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SOME REMARKS ON THE Q-STABILITY
FOR FAMILIES OF POLYNOMIALS

JEAN MAWHIN

Dedicated to the memory of Professor Otakar Borivka

ABSTRACT. Using Brouwer degree, we prove a more general version of the
zero exclusion principle for families of polynomials and apply it to obtain
very simple proofs of extensions of recent results on the Routh-Hurwitz and
Schur-Cohn stability of families of polynomials.

1. INTRODUCTION

It is well know that the problem of the stability of a linear difference or dif-
ferential system with constant coefficients reduces to the question of locating the
roots of its characteristic polynomial in a suitable region of the complex plane.
The Routh-Hurwitz and Schur-Cohn tests, which respectively correspond to the
open left half-space and the open unit ball, are well known in this respect [2, 3].

In a recent work [9], Zahreddine has considered the following problem: given a
path-wise connected region €2 in the complex plane and a set S of polynomials of
the same degree, find conditions under which all polynomials of S have their zeros
inside 2. In the special case where S is made of all the convex combinations of
two polynomials which are stable in the Routh-Hurwitz or the Schur-Cohn sense,
Zahreddine has found necessary and sufficient conditions for this set S to have
the same stability. His approach is algebraic and based upon some properties of
resultants and standard Routh-Hurwitz or Schur-Cohn stability conditions for a
complex polynomial [2, 3].

The aim of this note is to show that a very simple proof of more general version
of this result can be obtained by using the elementary properties of the Brouwer
degree [4]. We first use this technique to prove a more general version of the
standard zero exclusion principle [1, 6] and then apply it to the proof of the
Zahreddine’s results.
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2. A ZERO EXCLUSION PRINCIPLE
Let © C C be open and p: C — C be a polynomial.
Definition 2.1. We say that p is Q-stable if p(z) # 0 for z ¢ Q.

When @ = {z € C: Rz < 0}, the Q-stability will be called the Routh- Hurwitz
stability; when € is the unit open ball B(1) in C, the Q-stability will be called the
Schur-Cohn stability.

Let A C R™ and {p(-,A)}re be a continuous family of polynomials on C. This
means that p : Cx A — C is continuous and, for each A € A, p(-, A) is a polynomial
on C.

Definition 2.2. We say that {p(-,\)}re is Q-stable if, for each A € A, p(-, A) is
Q-stable, i.e. if p(z,A) #0 for z ¢ Q and X € A.

We now state and prove a more general version of the zero exzclusion principle.
Theorem 2.1. Let A C R™ and {p(-,A\)}re be a continuous family of polyno-
mials on C. Assume that the following conditions hold:

(1) A is connected and compact;

(2) p(-, A) has degree d > 1 for each A € A;

(3) p(-, A ) is Q-stable for some A € A;

(4) p(z,A) # 0 for each A € 9Q and each A € A.

Then {p(-,A\)}re Is Q-stable.

Proof. By assumption 2, we can assume, without loss of generality, that

d
p(z,A) =2+ > ar (M),
k

where the a; : A — C are continuous (1 < k < d). Hence, if p(z,A) = 0 for some
z € C and A € A, we have

d
2| < a2,
K

where a = maxae |ap(A)], (1 < k < d). Consequently, |z] < R, where R is the
positive root of the equation

d
R — Zade_k =0.
k

Let Qp = QN B(R+ 1), with B(R+ 1) C C the open ball of centre 0 and radius
R+ 1. By the above result and assumption 4, we have

p(z, A) # 0 for each (z,A) € 9Qp x A.

Hence the Brouwer degree deg[p(, A), Qg, 0] [4] is well defined for each A € A, and
its value is independent of A. On the other hand, it is well known (see [4]) that
deg[p(-, A), Qr, 0] is equal to the number of zeros of p(-, ) in g, counted with their
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multiplicities. By assumption 3 and the definition of Q-stability, every possible zero
of p(-, A ) lies in 2, and hence in Qr. Consequently, deg[p(-, A ), Qr, 0] = d, and,
by the homotopy invariance of Brouwer degree, deg[p(-,A),Qr,0] = d for each
A € A. This implies that all the zeros of p(-, ) are in Qp, hence in €, and each
p(-, A) is Q-stable.

