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ABSTRACT. For the differential equation

W (1) = ftu(r (), .., u D (1 (1)),

where the vector function f : ]a,b[ xR*? — R* has nonintegrable singularities with
respect to the first argument, sufficient conditions for existence and uniqueness of
the Vallée—Poussin problem are established.

§1. FORMULATION OF THE EXISTENCE AND UNIQUENESS THEOREMS

In the present paper for the vector differential equation with deviating argu-
ments

(1.1) W) = ft,u(ri(t)), ..., u" V(5 (1))
we consider the multi-point boundary value problem of Vallée-Poussin
(1.2) WD) =0 (j=1,...,n5i=1,...,m),

where k> 1, n>m > 2,

n; €{l,...,n—1}, Zni:n, a=1 <ty < - -<tpm=b
i=1
(1.3) 7 [a,b] — [a, b] (j =1,...,n) are measurable,
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f( 1, .. en) : Ja, b — R¥ is measurable for every z; € R*
(1.4) (G=1,...,n) and f(t,-,...,"): R™ _ R* is continuous

for almost every ¢ € Ja, b[.

Equation (1.1) is called regular, if f(-,z1,...,2y,) is summable in Ja, b[ for arbi-
trary fixed z; € R* (j = 1,...,n) and — singular otherwise.

Previously, the Vallée-Poussin problem was mostly considered for equations of
the form

W (t) = f(t,ut),d'(t),. .., u V()

both in the regular [2],[9]-[13] and singular [1], [3]-[8], [14] cases. As for equation
(1.1), with m,(¢t) £ t, (k = 1,...,n) the problem was essentially left unexplored.
In this paper we attempt to fill in this gap in a certain way.

We are interested mainly in the case when (1.1) is singular, although the results
stated below are new also in the regular case.

The following notation is used throughout the paper:

{ni—i—l—j for j<n;+1
35 = ;

0 for j>n;+1"
N =TJle-tl"  G=1...n);
i=1

if « €[0,n—mn1], B €[0,n— ny], then

n—a—j for j<n;,a>n—n;—1
ni+1—j5 for j7<n;, a<n—n;—1

Nija = )

0 for mi<j<n—a
n—a—j for j>n—a«
n—pF—j3 for j<ng,, B>n—n,—1
Np+1—j for j<np f<n—n,—-1
fmif = 0 for nnp<ji<n-p ’
n—pF—j3 for j>n—-0
m—1
(t—a)yri=(b—t)*mir I] [t—1t;|*% for m>2
Ajap(t) = i=2 ;

(t —a)*vi=(b—t)r=is for m=2

go : [a,b] x [a,b] — R is the Green’s function of the differential equation

(1.5) u™ =0
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with boundary conditions (1.2);

—a G- D Lgo(t, s)
(1.6) 7jap =sup {(5 —a)"%b—s) ﬁ/\jalﬁ(t) -1 | <t,s<b
(Jj= 1,...,n)1);
R* — space of k—dimensional column vectors z = (fj)le with elements

& eR(j=1,...,k) and the norm

k
IS
ji=1

RF**% — the space of k x k matrices X = (52’]’)%:1 with elements &;; € R
(4,j =1,...,k) and the norm

k
1X1] = Z €15

ij=1

RE={(&)o  eRY 1200 =1,...,k)};
REF = {(&)F oy ERMF >0, =1,...k)};
ifz, y € R* and X, Y € R*F** then

r<ysy—zeckh X§Y<:>Y—XER§_X]“;
ifz= (&), €eRFand X = (fij)fyjzl € R*¥% then

el = (1€:Diz, 1X] = (i DE =

r(X) — spectral radius of the matrix X;

6’251(]@1)[;@’“) — the space of vector functions u : Ja,b[ — R* absolutely
continuous?) together with their derivatives up to order n — 1 inclusive on any
segment contained in ]a, b[ and

[ (€= a0 - 7o < 4o

6’”_1([a,b];}Rk) — the space of vector functions u : [a,b] — R¥ absolutely
continuous on [a, b] together with their derivatives up to order n — 1 inclusive.

