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1 Introduction

In the recent paper [3, Filo-Luckhaus] we have determined the first two terms in
the asymptotic expansion (with respect to a small parameter ¢) of the solution
ue = uc(x,t) to the following problem:

8(;;5 = Au. + f(z,1) in 2% (0,T),

Oug R

5 I, t) — o(z, t)u. onn® x (0,7), (1)
us =0 on d° x (0,7),
U =@ on 2 x {t =0}.

* Supported by VEGA grant 1/4195/97 (Slovak Republic)
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Here 2 C R? is a bounded domain whose boundary is given by a C? simple closed
curve [,

r'={(p(r),q(n); 0<7 <7}, @)+ (1) =1,
a is 27 periodic function such that

a(o) =

0 : ocen—06,rm+]
1 : o€el0,m—0)U(m+d,2n]

for some ¢ € (0, ),

nsz{zef; x = (p(7),q(1)), a(z)zl, OSTSW},

€
¢ ={zelio=pn).qn), a(Z)=00<7<x}
and
7! is an even integer .

We have shown, under certain smoothness assumptions on the data f, o, ¢ and
o, that

ue = u+eut +e0(e) , (2)
where
O(e) — 0 strongly in L,(2 x (0,7)) if e—0

for any p, 1 <p <4 and

Ue —

Y o —dyu)  weakly in Lo(I" x (0,T)) . (3)

The functions u and u' are solutions of the problems

%:Auﬂ“(m) in 2% (0,T),
w=0 on I' x (0,T), (4)
u=¢p on 2 x {t =0},
and
aa—“tl:Aul in 2 x(0,7),
ul = wo (0 — 94) on I' x (0,T), (5)

ul =0 on 2 x {t =0},



Asymptotic Expansion 85

respectively. Here

1 s
wy = —/ w(x1,0)dxy
0

™

where w = w(x1,x2) is the unique nonnegative 27 periodic (in the z; variable)
solution of the following boundary value problem

: 2
Aw = O m RJ'_;

a(z) (g—;;(xl,(]) + 1) + (1 —a(x1))w(z1,0) =0 for z; € R,

satisfying

||w||Loo(R2+) —&—/0 /0 |Vw|?(21, 22) dridrs < oo .

Moreover, we have demonstrated, that

gt <C e

Lo (I'x(0,T7))

—w: (¥ — dyu)

9

for

we(z) = w (M7 @)

3 3

where the functions 7,6 are defined for z € 2 sufficiently close to I" such that
0(x) = dist(z, I') and

P'(7(2)) (@1 = p(r(2))) + ¢'(7(2)) (22 — q(r(2))) = 0.

In addition,

Use — U
E —w.G = u' —weG

9

weakly in V,"°(£2 x (0,T)), where

G(x,t) = 9(x,t) = £(2)0pulp(r(2)), ¢(7(2)), 1)

and ¢ is a cutoff function that equals 1 in a neighbourhood of I" and ¢(x) = 0 for
any « € (2, dist(z,I") > &y for some positive dy.
For definitions of function spaces we refer to [5, Ladyzenskaja at al.].

It is the aim of this contribution to present a generalization of the previous
result to the case of more space dimensions developed in [4, Luckhaus—Filo].
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2 Motivation

Our original goal was to study flow problems in porous media with a part of the
boundary covered by a fluid. For one incompressible fluid in porous medium one
has to solve the equation

WD) — 3 (ko)) (VT +¢)), ()

where p is the unknown pressure, 6 the water content, k the conductivity of the
porous medium, and —e the direction of gravity (see [1, Bear], for mathematical
treatment of (6) [2, Alt - Luckhaus], for example).

The part of the boundary, which is covered by the fluid and where the infil-
tration takes place is supposed to behave like a impervious layer with many small
holes. It is assumed that the holes are distributed uniformly and create a periodic
structure with period €. The pressure is supposed to be 0 on the holes, where the
fluid infiltrates into the porous medium, and the condition (k(0(p))(Vp+e))-v =0
is assumed to be satisfied on the impervious part of the boundary. As the period
and the diameter of the hole is of order € and the domain occupied by the porous
medium is large, it is natural to let € — 0 and to ask on the behaviour of solutions
to (6).

However, since this nonlinear problem was not yet treatable, we have studied
the heat equation, i.e. equation (6) with

O(p)=p, k(@(p))=1 and e=0.

