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v-PROJECTIVE SYMMETRIES OF FIBERED MANIFOLDS

CATALIN TIGAERU

ABSTRACT. We prove that the set of the v-projective symmetries is a Lie algebra.

INTRODUCTION

Let 7 : B — B be a fibered manifold and let us suppose that every leaf is
endowed with a symmetric covariant derivative. In other words, this means that
there is defined the morphism

V:V(E) x V(E) = V(E) (U,V) = v({U,V)

which satisfies the following properties:

(a) it is biadditive

(b) V(f-UV)=7F-V(U,V)

(©) V(U fV) = f-V(UV)+(Uf)V

(d) [U,V]=V(U,V)=-V(V,U), fer(E), UVeV(E)
where V(F) represents the Lie algebra of the vertical vector fields.

A wv-projective symmetry is a projectable vector field X with the property in
which every diffeomorphism ¢; of its one — parametric group is a projective map
between leaves. The purpose of this note is to investigate the set of the v-projective
symmetries. We prove that the set of the v-projective symmetries i1s a Lie algebra.

In the second paragraph we prove some results concerning with v-symmetries
with respect to the Levi-Civita connection induced by a vertical metric. In a further
paper we shall study the v-projective symmetries in the context of Riemannian
submersion and Riemannian foliations.
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1. THE SET OF THE v-SYMMETRIES

We use the notation:

— V(FE) is the Lie algebra of the vertical vector fields of =,
— P(FE) is the Lie algebra of the projectable vector fields of 7. we recall that V(FE)
is an ideal of P(F) and that a projectable vector field has the property in

which ¢ (Ep) = Ey 1), where {¢; : E'— F, t € R} represents the flow of
X.

Definition 1. The vector field X € P(FE) is called v-symmetry of V if and only
if there exists a family w : R x V(F) — R of 1-forms which satisfies the relation

(1) or VoV =V Vi +w(t,U) - V4w, V) U

where we denote U' = ¢, - U and we also denote ¢; for the differential of ;.

If w = 0 we call X a v-affine symmetry.
The result of the paragraph is the following:

Theorem 1. The set of v-projective symmetries of V is a Lie algebra.
In order to prove the theorem we need the following result:

Proposition 1. The vector field X € V(F) is a v-projective symmetry if and
only if there exists a form wy : V(E) — R such that the relation

(2) (X, VuV]+wo(U) - V+we(V) - U=VixumV+VulX,V]

holds good, for every U,V € V(E).

Proof. Let us suppose that X is a v-projective symmetry: one obtains
i (1/0)(VV = g0 - Vi) = {lim(1/ (L, 0)) -V + {(im(1/0)e(t.V)} U
The first limit is equal with
—[X, VuV]+ Vix,inV + Vo[ X, V].
Let us put
* tli_{%(l/t)w(t, U) = wo(U) for every U eV (FE).
Hence, one obtains (2).

Let us suppose that the relation (2) holds good. We define the family w :
R x V(E) = R of 1-forms as follows:

w(t,U):/Otwo(SDrU)dt, UeV(E).
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It is easy to check that w(¢, U) is the unique solution of the differential equation

(+%) L1 1) = wolpr - U) = wolU)

dt
w(0,U)=0.
for every U € V(E).
If we put U = V in the relation (2), one obtains
(3) (X, VuU] 4 2wo(U) = Vix, U + VulX,U] forevery U e V(E).
We prove that, if (3) holds, then the flow has the property in which
Lt VUU = vutUt —|—2(.J0(t,U) 'Ut,

hence the map ¢; is a projective map between leaves.
Let us put V(s) = VoU e —(9—s) ¢.(e)- Vu:U*® € Te By, where e € By, m(e) = b.
Then one obtains

dv . .
——(s) = lm(1/s) - (VoUe = (¢p-s) g.c) - VU:U*) =

ds
= {—[X, VU1 + Voo [X, U°] + Vix,p U} =
= s {2w(U*) - U} =2wo(U®) - U,

where we put U® = ¢, - U. So the vector field V'(s) is the solution of the equation
dv
5 (8) = 2wo(U?) - Ue
V({0)=0
Taking into account by (**), one deduces that V(s) = 2w(s,U) - U.. Conse-

quently, the diffeomorphism ¢, is a projective map between leaves. This concludes
the proof. a

We notice that the relation (3) is a necessary and sufficient condition for a
projective vector field X to be wv-projective symmetry. Indeed, if we put in (3)
the sum U + V and if we take into account by the fact that the torsion of V is
zero, we obtain the relation (2). But, in general, the relations (2) and (3) are not
equivalent.

