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Abstract. This article is concerned with the nonlinear singular perturba-
tion problem due to small diffusivity in nonlinear evolution equations of
Chaffee-Infante type. The boundary layer appearing at the boundary of the
domain is fully described by a corrector which is “explicitly” constructed.
This corrector allows us to obtain convergence in Sobolev spaces up to the
boundary.
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1 Introduction

In this article we will study the asymptotic behavior of the solutions of certain
reaction diffusion equations with small diffusivity. We will focus on the Chaffee-
Infante equation:

ous
ot

—eAuf + (U —uF=f in £ (1)
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where (2 is a two dimensional channel
2 =(0,2m) x (0,1), (2)

but the methods apply to more general polynomial nonlinearities and to higher
space dimensions.
The initial and boundary conditions associated with (1) and (2) are

and

u =0 at y=0 and 1,
and periodicity (27) for all functions (4)

in the horizontal (z) direction.

The corresponding “inviscid” equation is the reaction equation:

au()

W= e, (5)

with the initial condition

u =wug at t=0. (6)

We will assume that ug satisfies the boundary conditions (4) while f need not
vanish at the wall. Thus there is a boundary layer near the wall (at y = 0 and
y = 1) which is the main object under investigation in this article.

We will assume enough smoothness on ug and f so that all the calculations
hereafter are justified. We will also consider the time 7" fixed and let the diffusivity
¢ approaches zero. This is the case since the solutions of the reaction equation (5)
may develop internal layers as time approaches infinity. This would prevent us from
obtaining a simple boundary layer expansion for the reaction-diffusion equation
(1). The long time asymptotics will be considered elsewhere.

The difficulty of the problem lies in the disparity of the boundary conditions of
(1) and (5) which makes this a singular perturbation problem. The approach that
we take are the ones suggested by Lions [8], Vishik and Lyusternik [17] (see also
Temam and Wang [14,15,16]), i.e. the construction and utilization of a corrector.
The advantage of this approach, in terms of the common matched asymptotic
expansion, is that once we have found the right corrector, the outer expansion for
the corrector equation would be trivial (zero) and thus no matching is necessary
at all. The other tools that we need here are maximum principle, energy estimates
and anisotropic Sobolev imbeddings.

Our method can be carried over to more general reaction-diffusion type equa-
tions where the reaction term is a polynomial of odd degree and the leading co-
efficient positive (see for instance Temam [13]). Note however that the geometry
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that we consider is flat, our objectives and the type of problems we are interested
in are not the same as those occuring with curved boundaries in relation in partic-
ular with the Ginzburg Landau equation (see e.g. [11], [12] and the bibliography
therein).

Our main results are the following:

Theorem 1. There exist constants K; depending on T',ug and f only such that

€ Yy 11—y 1/2
u (tax7y)7u0(t’m7y)7M<t7x7_> 7N<t,$,—> SKlS ) (7)
Ve Ve Lo ((0,T) % £2)
1—vy 3/4
ue(t,x,y)—uo(t,x,y)—M(t,x,i> —N<t,.fl?7—> SKQSI ) (8)
Ve Ve e oz
e Y 1-y 1/4
u (tax7y)7u0(t’m7y)7M(t7x7_) 7N(t,$, ) SK?)E ) (9)
NG Ve Lo (0,T;HL(£2))

where M and N are solutions of

oM  9*M

Wfa—yQ+M3—M+3gOM2+3g§M:O in y>0, (10)
M=0 at t=0, (11)

and
M=-gy at y=0, M—0 as y— +00, (12)
%—Zj—%zzg—s—N?’—N—&—Z%glNz—i-Sg%N:O in y>0, (13)
N=0 at t=0, (14)

and
N=-g1 at y=0, N—0 as y— +oo, (15)

where

go(t;z) = u’ly=0, g1(t;x) = u’[y=1. (16)

Here the spaces are defined as

H;(Q) = {v e H'(22),v is periodic in x with period 27} ; (17)

Hy,(2)={ve H)(2),v=0aty=0andy=1}. (18)

The rest of the article is organized as follows. In the next section we introduce
a preliminary form of the corrector and derive some useful estimates; then, in the
last section, we derive the correctors (M and N) and prove the main result.
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2 The Preliminary Form of the Corrector