3 Model Problem in R3

Let A be the square in R?, ie. A = (0,2¢) x (0,2¢) for some positive ¢ and
0: R? - Ry, Ry = (0,00) be a smooth function, say, C3(R?), even and 2/-periodic
in each of its variable. Points in R?® are denoted by = = (Z,73) Z = (z1,22) and
we define

N={zeR’| ze€A, 0(z)<x3<d}
for some positive d greater than the maximum of the function 6 and define
I'={z€d| z3=0(z), T € A}.
Now let F ={z € A| |z —£| <5}, £=(£¢) for some 0 < § < ¢ and set

i 0 : zekF
a(z):{l s TeA\F.

Denote by a(z) for z € R? the 2¢-periodic extension of the function @ on the whole
R2. Let e! =2% for k € {0,1,2,---}, define

Df={xel]| a(e'z) =0}, Ds =D° x (0,7),

Ne={xerl]| a(etz) =1}, L =N x(0,7T),
D={zecR?| a(z) =0}, N={zcR?| a(@) =1}
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and for simplicity of notation we put dyu = du/dt, d,u = du/dv ete.

Consider now the problem

Opue = Aug + fo(,t) in Qp,
Opue = Ve (z,t) — 0 (T, t)Ue on N5,

U =0 on D7, (7)
dyue =0 on (02\ I')r,

Us = U on 2 x {t =0}

under the following assumptions:

(A) fo, f, f1 € La(927) and such that
fe—f

B — fl in LQ(QT);

(B) o, 0t0- € Loo(I'r) for any e and there exists a positive constant C' indepen-
dent of e such that |loc|._(ry < C;

(C) Ye,0, O9. € Lo(I'r) and such that
9. — 0 in  Lo(I'r);

(D) u§, up € Wi(£2), ug =0on I', u = 0 on D=, u! € Ly(£2) and such that

e __
it - RN in Ly(92).

We prove that asymptotic expansion (2) holds in the sense that
Ok) — 0

weakly in Lo(f27) and strongly in Lo(§25) for any subdomain 2* C 2 with a
positive distance from I', and, comparing to (3),

Ue — U

(z,t) — wol(z) (H(x,t) — Opu(x,t)) ()

(weakly in) in Lo(I'r). Here, similarly as above (see (4) and (5) above) u is the
unique solution of the problem

Ou = Au+ f(x,t) in £2p,
u = 0 on FT7
9)
ou =0 on (002\ I,

u = ug on 2 x {t =0},
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u! is the unique very weak solution of the problem
o' = Aut + f(x,t) in O,
u' = wo(x) (9(x,t) — dyu(x,t)) on Iy,
(10)
dyut =0 on (002\ I')r,
ul =0 on 2 x {t =0},
and the function wg(z) is defined for z € I" as follows:
1 ¢t
wle) =5 [ [ wlenoyds.
2 Jo Jo
w = w(x;y) is the unique bounded nonnegative solution of the problem
3 3
6 <Z 8w 3
> o vjk(z)—_(z;y)> =0 yeRY,
= Ok \ o Oy
w(z;4,0) =0 yED, (11)
0
5, @70 = 1 JEN,
where
C(r) = (’ij)j,kzl,z?, )
1+ a3 —aias 0
1
Clr) = ———| —azga; 1+a? 0],
V1+a3+a3
0 0 1
and
00
a; = 5—(z)
J azj

The function w is 2¢-periodic in each of its variables y1, yo and it is demonstrated

that

w(z;y) = wla; BN (2)y),

where w(z;z) is for each z € I' the harmonic function in z € R% such that

a(E(x)z)

E(z) <‘9“’ (2:%,0) +>\> + (1 - a(E(z)z)) w(;,0) = 0 (12)

dz3
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and
oo 0\ (Vi Ve
R N e
0 0 0 0 1

a al
Va3 +a} Va3 +a} A0

_ al a
2, 2 P
\/al taz \/"’1 ta3

AMz) = (1+a2+a2)""

4 A priori estimates

The first and basic step to prove the validity of the expansion (2) consists of a
priori estimates, that can be summarized in the following

Theorem 1. Assume that (A)—(D) are satisfied. Then there exists a positive con-
stant C, independent of €, such that

T
max / |ue — ul?(z,t) dx +/ |V (ue —u)|*(z,t)dedt < Ce
0=t=T Jo 0o Ja

T T
/ / lue — ul?(x,t) dH?(x) dt —|—/ / lue —ul?(z,t) dedt < Ce? |
o Jr o Jo

max / |ue — ul*(x, t)¢(x) dz
Q

0<t<T

T
+/ |V (ue —u)*(z,t)¢(x) de dt < Ce?
0 (7]
and

ess sup IV (ue —u)|?(z, )¢ (z) do
o<t<T J@

T
+ / 104 (ue — W) (2, )% (@) dw dt < CE2
0 0
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where ¢ 1s the principal eigenfunction of the problem

Ap+ pup=0 mn 2,
¢=0 on I
Oy =0 on ON\T,

with the corresponding principal eigenvalue p = puy > 0.
In the proof of Theorem 1 the following proposition plays an important role.