Proof of the Theorem 1. Let X and Y be two v-projective symmetries and let
w and n be their 1-forms respectively. We verify the relation (3) holds good for
the bracket [X,Y]. Let us denote wy and g the derivatives as in the relation (*).
One obtains

LixyviVoU = Lx LyVyU — Ly LxVyU =
= Lx(ViynU + VulY, U] = 2n0(U)-) = Ly (Vix,;qU + Vu[X, U] = 2we(U) - U) .
Taking into account by (2) we obtain the relation
Lixy1VoU = Vo [X, Y], Ul + Vix y1,01U = 2(Lxno — Lywo) (U) - U .
Because the relation (3) is fulfiled, we conclude the proof. a
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2. THE v-WEYL PROJECTIVE TENSOR FIELD

In the theory of the projective transformations of connections the Weyl projec-
tive tensor plays an important role. In our case, the correspondent tensor will be
defined on the vertical vectors only. So, the v-Weyl projective tensor field is the
morphism P : V(FE) x V(E) x V(E) = V(FE) defined by the relation
4) PU VYW =RUVW-=S(V,W)-U

+S(U,W) - V+[SUV)=SWV,U)]-W

where

(5) S(U,V) =

= [Ric (U, V) + nRic (V,U)]

where n represents the common dimension of the leaves (see [1] for details).

Proposition 2. The vector field X € P(FE) is a v-projective symmetry if and
only if the relation

(6) LxP =0
holds good.

Proof. It is well known the property of the Weyl projective tensor to be invariant
with respect to projective transformations (see [2] for details). Furthermore, this
property is a sufficient condition for a diffeomorphism to be projective. In our
case, this leads to the relation ¢ - P(U, V)W = P(U*, V)W which means that
(Lx P)(U, V)W =0 (see Corollary 3.7, p. 33, [5]). This concludes the proof. O

Let us suppose from now on that the fibered manifold 7 is endowed with a
vertical metric g : V(FE) x V(F) — R and let us suppose that V represents the
Levi-Civita connection induced by the metric. Then the v-Weyl projective tensor
has the form

(7) PU VW = R(U, V)W — nilB(U’V)W
where
(8) B(U, V)W =Ric(V,W)-U — Ric(U,W)-V

(see [1], p. 94, (1.25)).

Proposition 3. Let us suppose that © is endowed with a vertical metric and let
us suppose that X is a v-projective symmetry. Then we have:

(a) the familyw : Rx V(E) = R is closed, i.e. dw(t,U,V) =0 for every t € R
(b) the relation

(9) (Vuwo) (V) = (LxRic) (U, V)
holds good, for every U,V € V(FE).
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Proof. Before to start we recall that the family w and wg are related by the
relations (*) and (**). We use the relations (0.5), (0.6) and (0.7) from [3]. So one

obtains the formula

RUVIW —p_ - R(UN VOW! = (V) (t,U,W) -V — (Vw) (t,V,W) - U
+((Vw) , U, V) = (Vw) t,V,TU)) - W

(%)
where we put (Vw) (¢t,U, V) = (Vyw) (t,V) —w(t, U)w(t, V). Because of
tlir%(l/t)w(t, Dw(t, V) =we(U)w(0,V) =0
—
one obtains

lin(1/1) (Ve (1,0, V) = (Vo) (V).

Passing through the limit in (***) we find

(LxR) (U, VYW = (Vywy) (W) - U — (Vywg) V—

(10) (Vo) (V) = (Vwio) (1)) - W

But the relation (6) implies the equality

(HHrE) (LxR) (U, VW = ﬁ(LXB) (U, V)W.

A straightforward computation gives

(Lx B) (U, V)W = (LxRic) (V,W) - U — (Lx Ric) (U, W),V .

Comparing the two members of the equality (****), one obtains the following
relations:
1
(Vowe) (V) = m(LX Ric) (U, V), i.e. the relation (9)
and

(Vowo) (V) = (Vvwo) (U).

From the second relation we deduce dwqo(U, V) = 0 and so we conclude the point
(a). We notice that the point (a) reconfirm the proposition 1.7 and the corollary
1.8 from [3]. As a consequence of this result, it is easy to prove
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Corollary 1. If the fibered manifold m endowed with the vertical metric g, allows
a v-affine symmetry, then the relations

(11) LxR=0, LxRic=0

hold good.

We would like to present, in the end, some very simple examples of v-projective
symmetries. Let us consider the Euclidean space EV*! and let 7, : BNt — R,
n € {1,..., N} be the submersions defined by the relations

Fn(l’l,...,l‘]\q_l) = \/(xl)z + .+ (xn)Z

which generate the concentric hyperspheres arround the origin in the case n = N
and the generalized cilinders in the case n < N. It is easy to see that the position
vector field r is a v-affine symmetry of the fibered manifold 7. We shall prove, in a
further paper, that the above examples, together with the parallel hyperplanes, are
the only fibered manifolds defined on the Euclidean space which allow v-projective
symmetries.

REFERENCES

[1] Theodorescu, I.D., Spatii cu coneviune aproape proiectiva, Conexiuni pe varietati diferen-
tiabile, Bucuresti 1980, 116-147.

[2] Nicolescu, L., Geometria de deformare a doua conewiuni lineare, Capitole speciale de geome-
trie diferentiala, Bucuresti 1981, 118-160.

[3] Prakash, N., Projective mappings on differentiable manifolds, Rocky Mountain J. of Math.,
17, No. 3 1987, 511-533.

[4] Eisenhart, L. P., Non-Riemannian geometry, A.M.S. 1927.

[5] Kobayashi, S., Foundations of differential geometry, K. Nomizu, Wiley, Interscience Publ.,
New York-London, vol. I 1963.

UNIVERSITY STEFAN CEL MARE
SuceEAavAa 5800, ROMANIA



		webmaster@dml.cz
	2012-05-10T12:42:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




