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1 Introduction

Consider a nonlinear differential equation
yh = i,y .yl in D, (1)
wheren > 3, Ry = [0,00), R = (—00,00), D = Ry x R", y[!l is the ith quasideriva-
tive of y defined by
li

. 1 . /
0] — o olil — ( [z—l]) 19 n—1 M= ( [n—u) 9
yu=u vt = o yi=12,...,n—1,y y . (2)

the functions a; : Ry — (0,00) are continuous, f : D — R fulfills the local
Carathéodory conditions and

flt,zy, . xn)zr <0, f(¢,0,29,...,2,) =0 in D. (3)
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Let y : [0,b) — R, b < 0o be continuous, have the quasi-derivatives up to the
order n — 1 and let y["~! be absolutely continuous. Then y is called a solution
of (1) if (1) is valid for almost all ¢ € [0,b) and either b = oo or b < oo and

n—1 )
limsup > |yl (t)] = oo. It is called proper if b = oo and sup, -, |y(t)] > 0
t—b =0 -

holds for an arbitrary number 7 € R,. A proper solution is called oscillatory if
there exists a sequence of its zeros tending to oo.

Notation 1. Let tg € Ry, a,,b € C°(R,). Put

an+i(t) = ai(t),i S {17 o,n = 1 },Io(t,to;as7b) = 1,

t Ts Ts+k—3
Ik(t,to; as, b) = / as(Ts) / as+1(Ts+l) o / as+k—2(7_s+k:—2) X

to to to

Ts+k 2
« / b(esnet) dropy s .. dr,

to

t o]
J(t7 tO; as) = / as (Ts) / as+1(Ts+1)In—2(Ts+la Ts; hs42, an—i—s—l)de—i-lde-

to Ts

We will assume the following hypotheses (not all simultaneously):

(H1):

(H2):

(H3):

Let 1 € CH(Ry) for n = 3; let ap € CY(R4), aj € C*(Ry), j = 1,3 for
n = 4; let an index [ € {1,2,...,n — 4} exist such that a2+j € Lioc(R4+),
j = 1,2 are locally bounded from bellow a.e. on Ry for n > 4.

Let b € Lipe(R4+) and g € Co(R4+) exist such that g(z) > 0 for > 0,

0 dt
1 q(t)—ooand

[f(t, @1, @) < (1) (Z|xz|> on D.

Let constants £ € Ry, K > 0,0 < A < 1 and functions a,, € Lj(Ry) and
g € C°(R,) exist such that a, > 0, g(z) > 0 for x > 0, g(x) = 2> for
z> K,

an()9() 71 1) | ft,21,-. 50) | on Ry x R, (4)

/OO aq (t)dt = oo, (5)
0

and

I,_s(00,t;a511,ds) =00, s=1,2,...,n—1, (6)
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where  dy(t) = an(t) [L(t, T a1, a5)].

Further, let in case A =1 for s =1,2,...,n — 1 either
— t —
litm inf e_J(t’t;as)/ as(T)e In(mhiastias) gr — (7)
— 00 f
or
In_1(007£; as+1aan+s—1) = (8)
hold.

(H4): Let the hypothesis (H3) holds with K = 0, A € [0,1) and with the exception
of (5) and let, moreover,

I, (00,0;a1,a,) = co. (9)
A great effort has been devoted to the study of oscillatory solutions of Eq. (1)

in the canonical form, i.e if

/ a;(t)dt =00, i=1,2,...,n—1. (10)
0

Definition 2. Eq. (1) is said to have Property A if every proper solution y is
oscillatory for n even, and it is either oscillatory, or

lim y(t) =0, i=0,...,.n—1

t—o0
holds eventually on Ry if n is odd.
Chanturia [5] proved the following theorem.

Theorem A ([5]). Let f(t,t1,...,x,) = f(t,21), f € C(Ry x R), (1) have Prop-
erty A. Let (10) and

[f(t, 1) < b(t)|z1]  on Ry xR
be valid where b € C°(R.). Then (1) has an oscillatory solution.

Sufficient conditions, under the validity of which, (1) has Property A were
studied e.g. in [5], [7]. Generalizations of Th. A are stated in [3] and in [6] (for
n = 3). Apart from other things

/OOO ar(t)dt = /OOO as(t)dt = oo (11)

is supposed instead of (10).