It is obvious that u° cannot converge to u” as ¢ approaches zero uniformly in (2.
However it is plausible to think that the convergence is true in the interior of 2
since the diffusive coefficient is small. If this is true, u* — u°® can be approximated
by a boundary layer type function 6 called corrector (see Lions [8]). Considering
(1) and (5) we propose that 6° be the solution of the following evolution equation

a;t — e AG° 4 (6°) — 0° + 3u(6°)* + 3(u°)?° =0 in £, (19)
0°=0 at t=0, (20)
°=—-u" at y=0 and y=1. (21)

We are led to estimate w® = u® — u" — #° which satisfies the equation

ag; —eAw® + (w¥)? — w® + 3uf(u® + 0°)w® =eAu® in 0, (22)
w®=0 at t=0, (23)
w'=0 at y=0 and y=1 (24)

Denoting K a generic constant which may depend on T, ug and f but is inde-
pendent of £, and which may change from place to place, we obtain:

[VRu || ooy < K for  k=0,1,... (25)

and by the usual maximum principle

[u® || Lo (0,1 x 2) < K, (26)
10°]| Lo 0.1y x2) < K, (27)
[ M| Lo 0,1y % {y>0}) T 1N |z (0, 1) x {y>0p) < K. (28)

The maximum principle applies to w® (equation (22)) as well. Indeed let K3
be a constant independent of ¢ and larger than 3|u®(u® + 0°) Lo ((0,1)x ©2), and
consider

W = 67(K1+2)tw6;
we have

ow®

ot

It is now easy to observe that

— e AWF + 2EHD (Y3 1 (K 4+ 24 3us (u® + 0°)) i = ee” Bt AYO,

° (G x,y) < €||AUO||LOO((O,T)><Q) for (t;z,y) € (0,T) x 2.
We can derive a corresponding lower bound and thus we conclude that

lwS || Lo 0,7y x 2) < Ke. (29)
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This indicates that 6° is a good preliminary corrector. Furthermore, standard
energy estimates for (22) yield

”wEHL“(O,T;L?(Q)) < Ke, (30)
w2 0,7;m1 (2)) < Ke'/2, (31)

This again confirms the choice of 6°.
To derive L>°(H"') estimates on w® we multiply (22) by —Aw® and integrate
over £2. We have, after rewriting u® + 6¢ as u® — w°®,

1d

V’LUE R —i—EA’LUE 22 +/ 3(we QVwEQ
5 i V0 o) + el A0 o) + | 30V

+3/(u8)2|Vw5|2+6/ uFwVu® - Vo
7 7

— 6/ ufw® | Vs ? — 3/ (w®)?*Vu - Vw®
7 Q

9
§|AU} |L2(Q) +K|Vw |L2(Q) +K€ /2

(32)

For the right-hand side of (32) we have used the following inequality, with f and
u replaced by eAu® and w® :

/fAuf/VfVuf/ f / f

ou
<AV El2y | Vulp2 oy + [ flz2 e
L2(I")

< |V flr2(e) | Vulra) + K| floar) | Vul 2 o) | Al o)

and hence

| rau

< |V flLe(2)|Vulpe (o) + §|AU|L2 + | Vuliz o) + Ke 721 f 132
(33)

The treatment of inequality (32) then necessitates estimates on Vu® which can be
derived by multiplying (1) by —Au® integrating over {2 and applying the Uniform
Gronwall inequality (see e.g. [13]). We also apply (33) with u replaced by u®. We
find:

[0 | o 0,00 1 (2) < Ke™H/4, (34)

Combining (26), (27), (29), (32) and (34) we deduce
d g g g g
Elvw 2200 + el Au®[T20) < K|V0©[f2g) + K¥/? + K|V [72(q),
which implies

|0 || Loo 0,71 (2)) < K&/, lws | L2(0,7: 12 (2)) < Kel/4, (35)
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By differentiating the equations in & and repeating the above procedures, we see
that the above estimates remain valid for %w®/9z*. This confirms our intuition
that tangential derivatives are small even though the normal ones might be large.

3 The Explicit Corrector and the Proof of the Theorem

Since the tangential derivatives are small we tend to neglect them in equation (19).
We also expect that 8° be a boundary layer type function, i.e. it decays fast in
the interior of the domain, thus in terms of matched asymptotic expansions, the
outer expansion should be trivial (which is easy to see) and the inner expansion
matches the outer one automatically. This leads us to propose M and N defined
by (10)—(16) as the inner expansions at y = 0 and y = 1 respectively. We will
check that these expressions are suitable.