Remark 2.1. It is easy to get rid of the assumption of compactness for A in
Theorem 2.1.

3. THE FIRST SCHUR TRANSFORM OF A POLYNOMIAL AND ITS PROPERTIES

To a polynomial p(z) on C, one can associate, with Schur [8], the polynomial

on C

p(z) = p(-7),
that Zahreddine [9] calls the paraconjugate of p and that we will call the first Schur
transform of p. Notice that

P (2) = (p7)7(2) = p*(=7) = p(2) = p(2),
and that, for ¢ € C and another polynomial ¢ over C, one has
(cp)*(2) =ep™(2), (p+9)"(2) =p"(2) +¢"(2).
Define, with Zahreddine [9],

(1) NG =5 )+ D E], DE) =g e - (D)%),
so that
2 pe) = N+ D),
) P'(2) = (C1IN() - D))
N = 5 )+ (D)) = ()N,
D)= 3 ) - ()] = () DG)

Lemma 3.1. z is a common zero to N and D if and only if z and —Z are zeros
of p.

Proof. If z is a common zero to N and D, then, by (2) and (3), we have
p(z )=0=p(=7).If z and —Z are zeros of p, then p(z ) = 0 =p*(z ), and, by
(1), we have N(z ) = D(z ) = 0.

Corollary 3.1. Any zero of p which lies on the imaginary axis is a common zero

of N and D.

Proof. For such a zero z , one has z = -7 .
The resultant [5] of two polynomials p and ¢ over C will be denoted by R][p, q].
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4. THE ROUTH-HURWITZ STABILITY OF A FAMILY OF POLYNOMIALS

Let A C R™ be compact and connected and let {p(:, A\)}re be a continuous
family of polynomials on € such that p(-, A) has degree d for each A € A. For each
A €A, let

p(z,A) = N(z,A) 4+ D(z, )

be the decomposition defined by (2). The following result generalizes, with a
simpler proof, Theorem 3.1 of [9].

Theorem 4.1. The family {p(-,\)}re Iis Routh-Hurwitz-stable if and only if
p(, A ) is Routh-Hurwitz-stable for some A € A and R[N(-,A), D(-,A\)] # 0 for
each A € A.

Proof. Necessity. If R[N (-,
result [5], N(-, A ) and D(.,

A ), D(-,A )] =0 for some A € A, then, by a classical
A ) have a common zero z , so that, by Lemma 3.1,
plz , A )=0=p(-7Z,X ).

Now Rz > 0 if and only if R(—%z") < 0, and hence p(-, A ) is not Routh-Hurwitz-
stable.

Sufficiency. Assume now that R[N(-,A), D(-, )] # 0 for each A € A. Then, for
each A € A, N(-,A) and D(-, A) have no common zeros, which, by Corollary 3.1,
implies that p(-, A) has no zero on the imaginary axis, which is the boundary of
{z € C: Rz < 0}. The conclusion follows then from Theorem 2.1.

We obtain immediately as a special case the Theorem 3.1 of Zahreddine. Let

d

d
P ()= Y ath p () = Y et
k

k

be two monic Routh-Hurwitz-stable polynomials. Let
pi(2) = Nj(2) + Dj(2), (G=0,1)
be their respective decompositions (2) and let
p(z,A)=(1=Xp +Xp, (0<A<1),

be their convex combinations. It is immediate to check that if, for each A € [0, 1],

p(z,A) = N(z,A) 4+ D(z, )
is the decomposition (2) of p(-, A), then
N(z,A\) = (1=X)N (2)4+AN (2), D(z,A) =(1=X)D (2)+AD (z), (0<AX<1).

