that

ay = %(al + a2)
a1 = 1(ae + az).
From these two equations, we find that ay = a1 = ag, so again A = 0. O

3. THE NORMAL SCALAR CURVATURE

From now on we will assume that ¢ : M™ — N™(¢) is an isometric immersion
of M™ into a real space form of constant sectional curvature c¢. To avoid confusion
we recall that the normalized scalar curvature p of M™ is defined by

p= n(n2—1) Z (R(es,ej)ej, eq)
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where {e1,...,e,} is any orthonormal basis. Denoting the connection on N™(c)
by D, we have the standard formulas of Gauss and Weingarten which state for
tangent vector fields X,Y and a normal vector field £ that

DxY =VxY +h(X,Y),
DX§ - —AfX +V §

We denote the curvature tensor of V+ by Rt. The equations of Gauss, Codazzi
and Ricci respectively state that

(R(X,Y)Z, W) = c((Y, Z) (X, W) = (X, Z) (Y, W)

+ <h(Y7 Z)7h(X’ W)> - <h(X7 Z)vh(}/v W)>,
(Vh)(X,Y, Z) = (Vh)(Y, X, Z),
(RH(X,Y)Em) = ([Ae, A)X,Y) .

We now propose the following notion of normal scalar curvature p-. We define
forallp e M™

(31> pl(p) = ﬁ Z Z e’L)eJ §T)£S> y

i<j=lr<s=1

where {e1,...,en} (resp. {&,...,&m—n}) is an orthonormal basis of the tangent
space (resp. normal space) at the point p. For n = 2, this definition is compatible
with the definition of normal curvature for surfaces as introduced by Wintgen (if
m = 4) and by Guadalupe and Rodriguez. Remark that up to a constant factor,
p* corresponds to the square length of the normal curvature tensor, from which
we observe that the normal connection of M™ is flat if and only if p~ = 0, and by
a result of Cartan, this is equivalent to the simultaneous diagonalisability of all
shape operators Ae.

One could ask “why the normalization factor in (3.1)?”. The main reason is
that this normalization enables us to write the inequality (1.3) in an elegant form.
Further, we do not want to have the codimension involved, since we do not want
the normal scalar curvature to change when enlarging the codimension artificially.
Secondly, one can also ask “why the square root factor in (3.1)?”. Two reasons for
that : then the definition is compatible with earlier definitions and it ensures that
the inequality (1.3) does not change when applying a homothetical transformation.

4. A POINTWISE INEQUALITY

In this section, we restrict to the case that the codimension is two, i.e. we
assume that ¢ : M™ — N"*2(¢) is an isometric immersion in a space form of
dimension n + 2.
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Theorem 4.1. Let ¢ : M™ — N""2(c) be an isometric immersion. Then at every
point p, we have

(4.1) 1H|* > p+p" —
Moreover, the equality in (4.1) holds at a point p of M™ if and only if there exists

an orthonormal basis {e1,...,e,} of the tangent space and an orthonormal basis
&1, & of the normal space such that

A 0 .00 w 0 0 0
uw A0 0 0 —u O 0
LR S AR
0 0 0 A 0 0 O 0

Proof. Let p € M™. We choose & in the direction of the mean curvature vector
and choose & orthogonal to it. We take an orthonormal basis {ey,...,e,} such
that Ag, is diagonal. Putting (h(e;, e;),&k) = hfj, the equation of Ricci states that

(R*(eirej)6r, &) = (Agyei, Ag e5) — (Ag,eq, Agyej) = (b — h3;)hi;.

From the definition of the mean curvature vector, it follows that

n?|H|J? = Zh + () nd)?
=1

= b DB S ) 2 SR )

1<j 1<j i<j

So, by applying the Gauss equation and also using our choice of basis, we deduce
that

n’(n=D)|[H|]* =Y (hi;=hj;)* +Y (b5 =h3;)* +n*(n=1)(p—c)+2n Y _(hi))*.
i<j i<j i<j

Applying (2.2), Lemma 2.1 and the Ricci equation to this formula gives us

n’(n = VD(|H|* = p+¢) =Y (b3 — h3))* + 2n(h};)?)
i<j
1/2

1/2
> |80 > (G — h3)P(hie)? Z%QJm—@Wm@

k<t
= n2(n - 1)p*
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which completes the proof of the inequality.

Let us now assume that the equality in (4.1) holds at a point p. Then, all the
inequalities obtained above become equalities. Hence, applying again Lemma 2.1
and (2.2), we find for 1 < k < ¢ < n that

(4.3) Z(hi - h?j)Q = 2”2(}%1]')2,
i<j i<j
(4.4) h,lfl =0 or %(hﬁk + h?g) = hfnm for all m # k, £.