DBy Lemma 2.5 in the monography 4], vjap < oo for0 < a<n—n1,0< 8 <n—nm
(7=1,...,n).

2)Vector or matrix function is said to be absolutely continuous, measurable, etc. if all its
components have such a property.
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Clearly, we can consider 6’30_1(]a, b[; R*) and 6’"‘1([a, b]; R¥) to be identical,
since every element of Cl'(]a, b[ ;R*) is a restriction to ]a, b[ of some element of
C"Y([a, b]; R¥).

Along with (1.1) we will need to examine the vector differential inequality
(1.7) (it |<§:H (O~ (7(1))],

where H; : ]a,b[ — le_Xk (j =1,...,n) are measurable matrix functions.

We say that problem (1.1), (1.2) (problem (1.7), (1.2)) has a solution in the
space 6’251(]@ b[;R¥), if there is a vector function u € 6251(]@ b[; IR¥), satisfying
boundary conditions (1.2), which satisfies equation (1.1) (inequality (1.7)) almost
everywhere in ]a, b[.

Note that by ul=1(a) (by »l=1)(b)) in (1.2) we mean the right (left) limit of
=Y at a (at b).

Theorem 1.1. Let the inequalities

(1.8) () >a for i>n-—aq, (t) < b for i>n—p3"%
and
(1.9) |f(t, x1, ... 2n gz (t)|x;] + h(t)

hold in la,b[ and in ]a,b[ xR, where H; : ]a,b[ — le_Xk (j =1,...,n) and
h:la, b — le_, respectively, are measurable matrix and vector functions, which
for some o € [0,n — n1] and B € [0, n — ny,] satisfy

b
(1.10) / (t —a)*(b—1)P Njop(m; ()| H; (1)]|dt < +o0 (j=1,...,n),
b
(1.11) / (t —a)*(b—t)°||h(t)||dt < +oo.
Furthermore, let the problem (1.7), (1.2) admit only the trivial solution in the
space CZ@ Y(Ja,b[;R*). Then the problem (1.1), (1.2) has at least one solution

we Cr5t(Ja, o[ RY).

Nfa=0 (B = 0) then the first (the second) inequality drops out.
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Corollary 1.1. Let the inequalities (1.8) hold in ]a, b[ and the inequality (1.9)
hold in ]a, b xIR”, where H; : ]a,b[ — le_Xk (J=1,...,n) and h : Ja,b] — le_,
respectively, are measurable matrix and vector functions, which for some « €
[0,n—n4] and 8 € [0, n — ny] satisfy conditions (1.10) and (1.11). If, furthermore,

(1.12) r Z'yja@/(t—a)“(b—t)ﬁ/\ja@(rj(t))Hj(t)dt <1,

then the problem (1.1), (1.2) has at least one solution u € 6’251(]@ b RF).
Corollary 1.2. Let the inequality (1.9) hold in ]a,b[ xR*", where H; : ]a,b[ —

le_Xk (j = 1,...,n) are measurable matrix functions and h : ]a,b[ — R’j_ is a
summable vector function. Furthermore, let A\;H; (j = 1,...,n) be summable
and

Z%/ S0 ) <1

where

1 . m ) . .
7= WWUJ({?— a)" TR g = min{1, nej 4 ns} (G =1, 0).

Then the problem (1.1), (1.2) has at least one solution u € é”_l([a, b]; R¥).

Corollary 1.3. Let the inequality (1.9) hold in ]a,b[ xR*", where H; : ]a,b[ —
le_Xk (j = 1,...,n) are measurable matrix functions and h : ]a,b[ — R’j_ is a

summable vector function. Furthermore, let there exist Hy € le_Xk such that
r(Hy) < 1 and the inequality

DN () H; (1) < Ho

hold in ]a, b[, where

1 s
S § SRR o B ) DU I 1. n).
Py] (71-1-1—])'( Cl) (-] ’ ’n)

Then the problem (1.1), (1.2) has at least one solution u € 6’"‘1([a, b]; R¥).
Theorem 1.2. Let the inequalities (1.8) hold in |a, b[ and let the inequality

(1.13) |f(t @1, ... 2n) — (tyl,...,yn|<ZH NETRET

hold in a, b xR ™ where H; : la, b[ — le_Xk (j =1,...,n) are measurable matrix
functions satisfying the conditions of Theorem 1.1. Let further

(1.14) /b(t—a)“(b—t)ﬁnf(t,o,...,0)||dt<+oo.