We first prove the decay property of M, N, and 6°. It is enough to prove this
for 0°. Let n € C§°([0,1]) be a cut-off function, n > 0.

Standard energy estimates yield

1d

5% o 77(95)2 + 8/9 7]|V05|2 + /Q (77(06)4 o n(96)2 + 3“‘077(96)3 T 3(’[1,0)27](05)2)

06° 5
= ¢ '_98:—/ 92, (36
/Qn oy 5 Q77() (36)

Using a function of the form

Gt = —altiodn ( 22) - nttolo (<2 (37)

with p € C*°([0,1]), p(0) = 1, supp p C [0, %], and considering #° — ¢°, we deduce

160 || Low (0,7 2202y < K2, (38)
16| 20,711 (2)) < Ke™ /™, (39)
This together with (36), implies for § € (0, %),
10° 1| Lo (0,752 (025)) < Ksed/t,
10N 20,15 E (25)) < Kjet/4,
where
Qs = (0,27) x (6,1 — ), (40)

and K is a constant depending on §, 7T, f, ug, but independent of ¢.
By reiteration, we deduce

160°]| Low 0,73 22 (25)) < K5™/*, (41)
10° 120,711 (025)) < Kseb/4, (42)
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We could reiterate again but our aim now is to obtain estimates on higher
order derivatives of 6. For that purpose we multiply (19) by —V(n(y)V6°) and
integrate over 2.

Notice that

00° ¢ 005\ 2
c Aes/_:_/ ”V062*€/ l/( >7
/Q "y T2 in | Qn 9

DVEEV((6°)® + 3u0(6°)? + 3(u°)%0%)| < K/ DI VO + K52,
(%} (%}

(Thanks to (27), (41) and (42));
hence we have

16°[| o< 0,7, Hk(Qg)) < Kse/, (43)
||96||L2(0,T;Hk+1((25)) < k'(sE , for k= 0, 1. (44)

The procedure can be repeated for k = 2,3, and with 9%6°/9x* replacing 6°.

Similar estimates hold for M (¢, z,y) = M(t, z, \/ig) and also for N¢(t,z,y) =
N(t;z, \/_ Y). In particular we will have for

Ci(tx,y) = —yM t':vi (45)

MM\, Y) = —Y 5 s \/E ’
||VICC(}:‘\4||LDC (0, T)x£2) < K€5/4a for k= 071327"' (46)

€
H 0C < Ke¥/4, (47)
Lo ((0,T)x 2)

We then consider the quantity
qa‘:ea_Me_NE_Ce

where C° = C%, + C5,, C% = —(1 — y)N(t z, f)
For the sake of simplicity, we now assume that f = 0 on y = 1 and hence
g1 = 0, which further implies N = 0. Hence ¢° reduces to

¢ = 0° — M —C5,. (48)

It satisfies the equation

aa°
aqt (95)3 +3u0(95)2 +3(u0)295
— (M®)? = 3go(MF®)? = 3g5 M* — ¢° (49)
2M5
—aCM +eACS, + LM +C5 in 0,

ot O0x?
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with initial and boundary conditions (thanks to N = 0):

qE = at t= ,
qE — o — = 1.
=0 n y—O and y—l (51)

Notice that
(96) ( )P = g7 ((0°)® + 0°M° + (M®)?) + C5,((0°)* + 6°M° + (M*)?),
98)2 ) = 3ul(6° + M*)q¢® + 3u0(95 + M®)C5, + 3(ul — go)(Me)Q,
3(u0)29 —3g QME =3(u")?¢" + 3(u”)*C5; + 3(u’ + go) (u” — go) M=

hence we may rewrite (49) as

a €
aqt _ EAqE 4 ((95)2 +95M5 4 (ME)Q)qE
+3u0(6° + M%)g® +3(u’) ¢ —¢F=f in 0, (49)
where
~ oCs 0% Me .
f==" ¢ a2 T
— ((09)2 + 0° M= + (M®)2 + 3% — M#) + 3(u)?)c5, (52

—3(u’ - 90)(M6)2 —3(u” + go) (u® — go) M*.

