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CHARACTERIZATIONS OF INNER PRODUCT
STRUCTURES INVOLVING THE RADIUS OF THE
INSCRIBED OR CIRCUMSCRIBED CIRCUMFERENCE

C. ALsiNa, P. GulJARRO AND M.S. ToMAs

ABSTRACT. We define the radius of the inscribed and circumscribed circumferences
in a triangle located in a real normed space and we obtain new characterizations of
inner product spaces.

1. ON THE RADIUS OF THE INSCRIBED
CIRCUMFERENCE IN A TRIANGLE IN A NORMED SPACE

In an inner product space (i.p.s.) the radius of the inscribed circumference in
a triangle of sides x,y and « — y is given by the formula

Vs(s = [llD(s — lvl(s — [l= — yll)
([ + Nyl + 1= — ylD

where s is the semiperimeter s = .

2

Let (E,|||]) be a real normed space. If z,y are two independent vectors in
EA{0} and (see [4]) if w(x,y) = W is the bisectrix of # and y, in the
z )
triangle of sides x, y and x —y, we can consider the bisectrices w(x, y), w(—y, z—y)
and w(—z,y — x). Tt is a straightforward computation to prove that these three

lines intersect in a point, i.e. there exist three constants

(1)

zl| + [y Yl +llz—y [+ ljz—y
5 = =l i ||’ uz” I+l [ ,y:|| I+l [

2s 2s ’ 2s ’
in R such that

Aw(z,y) =y + pw(—y,z — y) =z +yw(—z,y — z)
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Now, in order to define the radius of the inscribed circumference, we need a
definition of height in a real normed space. To do that, let us consider (see [5])
the functions py : ' x £ — R defined by

x4+ ty||? — ||z
o= i L2002 el
The mappings gy play a crucial role in characterizing inner product spaces. In
fact, when the norm derives from an inner product (E,-), then g/ (2,y) = = - y,
i.e., py reduce to the given inner product.
We quote here some elementary results concerning the functions g/, that we
will use in this paper:

() pl (e, ) = [l and [l (2, )] < [l 1]
i) py(aw,y) = py(x, ay) = apl (2,y), « 2 0
i) py(ax,y) = pi(z,ay)=ap_(z,y), « <0
) iy (e, +9) = gl (2,9) + ale]?

) Pl(x,y) = ply(y,x) for all x,y in E if and only if £ is an inner product
space.

In [1] by using the functions p/y we introduce the following definition of height

over the side © — y

pﬁr(y—x,y)(

i E —y) forall #,yin E linearly independent,
r—Yy

hix,y) =y+

so we can define “the radius r(z, y) of the inscribed circumference” as the norm of
h(Aw(z,y), pw(—y,z — y)), i.e.

o (L i) LH

Nzl 77 Nl =]/ [yl

Observe that r(z,y) is not symmetric in z and y.
We want to find when the expressions (1) and (2) are equal.

o) o) = Ll

Theorem 1.1. Let (E,|||]) be a real normed space with dim E > 2. Then F is
an 1.p.s. if and only if for all linearly independent vectors x,y in E/

V(s = [l2[)(s = [lwlD(s — [l — wlD

S

r(@,y) =

[zl + {1yl + [l — ol
5 :

where s =

Proof. If we assume that r(z,y) defined by (2) can be obtained by means of (1),
then we have:
re,y)? = (s — ll=[DCs = llylD(s — ll= — yll)

S
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1.e.

[E RIS
452

© (5=l = lwID(s = llz = wl)

S

A (L i) v
1B AN 17| A E AR (]

or equivalently

2

= 4s(s — ||lz[)(s = [lyID(s — [l — yl])-

y
lyllz — o (y, ®) =
H Iyl

Substituting in this equality y by tz, with ¢ > 0, dividing by ¢? and taking limits
when ¢ tends to zero, we obtain
2
4s(s — |lz[l)(s = [[tz[])(s = [le — t=]])

4
lzlle = p (2, ) 7
1B

_t—>0+ t2
ST | 11 | o 2 e e 1 e 1T
t—o+ 12 9 9
s e 2 e | e el [ |
2 2
_ iy Wz =t dlD? =[] [lo]” = (e = 2] = tll=ID* _
t—0+ 2% 2

a2 — 2 2
— lim (-Hgg ;(H_t) =" HZQH t—|—||l‘—tZ||||Z||)'

(e PR B o
= (=g (o 2)+ Il 0D (2.2 + el 1)

= [Pl = o2 (x, 2)7,

and therefore

12172 = oz, 2)z]|” = =12 (lalPl]=l? = o (2, 2)?) -

The substitution ¢ = z + y yields

212 (12 + wlPl120? = 2 (2 + 5, 2)2) = [Pz +9) = oL (2,2 + )2

/

= |12 + 112y = 111 = 2. (=, )2
= |[l12l1%y = 7 (=, m)2||* =
= (1211 (Il 1112 = £ (9, 2)%)

1.e.
/

Il = o2 (w, 2)* = 12+ wllPlll® = ol (2 + y, 2)°.
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Thus for all linearly independent vectors w,v in E with ||u|| = ||v|| = 1, if we
substitute in the last equality z = u — v, y = v we obtain:

loll?llu = vll* = L (v, u = 0)* = Jlull*[Ju = vl]* = p(u, u = v)%,

and consequently
|p'_(v,u — v)| = |p/_(u,u — v)|
which in turn implies |p’_ (v,u) — ||v||2| = |||u||2 — 0 (u, v)|, ie.,