Let us first assume that the second part of (4.4) is valid for 2 pairs (k, ¢). Then
it follows from Lemma 2.1 that h%, = h3, = --- = h2 . Since & is orthogonal to
the mean curvature vector, we have 1% = 0 for all <. From (4.3) it then follows
that h}j =0, for ¢ # j. (4.2) now implies that M™ is totally umbilical.

Next assume that the second part of (4.4) is valid for only one pair (k,¢).
Reordering the basis {ej,...,e,} we may assume that £k = 1 and ¢ = 2. Then,
if we put h3; = p and h3, = v, (4.4) reduces to hZ,, = 3(u+ v). Since &
is orthogonal to the mean curvature vector, we obtain by taking the trace that
v = —pu. Using our assumption it also follows from (4.4) that h}, = 0 for k < ¢

with (k,¢) # (1,2). Now (4.3) reduces to
2n(hiy)? = 4p® + 2(n — 2)p® = 2np.

Therefore, replacing e; by —es, if necessary, together with (4.2) completes the
proof in this case.

Finally, we assume that the second part of (4.4) is never valid. Hence h}, = 0
for all indices k < ¢. From (4.3) it then follows that h%, = --- = h2 , which
contradicts our assumption that the second part of (4.4) is never satisfied. O

Remark that, if the equality is satisfied at a point p, we have at that point that

(4.5) [H||? = 22,
pL _ n(n4—1)'u2'

In the remainder of this Section, we will construct several classes of examples
which realize the equality in (4.1).

Example 1. Totally umbilical submanifolds of real space forms, trivially realize
the equality in (4.1). For a classification of totally umbilical submanifolds in real
space forms, we refer to [C1].

Example 2. If M? is a surface in a real space form N*(c) with ellipse of curvature
a circle, then the equality is realized in (4.1).

Example 3. A special case of the surfaces in Example 2 are the superminimal
(i.e. minimal and ellipse of curvature a circle) surfaces in R% Also a cylinder on
a superminimal surface in R* satisfies equality in (4.1).
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Example 4. Examples of superminimal surfaces in R* are holomorphic curves
in C?. Hence also complex cylinders on holomorphic planar curves realize the
equality in (4.1). More general, any complex hypersurface of C**! with rank of
the shape operator at most 2, realizes the equality in (4.1). Recall that any such
complete hypersurface must be a complex cylinder [A].

Example 5. A further class of examples is obtained by considering any warped
product decomposition of the real space form N"™2(c) as N"*2(c) = N"72(c) x,,
N%(c/) (it can be necessary to restrict to open subsets of the real space forms).
For details and a description of all possible such decompositions, we refer to [N]
or [DN]. Then taking a superminimal surface M? in N*(c), and considering the
submanifold N"72(c) x, M? of N"*2(c), we again obtain a submanifold realizing
equality in (4.1), as follows from the basic formulas in [N].

Example 6. It is well known that the complex structure of C® induces a Sasakian
structure (¢,&,7,9) on S°(1). We only need to know that ¢ is the projection
of the complex structure J of C* onto the tangent bundle of S°(1) and that
¢ = JN, where N is the outer normal of S°(1). For more details, see [B]. Let
7 :5%(1) — C P (4) be the Hopf fibration corresponding to the complex structure
J. Let ¢ : Ny — CP(4) be a holomorphic curve and let PN; be the circle
bundle over N; induced by the Hopf fibration. Let 1) be the immersion such that
the following diagram commutes:

PN, —Y s S5(1)

(2.8) l lﬂ

N, —2 . CcPQ)

Then ® is an invariant immersion (in the sense of [YI], i.e. ¢.(T,PN1) is ¢-
invariant) in the Sasakian space form S°(1) with structure vector field £ tangent
along 1. Let h denote the second fundamental form of v and « the second funda-
mental form of ¢. The basic formulas for such submanifolds imply that h(X, §) = 0,
h(£,€) =0and h(X,Y) = a(X,Y), where X denotes both any tangent vector field
on Nj and its horizontal lift on PN;. Since ¢ is holomorphic, it follows from The-
orem 4.1 that ¢ is minimal and realizes the equality in (4.1).

Remark that all of the above examples are either umbilical (and thus have zero
normal curvature) or minimal, at least if n > 2. So far we do not have an example,
if n > 2, which is not minimal and not totally umbilical.