Then the problem (1.1), (1.2) has a unique solution in the space 6’251(]@ b RF).
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Corollary 1.4. Let the inequalities (1.8) hold in ]a, b[ and the inequality (1.13)
hold in Ja, b[xR¥" where H; : ]a,b] — le_Xk (j =1,...,n) are measurable matrix

functions satisfying the conditions of Corollary 1.1. Let further the condition
(1.14) be fulfilled. Then the problem (1.1), (1.2) has a unique solution in the

space 6’251(]@ b[; R¥).
Corollary 1.5. Let

b
/||f(t,0,...,0)||dt<+oo

and let the inequality (1.13) hold in ]a,b[ xR*", where H; : ]a,b[ — le_Xk (J=
1,...,n) are measurable matrix functions satisfying either the conditions of Corol-
lary 1.2 or the conditions of Corollary 1.3. Then the problem (1.1), (1.2) has a

unique solution in the space é”_l([a, b]; R¥).

Example. Consider the differential equation
(115) _n'Hto—t to)—|—Co,

where o € [a,b]\ {t1,...,tm}, and ¢g € R* is a nonzero vector. For (1.15) all
conditions of Corollary 1.3 are satisfied, except the condition r(Hy) < 1, because
in this case Hy is the unit matrix. We will show that the problems (1.15), (1.2)
have no solution. Assume, to the contrary, that there is a solution w. Since the
right hand side of (1.15) is independent on ¢, u has the form

m
u(t)y = cJJ(t )™
i=1
where ¢ € R*. Substituting this into (1.15), we get nle = nle + cg, which is
impossible, because ¢g is a nonzero vector.
This example shows that the condition r(Hp) < 1 in Corollary 1.3 is optimal
and cannot be replaced by r(Hy) < 1.

§2. AUXILIARY RESULTS

2.1. Lemmas on Apriori Estimates. For arbitrary j € {1,...,n} and v €
CZEl(]a,b[;Rk) we set

_fa—n+j for j>n—oa
a”j_{o for j<n—a’
[ B=n+y for j>n-p
ﬁ”j_{o for j7<n-p

bl

n

=Y (t—a)* (b= 1) |u=D(@)]  for a<t<b,
:1

v(u)(a) = lim v(u)(t), v(u)(b) = limv(u)(t).

t—a t—b
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Note that v(u) € C([a, b];R;) for every u € 6’251(]@ b[; R*). Hence there exists
v*(u) = max{r(u)(t) :a <t < b}.
Using the definition of 6’251(]@1)[;@]“), it is easy to verify the following two

lemmas.

Lemma 2.1. Let «, § € [0,n], po > 0, and hg : ]Ja,b[ — R4 be a measurable
function, satisfying

b
(2.1) / (t—a)*(b—1)P ho(t)dt < +oo.
Then the operator v maps the set
{u € O3 (Ja, b3 B - v (u) < po, lul™ ()] < ho(t)  for almost all  t € ]a,b[}

into a compact subset of C([a, b];R).

Lemma 2.2. There exists a positive constant 1, depending only on «, 3, t; and
n; (j=1,...,m), such that for any o € [0,n —n1], 8 € [0, n — ny] and any vector
function u € C'Zgl(]a, b[;IR¥), satisfying boundary condition (1.2), the following
estimations hold:

IOl S (wAjas(t)  for  a<t<b (j=1,...n)

The following lemma is crucial in the proof of Theorem 1.1.