/

|1 - p_(v,u)| = |1 - p'_l_(u,v)| .
Since /. (v, 4) < [Jull o]l = 1 and gl (u,) < Jull ]} = 1 we deduce

/

o (0,u) = ply (0, ),
and interchanging the roles of v and v:

o () = py (0, ),

whence gl (v, 1) = pl(u,0) < gl (1, 0) a5 well as iy (u,0) = . (0,4) < gl (v, ),
ie., pl (u,v) = p, (v,u), whenever [Jul| = ||v]|] = 1, u,v independent vectors and ¥
i1s an inner product space. a

Note. The value r(z,y) as introduced above is not the unique possible definition of
the radius of the inscribed circumference, since we can consider other heights like
h(Qw(z, y),yw(—z,y — ), h (pw(—y,z — y), Aw(z,y)),

h(pw(—y, x —y),yw(—z,y — x)), h(yw(—z,y — ), A\w(z,y)) or

h(yw(—z,y — ), pw(—y,x — y)) instead of h (Aw(z,y), pw(—y,z —y)).

2. ON THE RADIUS OF THE CIRCUMSCRIBED
CIRCUMFERENCE IN A TRIANGLE IN A NORMED SPACE

If Eis an i.p.s. and «, y are two independent vectors in F\{0}, in the triangle of
sides #, y and x—y, the center of the circumscribed circumference is the intersection
of the perpendicular bisectors, and the radius R is given by the formula

=]l yll ll= — vl
4y/s(s = [zl (s = Tyl (s — [l= — yl])
where s = (||#]] + |yl + ||# — y||) /2 is the semiperimeter of the triangle.

In a real normed space (E,||||) we can consider the perpendicular bisector of
the side & — y by taking

M(m,y):{x;y—l-/\u//\eﬂ%}
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where u is a vector in E “orthogonal” to =z — y.
We can assume that v admits the form v = az + fy and having in mind that
in an i.p.s. u-(x —y) = 0 is immediate to prove that

a(llelf* ==-y) =B (sl -z v) .

Thus in the real normed space F, replacing the inner product - by p’ , we can
consider

u= ([l = p(x,9) = + (llll” = pL (v, 2) v

and

Mo, = { SHL 4 AP = o Goe + (el = o] /3|

The next step is to define the radius R. First in the triangle of sides z,y and
z — y considering the corresponding three perpendicular bisectors is easy to prove
that this three lines intersected in a point, i.e., there exist A, u, v in R such that

g+'yw=%+uv=x;y+/\u

where u,v and w are respectively “orthogonal” to z — y, y and =.
Then, we define R(x,y) as the norm of £ 4 ~yw and by a straightforward com-
putation we obtain that R(x,y) has the following expression

R, < L 2 = e ) 2l (1l = (5.2)) o]
| Aol Pol® — (o0 — o (5, 2)° |

This definition is only possible if

/

P, y)® + ol (y,2)* < 2|yl

ie., |p’_(x,y)| < ||| |¥]| or |p’_(y, l‘)| < ||| |ly||. For this reason we will assume
that E is strictly convex (in these spaces |p’ (z,y)| # ||#||||y]] for all # and y in
linearly independent (see [7])).

Theorem 2.1. Let (E,|| ||) be a strictly convex real normed space with dim
E >3. Fisanip.s., if and only if, for all x,y independent vectors in E\{0}

[z [ llyll 1= — yll
R(x,y) =
o 4y/5(s — [z (s = [Tyl (s = = = I}

where s = ([[z|| + [lyll + ll= = yl) /2.
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Proof. If we let y = ¢tz with ¢ > 0 and we take limit when ¢ tends to zero we
obtain

)2 1212 = - (2, )2
= lim R(z.t
MePI= = o (22 = p(za)? ey R 1) =

1/2

. el e — 221 _

— 2
Ol = 21 = (el = [l [(II@‘IIHIIZII) = [le =27

eI ( fr — 2] )1/2
x .
R ) Py Ty 7 1y Py

1/2
| Uz = t2]
.| Iim 3 5
=0 ([|lef] + t]]=|))” — ||le — t2|]

eI Il Il -
37 (e 2) + 20T\ 2T + 277 (.2

E31MIES
2/l Pl = oL (2, 2)

and therefore,

If u= —, v = ——, then for all unitary and independent vectors v and v in

E <]l
E

2 — o' (u,v)? — p_(v,u)?
2./1 — p" (u,v)?

o= o (so000] =
Now, if p__(v,u) = 0, then,
24/1 = p(u,v)? = 2 — p_(u,v)?

and therefore p’ (u,v) = 0 and (see [5], [6]) £ is an i.p.s. O

Note. If we define the radius R(x,y) as the norm of ¥ + puv or as the norm of
% + Au the same expression obtained in the initial deﬁnltlon of R(x,y) appears.
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Analogous definitions of R(x,y) can be given by replacing the role of g’ by p/,
or by changing the order of the arguments appearing in p’_. For example if we
consider that the radius of the circumscribed circumference is given by

P P = o)+ ol P = () o]
Rlzy) = 2 (= = (e, 1)?)

which is equal to R(z,y) in an i.p.s. then, a strictly convex real normed space
with dim £ > 2 is an 1.p.s. if and only if

; [zl yll = — vl
R(x,y) = .
(e 4y/s(s = [zl (s — Tyl (s — [l= — wl])

The proof is immediate using the fact that the symmetry of the second member

of last expression and the symmetry of the numerator of R(x, y) imply p'_(z,y)? =
/

¢ (y,x)? for all z,y in E and E is an i.p.s.
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