In some applications of Eq. (1) the conditions (10) and (11) are not fulfilled.
Although every Eq. (1) can be transformed into the canonical form by sequence of
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transformations preserving oscillations (see [8]) it is difficult to realize them. E.g.
consider the third order differential equation

y" +qt)y +r(t)g(y) =0, (12)

where ¢ € C° (R+), 7€ Lipe (Ry), g€ C°(R), <0 on Ry,
g(x)x >0 for x #0.

Let h be a positive solution on [T, 00),T € R4 of the equation
" +q(t)h =0 (13)

Then (12) is equivalent with (see [4])
1 I !/
<h2 (E y') ) +rhg(y) =0 (14)

S — %’ J2 = p2 (ym)'_

If we define h(t) = h(T) on [0,T], then (14) is defined on R, x R? and it has the
form (1) with

on [T, 00), where

1
ar=h,  ax=s5, f(ta,e2,23) = —r(Dh(t)g(z1) (15)
and (3) holds.
If e.g. q(t) < const. < 0, then it is clear that (10) and (11) for n = 3 are not valid.

Our main goal is to prove the existence of oscillatory solutions of (1) without the
validity of either (10) or (11) and to apply the results to Eq. (12).

2 Main results

In this section, a special set of oscillatory solutions will be investigated. Consider
the Cauchy initial conditions:
1€{0,1,....n—1}, oce{-1,1},
o y0)> 0 fori=0,1,...,01—1,
< 0 fori=lI, (16)
>0 fori=I0+1,...,n—1.

We will show that a solution y of (1), fulfilling (16) is oscillatory under some
assumptions posed on [ and a;.

Theorem 3. Let (H1) and (H2) be valid. Then every solution y of (1) satisfying
(16) is proper.
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Proof. See [2, Lemmas 4 and 9]. |

Theorem 4. Let (H3) be wvalid. Then every proper solution y of (1) satisfying
(16) is oscillatory.

Proof. Tt follows from [2, Lemma 2] that every proper solution y satisfying (16)
is either oscillatory or nonoscillatory, s € {0,1,...,n — 1} and T exists such that
T > max(,1) ,

y[j](t)y[s](t) 0 forj=0,1,...,s,
0 forj=s+1,...,n,

ymlty# 0, m=0,1,...,n—2, tel[l,0). (17)

>
<

Let y fulfills (17). First, we prove that s # 0 and
tlim ly (t)] = oc. (18)

Let, on the contrary, s = 0. Then (17) and (2) yield

y <0, |y is nondecreasing on [T, o0

and

o0 > y(00) — 4(T)| = /T T O > ) [ de= o

7
Thus s € {1,...,n —1}.

Let s = 1. Suppose, without loss of generality, that y > 0. Then (17) yields

y >0, y increasing,
y >0, yl decreasing, (19)
yll <o, |y[i]| increasing for i = 2,...,n — 1.

We prove that (18) holds. Thus, suppose, indirectly, that

tli,lﬁlo y(t) = C < 0. (20)
If y[(c0) > 0, then
0> y(00) y(T) = [ Oy 0at > 9(o0) [ arleyit = o
The contradiction proves that
lim y!(t) = 0. (21)

t—o0
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It follows from (19), (2) and (4) that

t
(@) = Iy[”(T)I+/Tai+1(7)|y[z+”(7)|d7

Y

/ aipr (Y (n)ldr, i =2,...,n -2,

gy > / ) (7 dr > / an(7)g(y(r))dr
> C’l/T an(T)dr, Cy —y(Tn)nSajcSC g(t) > 0. (22)

From this and from (19), (20) and (21)
00 > y(oo) — y(T) = / ar(r )y (1),
T

— [ o) [ aamlyPmlaredn

T 1

201/ al(Tl)/ as(12)In—2(12,T; a3, ay)dradm
T T1
T2

= 01/ az(12)In—2(12,T; a3, an) / a1 (T1)dmdr
T T

> C11y(00,T;az,a1) = 00
as according to (6),i =1

I,_1(00,t;a2,d1) = 00 = Ip,_1(00,T;as,d1) = 00

and thus

In(00, T az,a1) > In—1(c0, T5az,d1) =
The contradiction proves that (18) is valid for s = 1.
Let s > 1. Then (17) and (2) yield

y(®)yM () >0, |y is nondecreasing on [T, 0c),

ly(t) —y(T )l—/ ar (r)|yM (r)|dr = [y (7) |/ al(r)dr == oo
Thus (18) is valid for all s € {1,...,n —1}.