Proposition 2. Let v € W;’O(QT) be such that v =0 on D%. Then

T T
2 2 < 2
/0 /F|v(a:,t)| AH2 (2)dt < cg/o 00,172 (0

and
[0l zo(rry < ellvllwroen Ve
where the positive constants C,c do not depend on € and v.
Proof (of Proposition 2). We set
V(y,t) = v(z(y),1), z(y) = (y1,92,0(7) + (d — 0(y))ys/(d — 0o))
for g = (y1,92) € A, y3 € (0,d — 0y) and 0y = max, 5 0(z). Note that
v(,t) = V(y(x),t),  y(x) = (z1,22,(d = 0o)(xs — 0(7))/(d — 0()))

and V(g,0,t) = 0 for any § € A such that a(s~1y) = 0. Then it is not difficult to
see that

//'Vy’(”'dydKE_ﬁ/ //W ; |§Z0’t)|2dyd2dt.
/0 /F|v(z,t)|2dH2(z)dt:/T/ |V(g,o,t)|2\/mdgdt

< Clw

and [V[2,1

lows.

) < c|v||? WAy ||W1 (), the assertion of Proposition 2 fol-

Proof (of Theorem 1). Note first that u. — u is a solution of the problem

O (ue —u) = Alue —u) + (fe — f)(z,1) in {27,
Oy (ue — u) = ge(, 1) on Nf,

Ue —u =0 on D5, (13)
Oy (ue —u) =0 on (002\ I')r,

Ue — U = uf — U on 2 x {t=0},
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where g.(z,t) = Ye(2,t) — 0c(x,t)ue — Oyu. Testing the problem (13) by ue — u
and applying Proposition 2 we arrive at

lue —ul = max [|(ue —u)(®)l|zo(2) + V(e — ) Lacar) <
lug — wollLo(2) + 20fe = FllLa(ar) + Cllgell Lacrr) VE -

As, however, [[uc —ul|r,r,) < Clus —uly/g, due to our assumptions (A) and (D)
we get [|us — ul|p,(rp) < Ce.

Multiplying now the equation in the problem (13) by (u. —u)¢ and integrating
over {2 one easily gets the third estimate of Theorem 1. Denote next

Uy, t) = (ue —u)(z(y),t) for ye 2"=Ax(0,d—¥bp).

Then we obtain

d—6g
/ Uy, 0)2dy < C, /A / U )P s+ C [ 10,0000 d

for any ¢ € (0,T) and fixed n € (0,d — ). It is very well known that there exist
positive constants ¢, C' such that ¢ < —9,¢ < C on I'. This together with the
above estimate yield the estimate [|u. — u|,(0,) < Ce. The last estimate we
obtain by multiplying the equation in the problem (13) by ¢30;(u. — u) and by
integrating.

The essentiall part of the proof of the convergence (8) is the uniqueness of the
problem

Aw(z;2) =0 in R (14)

with the boundary condition (12) in the following class of solutions.

Definition 3. By a solution of Problem (14), (12) we mean a function
w EW,LH(R3) satisfying

R
/ / |Vw|?*(Z,23) dzdzs < CL?,
0 B2(g,L)
R
/ / W(F, 23) ddas < CLA (R + R), (15)
0 JBx(y,L)

/ W(7,0) da’ < CL2
B2(g,L)

for any 3 € R? (the positive constant C' does not depend on ¥,L, R), and the
integral identity

Vw(z)Vi(z) de = /L/R2 ¥(z,0) dZ

3
RY
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for any ¢ € W3 ,,.(R%), ¥ =0 on I'p = {z = (7,0) | a(E(z)) = 0} with compact
support in Ki. Note that Ba(y,L) = {z € R? | |z — g| < L}.

This problem was obtained as a limit as ¢ — 0 after applying rescaling arguments
for (ue —u)/e in any point = € I.
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