Lemma 2.3. Let o« € [0,n —ni], 8 € [0,n — ny), H; @ ]a, b — R’j_Xk (j =
1,...,n)and h :]a,b[ — R’j_ be measurable matrix and vector functions, satisfying
conditions (1.10) and (1.11). Furthermore, let (1.8) hold in la,b[ and let the
problem (1.7), (1.2) have only the trivial solution in 6’251(]@ b[;R*). Then there

exists a positive number p such that any solution u € 6251(]@1)[;@]“) of the
differential inequality

(2.2) ™t |<ZH (O]ul =D (7 (1) + h(t)

with boundary conditions (1.2) satisfies the estimations
(2.3) WUV < pAjap(t)  fora<t<b (j=1,...,n).

Proof. By Lemma 2.2, it 1s enough to prove that there is a positive number pg
such that any solution u € C'Zgl(]a,b[;Rk) of the problem (1.1), (1.2) satisfies
the estimation

v (u) < po.
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Assume there is no such py. Then for any natural number [ there is a solution

up € 6’251(]@ b[;R¥) of the problem (1.1), (1.2) such that

v (u) > 1.
Put
Then ui(t) = [ (u)] ™ w(®) -
24 vi(v) =1,

On the other hand, by Lemma 2.2,

(2.6) 109V € nAjas(t)  for a<t<b (j=1,...,n).
Taking into account this and condition (1.8), we get from (2.5)

(2.7) 1™ (1)]] < ho(t)  for almost all ¢ € Ja, b,
where

= 772’\]&@ (73 (O O + A @]

and hg satisfies (2.1), as follows from (1.10) and (1.11).

By (2.1), (2.6) and (2.7), the sequences (vl(]_l))l 1 (7 =1,...,n) are uniformly
bounded and equicontinuous on any segment contained in Ja, b[ Therefore, by the
lemma of Arcela—Ascoli, we can assume, without any loss of generality, that the
sequences converge uniformely on any such segment.

Denote by
lliinw vi(t) = u(t) for a<t<b.
Then
(2.8) lgrgo v}j_l)(t) = u(j_l)(t) uniformly on any segment in Ja, b[.

By Lemma 2.1, from (2.4), (2.6)-(2.8) it follows that

lim v(v)(t) = v(u)(t) uniformly on [a, b],

l— o0

u satisfies the boundary conditions (1.2) and

(2.9) vi(u)=1.
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It follows from (2.5) that for any s, t € la, b[ we have

") = "G

)= r]<£>>|dg\ N

€)d€‘~

Passing to the limit for | — —|—oo in these inequalities, then by conditions (1.10),
(1.11), (2.6)—(2.8) and by the Lebesque dominance theorem we obtained

|u(n—1)( t) — u(?— 1)

(Ot =(r |d£‘

a0 - u<"-1><s>|| <| / o (€)de]|

Since s and t are arbitrary and (2.1) holds, it follows from these inequalities that
u € 6’251(]@ b[;R*) and satisfies the vector differential inequality (1.7). On the
other hand, as we have already observed, w satisfies conditions (1.2) and (2.9).
But that is impossible, for the problem (1.7), (1.2) has no nontrivial solution in
the space 6251(]@ b[; R™). This contradiction proves the lemma. d

2.2. Lemmas on Unique Solvability of the Problem (1.7), (1.2).

Lemma 2.4. If the matrix functions H; : Ja,b[ — R*¥** (j = 1,... n) satisfy
conditions of Corollary 1.1, then the problem (1.7), (1.2) has only the trivial
solution in the space C"~1(]a, b[;R¥).