Let 0 < A < 1. The statement of the theorem was proved in [3, Ths 1-3] if
the more restrictive assumption (H4) is supposed instead of (H3). In this case the
inequality (4) was used only for z1 = y(t), ¢ € [T, 00] where y fulfills (17). From
this, using (18), the statement is valid under the validity of (H3), too (note, that
(9) follows from (5)).

Finally, suppose A = 1.



On Existence of Oscillatory Solutions

Let s € {1,...,n — 1}. We prove that the solution y, fulfilling (17) does not

exist.

First, we estimate y[*l. Let, for the simplicity, y > 0 for large t. According to

(18) there exists T3 > T such that
y(t) > K, t e [Ty,00)
and (17) yields

y[ﬂ (t) >0, y[ﬂ is increasing, j=0,1,...,s—1,

yl(t) > 0, yl*l is decreasing,

ylm! (t) <0, |y[m]| is nondecreasing, m=s+1,...,n— 1,
t € [Ty,00).

From this, from (24), (2) and (4) we have

t
012 [ am @@l P20, -2 s,
t

0 [ el [ e it s £

and thus, using (24),

lWEH @) > L1 (t, T assa, asy™)
>yl O L1 (¢, Ty asse,as), se{l,...,n—2},
ly(t)| > y[”_l] (t) -1 (t, T1;a1,an-1) for s=n—1.

Further, using (2) and (24), it follows from this that
/
W) = as1 Oy = —asa (@)l (@)

S _as+l(t)—[n—l(t7 Tl; As42, as)y[s] (t)
forse {l,...,n—2},

WU @) =~y )] < —an@y(t) < —an() L1t Trsar,an-1)

xy= () for s=n—1,t>1T).
Thus
yll(t) < ylel(Ty)eIn (b Tasas11005)
Especially, using (6),

lim () =o0.

t—o0

(23)

(25)
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Let the assumption (7) be valid. Using (24), (25) and (27)

t
y[s_l] (t) = y[s_l] (1) +/ as(TS)y[S] (75)dTs
T

t [e'e]
=y (1y) +/ aS(Ts)/ 51 (To 1) [T (1) [drssn dr
T Ts

t

> yl=(Ty) +/ as(Ts)/ i1 (Tox 1) Tn—2(Tes1, Ti; Gss2, as—1 Yy~ N)dry 1 dry
T Ts
t

Z y[s_l] (Tl) + / as(Ts)/ as+1(7—5+1)[n—2(7_s+177—5§ As42,0s—1 y[s_l])de-i-lde
T Ts

t o

y[s_l](TS)as(TS)/a5+1(Ts+l)In—2(7—s+1aTs;as+27as—l)d7—s+ldTS7

Ts

> y[s_”(ﬂ) + /

T
t>1T.

Thus Gronwall’s inequality yields
y[S—l] (t) > y[s—ll (Tl)eJ (t.Tas) ¢ >y (28)

On the other side, using (26), we have
¢
Vo0 < @) + D) [ aufr)en T ar
T

From this and from (28)

s t
1 Se—J(t,Tl;as)+ y[](Tl) e—J(t,TuCLs)/

as(T
ST o)

x e In(mTuasnas) gro ¢ >
that contradicts to (7).
Let the assumption (8) be valid. Then (24) and (25) yield
00 > [yl (00) — yI(T1)| =
— [T s I 2 (o0 i, ey 2
1
>y (T, 1 (00, Ty g1, a5-1) = 0.

Thus, the solution y, fulfilling (17), does not exist. O

Remark 5. (i) Theorem 4 generalizes results of [3], [6] and Theorem A.
(ii) The statements of Theorems 3 and 4 are valid for a solution y on [«, c0) if the
Cauchy conditions (16) are taken in ¢t = o and ¢ > « (see (H3)).
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3 Applications
We apply the previous results to Eq. (12)
y" +at)y +r(t)gly) =0 (12)
under the validity of the assumption
Aelo1], ot <|g(x)| for large |a]. (29)

Let
¢* (t) = max(q(t),0), ¢(t) = min(q(t),0), t € Ry.