90

By the choice of gg, & remains bounded on (0,7) x §2. In order to obtain

an L™ estimate on f (sharp in terms of dependence on ), we need to obtain an
L bound on yM. Consider (14 y)M which satisfies the equation

(1 +y)M) 0? 1 3 390 9
— 2 —((1 M —((1 M 1 M

LM (1M + s (M 4 T (140

9 oM
+395(14+y)M —(14+y)M = an—y (53)
and

0 (OM 8% [(OM 2 OM oM 2 OM  OM
a(a—y>a—y2<ay>+3M a—erﬁg()May +308y ay =0. (54)

We see that % satisfies a maximum principle and hence (1 + y)M too.
This combined with (27), (28), (46) and (47) yields

||f||L°°((0,T)xQ) < Ke'/2. (55)

This further implies, via a maximum principle type argument as that for w®,

16" o= 0,1y x 2) < Kel/2, (56)
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It is also easy to check, thanks to (46), (47) and the boundedness of “0;50,

that

I fllz2(0,752200)) < K2/ (57)
Thus standard energy estimates yield

la® Nl o= 0,7:22(02)) < Ked/4, (58)

¢l o< (0,711 (2)) < Kel/4, (59)

The theorem then follows from (29), (30), (35), (46), (56), (58) and (59).
This completes the proof.

Acknowledgements

This work was supported in part by the National Science Foundation under Grant
NSF-DMS-9705229, and by the Research Fund of Indiana University. The second
author was supported by an NSF postdoctoral position at the Courant Institute.

References

1.

10.

11.

12.

S.N. Alekseenko, FEzxistence and asymptotic representation of weak solutions to the
flowing problem wunder the condition of regular slippage on solid walls, Siberian
Math. J. 35, 2 (1994), 209229

. R. Balian and J. L. Peube, ed., Fluid dynamics, Cours de UEcole d’Eté de Physique

Théorique, Les Houches, Gordon and Breach Science Publishers, New-York (1977)

. O.V. Besov, V.P. I'in and S. M. Nikol’skii, Integral representations of functions and

tmbedding theorems, Vol I, English translation edited by M.H. Taibleson, J. Wiley,
New York (1978)

. W. Eckhaus, Asymptotic Analysis of Singular Perturbations, North-Holland (1979)
. P. Germain, Méthodes Asymptotiques en Mécanique des Fluides, in [2]
. O.A. Ladyzhenskaya, The mathematical theory of wiscous incompressible flows,

274 ed., Gordon and Breach, New York (1969)

. P. Lagerstrom, Matched Asymptotics Ezpansion, Ideas and Techniques, Springer-

Verlag, New York (1988)

. J.L. Lions, Perturbations singuliéres dans les problémes aux limites et en controle

optimal, Lecture Notes in Math 323, Springer-Verlag, New York (1973)

. H.K. Moffatt, Siz lectures on general fluid dynamics and two on hydromagnetic dy-

namo theory, in [2]

O. Oleinik, The Prandtl system of equations in boundary layer theory, Dokl. Akad.
Nauk SSSR 150 4(3) (1963), 583-586

N.C. Owen, J. Rubinstein and P. Sternberg, Minimizers and gradient flows for sin-
gularly perturbed bi-stable potentials with a Dirichlet condition, Proc. R. Soc. Lond.
A 429 (1990), 505-532

J. Rubinstein and P. Sternberg, On the slow motion of vortices in the Ginzburg-
Landau heat flow, SIAM J. Math. Anal. 26 (1995), no 6, 1452-1466



226 Roger Temam and Xiaoming Wang

13. R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics,
274 edition, Springer-Verlag, New York, Berlin (1997)

14. R. Temam and X. Wang, Asymptotic analysis of Oseen Type Equations in a Channel
at Small Viscosity, IU Math. J. 45 (1996), no.3, 863-916

15. R. Temam and X. Wang, On the behavior of the Navier-Stokes equations at vanishing
viscosity, volume dedicated to the memory of E. De Giorgi, Annali della Scuola
Normale Superiore di Pisa (to appear)

16. R. Temam and X. Wang, Boundary Layers for Oseen’s Type Equation in Space Di-
mension Three, Russian Journal of Mathematical Physics 5 (1997), no. 2, 227246

17. M.I. Vishik and L. A. Lyusternik, Regular degeneration and boundary layer for linear
differential equations with small parameter, Uspekki Mat. Nauk 12 (1957), 3-122



		webmaster@dml.cz
	2012-05-10T12:34:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