5. SOME CLASSIFICATIONS

In this section, we want to investigate two special classes of submanifolds. First
we investigate the submanifolds M"™ which realize the equality in Theorem 4.1
at every point p of M™ and have constant non zero mean curvature. Next, we
investigate the submanifolds M™ which realize the equality in (4.1) at every point
p of M™ and have constant non zero normal curvature.
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Lemma 5.1. Assume that M realizes equality in (4.1). Let p be a non totally
geodesic point of M™. If one of the following conditions holds

(1) H(p) # 0 and p*(p) # 0,

(2) H(p) # 0 and p* = 0 on a neighborhood of p,

(3) H =0 on a neighborhood of p,

then there exist local orthonormal tangent vector fields Fj, ..., E,, orthonormal
normal vector fields & and & and functions A and u such that

h(Ey, Er) = X + p&,  h(E1, E;) =0,
h(Ey, E2) = péi, h(E2, E;) = 0,
h(Es, Ez) = X1 — p&2,  h(Ey, Ej) = 6iM,

where 3 < 1,7 < n.

Proof. We first assume that H(p) # 0 and p*(p) # 0. We then choose & as
a unit normal vector in the direction of the mean curvature vector and take &
orthogonal to &;. It then follows from Theorem 4.1 that A¢, has three different
eigenvalues, two with multiplicity 1 and one with multiplicity n — 2. Then we
can find differentiable vector fields Fj,..., E, such that F; and Es span the
corresponding 1- dimensional eigenspaces and such that E3, ..., E,, span the (n—
2)-dimensional eigenspace.

If pX = 0 on a neighborhood of p, then M" is totally umbilical around p and
we take an arbitrary local orthonormal basis.

If H = 0 on a neighborhood of p, we take for & and &; arbitrary normal vector
fields and proceed as above. O

Let p be a non totally geodesic point of M™ and assume that n > 3. Suppose
that Lemma 5.1 (1), (2) or (3) holds and let {E1,...,E,} and {£1,&2} be as
constructed in Lemma 5.1.

Lemma 5.2. We have for 3 < i, 5,k < n that

(1) Ex(A\) =0,

(2) AV, =0,

(3) El()‘> = _A<vi2§15£2>7

(4) EQ()‘> = )\<Vé1§1, £2>’

(5) u(VgEj Er) = =0i;A(VE,&, &),

(6) u(VEEj E) =06i;A(VE,61,62),

(7) (Ve, B2+ Vi, Eq, Ey) =0,

(8) (Ve,Er — Vi, Es, Ey) =0,

(9) Ei(p) =X (Vg,&, &) — u (Vg &) + 21 (Ve By, B,
(10) Ea(p) = —A(VEg,&1, &) + 1 (Vg,&, &) + 21 (Vi B, E),
(11) Ex(p) = p(VE, E1, Ey) = p(Vg, Ba, Ex),

(12) M(kagl,@) +2u (Vg B, E)) = —u (Vg B, Ey).
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Proof. We take the local orthonormal frames constructed in the previous lemma.
We denote by k,£ € {3,...,n}. Since

(Vh)(Ek, Er, E2) = Ex(p)é + w(VE,& — 2 (Ve B, B1) &),
(Vh)(Ela E, EQ) M(<VE1 Ex, Ek> 61 - <VE1E2a Ek> 62)7
(Vh)(EQa Ey, El) M(<VE2 Es, Ek> 61 + <szEla Ek> 62)7

we obtain (7), (8), (11) and (12) from the Codazzi equation. Using these equations,
it now follows that

(Vh)(Ek, E1, E1) = Ex(\)é1 + AV, & + Ex(n)é2 + pV 5,6 — 2(VE, By, Es) ués,
(Vh)(Er, By, Ev) = — (VE, By, E1) p§2 — (Vi, Bk, Ea) i1,
= Ep(p)é + nVg, & — 2(Vg, By, Eo) pé.

Again the Codazzi equation implies (1) and (2).

The equations (3) to (6) are obtained in a similar way from (Vh)(E1, Ey, Ex) =
(Vh)(Eg, Er, Ey) and (Vh)(Es, Ey, Ex) = (Vh)(Ey, E2, E), whereas equations (9)
and (10) follow from (Vh)(El, EQ, EQ) = (Vh)(EQ, El, EQ) [l

Theorem 5.3. Let ¢ : M™ — N™"2(c) be an isometric immersion realizing at
every point the equality in (4.1). If M™ has constant non zero mean curvature,
then M™ is totally umbilical.