Cecchi and Marini [6] studied Eq. (12) under the following hypothesis:

(H5): Let [[*tq~(t)dt = —K > —oo, and let the equation
R + e gt (t)h =0
be disconjugate on R4 (i.e. every its solution has at most one zero on R.).

They proved the following theorem.
Theorem B ([6]). Let (H5) and g be nondecreasing for large |y|. Let

/OOO lg(kt)|r(t)dt = 0o for every k € (0,1). (30)

Then every proper solution of Eq. (12) with a zero is oscillatory.

Note, that if the estimation (29) holds, then (30) has the form

/ trr(t)dt = oo. (31)
0
In case
/ tgt(t)dt < o, (32)
0

using our previous results, the statement of Th. B can be proved under weaker
assumption than (31).

Theorem 6. Let (H5), (32) and (29) be valid. Further, let

/ t2r(t)dt =00 if A€ 0,1) (33)
0
and let

r(t) > ;:3 for larget  if A=1, (34)

where o > 1 is a constant. Then every proper solution with a zero is oscillatory.
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Proof. Let y be a proper solution of (12) with a zero T € Ry,y(T) = 0. If
Z?:o |yl(T)| = 0, then according to [1] there exists to > T such that the Cauchy
initial conditions at to fulfill (16). In the opposite case it is evident that (16) holds
in some right neighbourhood of ¢ = T'. Thus, in all cases, there exists tg > 1" such
that (16) is valid in ¢ = to.

In [6, Proposition 1] it is proved that (H5) and (32) yield the existence of a solution
h: Ry — R of Eq. (13) which is positive on (0, 00), increasing and

lim A(t) = ho € (0,00). (35)

Thus, (12) is equivalent to (14) on (0,00) and (15) yields

ay=h, ay= 730 43 = rh on (0,00) (36)
and
/ ay(s)ds z/ az(s)ds = 0. (37)
to to
Let e > /o and let 7 > ¢ be such that
h
?O<h()<5ho, t>T. (38)

We will verify hypothesis (H3) with £ = 7 (see Remark 5 (ii) ). According to (37),
(5), (6) for i =1 and (8) for ¢ = 1 (in case A = 1) are valid. Thus it is necessary
to verify (6) for ¢ = 2 and, in case A = 1, the condition (7) for i = 2.

Condition (6), i = 2 : Using (38) we have

A

Il(oo,T;ag)z/Toor(t)h(t) Ut h(a) /Ta% da} dt

> 178 plA 2—*/ r(t) (t — ) dt = 0

T

Condition (7), i=2, A=1:

Tra = [ [ hsors) [ h(se)dsads,ds
[ /

S

T

1
_4/ / (s1 — s)r(s1)ds1ds > o1 In —7 01:%5_4>§,

I5(t, 75 a3,a2) = /:r(s)h(s) /TS h(s1) /:1 e 2)d31ds

(s —1)° t
s ds > o1 [ln;—Q] .

> 01
.
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From this, according to (36), (37) and (38)

t
0 < litrninf e_‘](t”'?‘”)/ ag(s)e_h(sma&‘”)ds
T.01 t52 2 T.01
< liminf (;) — 7 (=) ds=0.

t—oo - h(z) S

O

Remark 7. Let the assumptions of Th. 6 and hypotheses (H1) and (H2) hold.
Then, using Th. 3, it is evident that (12) has an oscillatory solution.

The following example shows that (33) is not sufficient condition for the exis-
tence of oscillatory solutions in case A = 1 and it shows how far is condition (34)
from necessary one.

Example 8. Consider the equation
"~ y=0 oc>0 (39)
y t3 y b —_— N

Lemma 9. Eq. (39) has an oscillatory solution if, and only if

o 23 0,385.
9
Proof. (sketch) Eq. (39) can be transformed into the equation with constant coef-
ficients Y —3Y +2Y +0Y =0by t =¢€", y(t)=Y(x). |
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