Proof. Let u € 6’251(]@1)[;@’“) be an arbitrary solution of the problem (1.7),
(1.2). Put

b
v:/(pww@_wﬂwm@mt
Then by Lemma 8.4 and 8.5 from monography [4] and by (1.6)

u(t):/ go(t,s)u(")(s)ds
and

[0~V < Yjapjast)y for a<t<b (Gj=1,...,n).
From these estimates we find by (1.7)

N Dy R GO O

which implies, by (1.12), that v = 0, i.e. u(t) = 0. O
Applying Lemma 8.7 and 8.8 from monography [4], one can easily verify the

following

Lemma 2.5. If the matrix functions H; : Ja,b[ — R*¥** (j = 1,... n) satisfy
either conditions of Corollary 1.2 or conditions of Corollary 1.3, then the problem
(1.7), (1.2) has only the trivial solution in the space C"~1([a,b] : R¥).
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§3. PROOFS OF THE EXISTENCE AND UNIQUENESS THEOREMS

Proof of Theorem 1.1. Let p be a positive constant for which conclusion of
Lemma 2.3 holds. For arbitrary t € Ja,b[, z; € R¥ j € {1,...,n} and a natural
number [ denote

(3.1) (=1 for |lal] < pAjas(7i(t))
' ! Temhies(m @)z for |lz;ll > pAjas(t)

1 for te€|a+ ,

(3.2) 8i(t) = { o [+ 25 2l <] ’
0 for t¢ [a—l— ST ]

(3.3) filt,er, .o xn) = 6O o1t 21), ..., on(t, 2n))

and consider the differential equation

(3.4) W) = At u(ri (1)), ..., u" (1, (1))

with boundary conditions (1.2).
By (1.3), (1.4), (1.8)—(1.11) and (3.1) the vector function f; : [a, b] x R"F — R*
belongs to the Caratheodory class and satisfies in Ja, b[ xXIR™* the inequalities

(3.5) it 21, .. 2, |<ZH )ei| 4+ h(t),
(3.6) Ifi(t, 2z, n)lléhl()ého(),
where

= PZAm@ Ty O H; O+ RO ) = 6D ho(t)

hg satisfies condition (2.1) and h; is summable in [a,b]. Applying the Schauder’s
principle and condition (3.6), it becomes clear the problem (3.4), (1.2) has a solu-

tion u; € 6”_1([a,b];Rk) and

(3.7) w(t) = / go(t, ) fi(s, ur(r1(5)), - ., ul" " (7 (s)))ds.

Since C"~1([a, b]; %) C 6’251(]@ b[; R*) we have u; € 6’251(]@ b[;R¥). On the
other hand, by (3.5) and (3.6), for almost every ¢ € ]a, b[ we have the inequality

(3.8) uf Ol = 11, wi(ma (@), . ul™ ™ (m (@O))] < holt)
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and wu; is a solution to the problem (2.2), (1.2). Consequently, by the choice of p,
we get the estimates

(3.9) 1w "D@)| < phjas(t)  for a<t<b (j=1,... n).

By (3.1), (3.8), (3.9) and the lemma of Arcela-Ascoli we can assume, without

any loss of generality, that the sequences (ugj_l))fil (j =1,...,n) are uniformly
convergent on every segment in ]a, b[. Denote

(3.10) u(t) = lim w(?).

Then by (3.1)(3.3) and (3.9) for almost every ¢ € ]a, b[ we have

(3.11) lim fi(t, wi(m(8)), . uf" "V (m(0) = ftu(ri(t), . u" T (1),
On the other hand, by (1.6) and (3.8)

(3.12) [lgo(t, $)fult, wi(r1(5)), -, u" ™ (mn (I < y1as(t)(s — @) (b= 5) ho(s).

From conditions (3.1), (3.10)-(3.12) and from Lebesque’s dominance theorem we
obtain that

u(t) = / go(t, ) f(s,u(m1(s)), ..., u™ " V(r,(s)))ds

and ||Jul™(1)|| < ho(t) for almost all ¢ € Ja, b[. Consequently, u € 6251(]@ b ; RY)
is a solution of the problem (1.1), (1.2). d

In order to verify Theorem 1.2, it is enough to note that (1.13) and (1.14)
implies (1.9) and (1.11), where h(t) = f(¢,0,...,0).
By Lemmas 2.4 and 2.5, Theorems 1.1, 1.2 imply Corollaries 1.1-1.5.
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