Proof. If X is a non zero constant, then it follows from Lemma 5.2 (2), (3) and
(4) that & is parallel. Therefore M™ has trivial normal connection implying that
by (4.6) that p = 0. It now follows immediately from Theorem 4.1 that M ™ is
totally umbilical. O

If 4 = 0, then we have that M" is totally umbilical. Therefore, from now on,
we will assume that p # 0. We shall also assume that the normal curvature of
M™ is constant, which by (4.6) is equivalent to u being constant. Then we have
the following proposition.

Proposition 5.4. Let ¢ : M"™ — N"2(c), n > 3, be an isometric immersion
realizing at every point p of M"™ the equality in (4.1). If p* is a non zero constant,
then ¢ is minimal.

Proof. Suppose that X\ # 0 and that p is a non zero constant. Then it follows
from Lemma 5.2 (2) that V£ & = 0. We can choose F3 in such a way that
[Eh, Eo] € span{E1, Es, E3}. Since p is constant it now follows from Lemma 5.2
that there exist local functions a, b, e and d such that

VElElzeEz, VE2E2=dE1.
VElEQ = —eF1 + aFs, VE2E1 = —dFs — aF3,
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Putting a = (Vg, &1, &), 8= (VE, &, &) and denoting by V* the {Ey, Es, Fs}-
component of V, we also obtain that for k > 3:

Ve Er = —5a013 B2 + By,
Vi, Es = —aBE;, Vp,Es=akF\,
Vg, B = ab3 By — %5Ek,
Vi, Bs = —3aE) + 2 8E;.
Clearly, Lemma 5.2 implies that
e=5,(\3 - pa), d=g;(uf - Aa),
Now, we obtain from the Ricci equation that
0= Rl(El, E3)§1 = —Vﬁsafg — v[lEl,Eg]gl = —Eg(a)fz + %aﬂfz.

Hence Es() = 2a/3. Similarly, we obtain that E5(8) = —faa. From R (Ey, E¢)&
= 0= R (Ey, E¢)&1, £ > 4, it now follows that Ey(a) = Ey(3) = 0. We now com-
pute R(El, EQ)Eg.
0=VEg Ve, B3 — Vg, Vi Es — Vg g E3
= Vg (aB1) — Vg, (—aB2) — V_cp, yap+208: E3  mod{E1, Ea, E3}*
= FE1(a)E1 + aeEs + Es(a)Es + adEy
—aeEy — adEy — Za(—%aEl + %6E2) mod{E, Fs, Eg,}l
= (E1(a) + 2aaﬁ)E1 + (Ez(a) — Zaﬂ%)EQ mod{E1, Fy, E3}*,

from which we deduce that
_ A _ A
Ei(a) = —2a0s, Es(a) = 2a3%.

In a similar way, we deduce from (R(E1, E3)E3, E1) = c+\? and (R(E», E3)Es, E3)
= c+ A? that

(5-1) By(a) = — (S50 4 g2 — 297 — 2024 2o,
2
(5.2) Ey(f) = SH3 — a2 Aa? 4+ 257 — 2o,

Computing now (R*(E1, E2)é1,&2) = 2p% and (R(Ey, E2)Es, Ev) = c+ A — 242,
we find that

(53) Ei(B) - Fal0) + & (2af — u(a? + %) = 2%,
(5.4) Ey(d) + Ex(e) — € —d* —2a* = ¢+ \? — 24>,

N =
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Expressing e and d in terms of the unknown functions « and (3, using Lemma 5.2,
(5.1), (5.2) and (5.3), the equation (5.4) reduces to

(5.5) (@ + )N — 6a%p® + 6p* = 0.
Deriving (5.5) with respect to Ej3, we find that F3(a) = 0. Similarly, deriving with

respect to Ey, £ > 3 yields that Ey(a) = 0. We now compute the integrability
condition for a. On one hand, we have

[E1, E3]la = E1(E3(a)) — E3(E1(a))

= —Eg(—QCLOé%) = QCLﬁEg(Oé) =a? ﬁ,

while on the other hand, we have

[El,Eg]a = (vElEg — VEsEl)a = —%QEQ(G) = —ClQﬂ%.

Hence a?)\3 = 0. Similarly, we also obtain that a?)Aa = 0. If « = 8 = 0, then \
is constant and a contradiction follows from Theorem 5.3. Therefore a = 0 and a
contradiction follows from (5.5). O

In the following theorem we prove that there is only one immersion with con-
stant non zero normal curvature satisfying equality in (4.1). We may restrict
ourselves to the cases that ¢ = 1,0, —1.