Corollary 4.1. Assume that p and q are Routh-Hurwitz-stable. Then their con-
vex combinations (1 — A)p+ Aq, (A € [0, 1]), are Routh-Hurwitz-stable if and only
IFR[(1=AN 4+ AN (1 =X)D 4+ AD ]#0 for each A €]0,1].
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5. THE SECOND SCHUR TRANSFORM OF A POLYNOMIAL AND ITS PROPERTIES

To a monic polynomial

d
p(z) = 24 + Z apz?F
k

on C, one can associate, with Schur [7], the polynomial on C

p (2):= Zd@,

that we may call the second Schur transform of p. Notice that

1 1 —
b @m0 (=t (1) =5 =006
that p (0) = 1 and that, for ¢ € C and another monic polynomial ¢ over C, one
has
(cp) ()=2p (2), (p+a) (2)=p () +q (2)
Define, with Zahreddine [9],

W HEO=5bE e (], K@ =5 ()],
so that
) §(e) = Hz) + K(),
(©) p ()= HE) -~ K(),
H (=3[ ()] = H),

K (=1l ()= ()] = ~K(2)

Lemma 5.1. Ifz is a common zero to H and K then z # 0 and z and = are

zeros of p. If z # 0 and = are zeros of p, then z is a common zero to H and K.
Proof. If z is a common zero to H and K, then, by (5) and (6), we have
0=p(z)=p (z),sothat z ;éOandp(ﬁ) =0.1f = # 0 and &= are zeros of
p, then p(z )=0=p (z ), and, by (4), we have H(z ) = K(z ) = 0.

Corollary 5.1. Any zero z of p which lies on the unit circle is a common zero
of H and K.

Proof. For such a zero z , one has 0 £z = —.
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6. THE SCHUR-COHN-STABILITY OF A FAMILY OF POLYNOMIALS

Let A C R™ be compact and connected and let {p(:, A\)}re be a continuous
family of polynomials on € such that p(-, A) has degree d for each A € A. For each
A €A, let

plz, A) = H(z,A) + K(z,A)

be the decomposition defined by (5). The following result generalizes, with a
simpler proof, Theorem 4.1 of [9].

Theorem 6.1. The family {p(-, \)}re is Schur-Cohn-stable if and only if p(-, X )
is Schur-Cohn-stable for some A € A and R[H(-,X), K(-,A\)] # 0 for each A € A.

Proof. Necessity. If R[H(-, A ), K(-,A )] = 0 for some A € A, then, by a classical
result [5], H(-,A ) and K(-,A ) have a common zero z , so that by Lemma 5.1,

» #0and
p(z,A):O:p(é,A).

z

Now |z | > 1if and only if ‘ﬁ‘ <1, and hence p(-, A ) is not Schur-Cohn-stable.

Sufficiency. Assume now that R[H (-, A), K(-,A)] # 0 for each A € A. Then, for
each A € A, K(-,A) and H(-,A) have no common zeros, which, by Corollary 5.1,
implies that p(-, A) has no zero on the unit circle, which is the boundary of B(1).
The conclusion follows then from Theorem 2.1.

We obtain immediately as a special case the Theorem 4.1 of Zahreddine. Let

d

d
P =0t p ()=t Y gt
k

k

be two monic Schur-Cohn-stable polynomials. Let
pi(2) = Hj(2) + Kj(2), (7=0,1)
be their respective decompositions (5) and let
p(z,A)=(1=Xp +Xp, (0<A<1),
be their convex combinations. It is immediate to check that if, for each A € [0, 1],
plz, A) = H(z,A) + K(z,A)
is the decomposition (5) of p(-, A), then
H(z,) = (1-X)H (2)+AH (2), K(z,A)=(1-0K (2)+AK (z), (0<A<1).

Corollary 6.1. Assume that p and q are Schur-Cohn-stable. Then their convex
combinations (1 — A)p + Aq, (A € [0,1]), are Schur-Cohn-stable if and only if
R[(1—XNH +AH ,(1-X)K +AK ]#0 for each A €]0,1].
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