Theorem 5.5. Let ¢ : M™ — N"*2(¢),n > 3 andc € {—1,0,1}, be an immersion
realizing at every point the equality in (4.1). If M™ has constant non zero normal
curvature, then n = 3, ¢ = 1 and ¢ is (locally) congruent to the lift of the
holomorphic curve of constant curvature 2 in C 2 (4), lifted as in Example 6.

Proof. We choose F3 in such a way that [Fy, Fs] € span{F1, Es, E3}. Since p is
constant and A = 0 it now follows from Lemma 5.2 that there exist local functions
a, e and d such that

VElElzeEz, VE2E2=dE1.
Vg Ey=—elby +als, Vg E = —dFy — aF3,

Denoting by V! the {E1, Ea, E3}-component of V, we also obtain that

Vg, E1 =biEs, Vg Er=—bE,
Vi, Es = —aBs, Vi, E3=aFE, Vg, Es =0,

where bs, ..., b, are local functions. We have from Lemma 5.2 that

Vg = —2e&, Vg,& =2d&, V& = (—2bs —a)b.
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Next, we compute (R(E, Eo)Es, E1) = ¢ — 2u%. This yields that

(5.6) E1(d) + Ea(e) — €2 — d* — a® 4 2abs = ¢ — 2p%.

It then follows from <RL(E1, E2)§1,§2> = 242 that

(5.7) 2¢ — 62 + 4a® = 0,

from which we deduce that a is constant. Next, we denote by V' the {E, Ea, E3}*-
component of Vg, F3 and compute

(5.8)
—c=(R(E1,E3)Eq,E3) = (VEg, Vi, E1 — VE,VE E1 — V_4g—bsB.1+v E1, E3)

= abs — (a+ b3)a = —a?.

So comparing (5.7) and (5.8), we obtain that ¢ = 1 and a = +1. By replacing
E3 by —E3, if necessary, we may assume that a = —1. By replacing & by —&o, if
necessary, it now follows from (5.7) that pu = 1.

Computing now R(F1, E2)Ey = —Ey, it follows that Vg, E5 € span{E1, E2, F3}.

Similarly, it also follows that V g, FE3 € span{FEi, F3, E5}. If the dimension is
greater than 3, a contradiction then follows from

1 =(R(Es, E4)E4, Eq) = <VE2VE4E4 — Ve, Ve, Ey — Vg, g Es, E2> =0.
Hence n = 3 and then (5.6) reduces to
(5.9) Ei(d) + Eq(e) — €2 — d* = 2b,

where b = b3. Computing further Ricci equations, we still obtain the following
differential equations for b, e and d:

(5.10) Ev(b) — Ese) = d(b— 1)
(5.11) By (b) + Es(d) = e(b — 1)

The equations (5.9), (5.10) and (5.11) turn out to be the integrability conditions
for the system of differential equations

El(g) = —€ EQ(Q) = d, Eg(g) = —b.
We now define

F1:C080E1 +SiH9E2, F2:—sin9E1—|—c089E2, FgZEg,
N1 = cos20&; — sin 2085, no = cos 20&; + sin 20&4,



A POINTWISE INEQUALITY 127

It then follows, after straightforward computations, that

Vi Fy =0, Vi Fy =0, Vi Fy =0,
Vi Fo = —F3, Vi Fs = —F, Vi Fr =0,
Vr, b1 = Fs, Ve =0, Vi F3 = Fy,
h(Fy, F1) = h(Fz, Fy) = —na, h(Fy, Fp) = 1,
h(Fy, F3) = h(Fz, F3) =0, h(F3, F3) = 0,
V#m =0, V#m =0, VM = 2.

We now consider S° as a hypersurface in R® and denote the position vector by
F. Using the above formulas, a straightforward computation shows that

JF1=F2, JFgZ—F, J?]lz—’l’]Q,
defines a parallel complex structure J on RS. For example, we have

(DF1J)F1 = DFlFQ — JDFlFl = —F3 +771 - J(772 — F) = 0,
(Dp, J)YF = Dp, Fs — JDp, F = Fy — JF, =0,
(DFIJ)ﬁl = —DF1?72 — JDFl?h = F1 =+ JF2 = 0

Considering now the corresponding Sasakian structure on (1), we notice that
M?3 is an invariant submanifold tangent to the structure vector field. If 7 : $°(1) —
C P2 (4) is the Hopf fibration, then p(M?3) is a holomorphic curve N2 in C 2 (4).
Since E; and Ey are horizontal vector fields for the submersion p : M3 — N2, and

since (R(Eh, E2)Es, Eq1) = —1, it follows from the basic equations for submersions
(see [O]) that N? has constant curvature 2. O
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