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LOCAL ISOMETRY CLASSES OF RIEMANNIAN
3-MANIFOLDS WITH CONSTANT RICCI
EIGENVALUES p; = ps # p3 > 0

OLDRICH KOWALSKI AND MASAMI SEKIZAWA

ABSTRACT. We prove that the all local isometry classes as in the title can
be parametrized by two arbitrary functions of one variable. This result is
extended also for a special case of nonconstant Ricci eigenvalues.

1. INTRODUCTION

In [3], the classification of Riemannian 3-manifolds (M, g) with constant Ricci
eigenvalues p; = p2 # p3 # 0 was done. For p3 < 0, Theorem 6.2 from [3] says
that the local isometry classes of such Riemannian manifolds are parametrized by
two arbitrary functions of one variable. In [4], the same result was extended to
the case when p; = ps is not constant on the whole (M, g) but only along the
trajectories of the one-dimensional eigenspaces of the Ricci eigenvalue pg (which
are called “principal geodesics” in the sequel), and where the scalar curvature is
prescribed as a function with the same property (see [4], Theorem 5.5).

In the case ps > 0 the situation is more complicated. In [3], Theorem 8.1,
the author only proved the ezistence of a family of solutions whose local isometry
classes depend on two arbitrary functions of one variable. Recently, this result was
improved by P.Bueken [1] who showed that, also for ps > 0, the local isometry
classes of all solutions depend on two arbitrary functions of one variable. The
proof in [1] based on the concept of “shear tensor” is short and elegant; yet it does
not seem to be completely rigorous. (In fact, P.Bueken is using the method from
the article [5] by D.McManus devoted to the same topic, correcting at the same
time an essential error in this last paper.)

The aim of this paper is to give a rigorous proof of this fact. Moreover, the
method of the shear tensor does not extend immediately to the case of a non-
constant eigenvalue p; = po, whereas our method does.
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2. THE GENERAL SOLUTION OF THE PROBLEM

First of all, we summarize from [3] the basic information known about the
“elliptic case” p1 = p2 # p3 > 0.

Let A be a positive constant, and let @1, w2, 3, w4 be arbitrary functions of
two variables w and z. Then we define functions ag, a1, as, as, b1, b2, b3, o and

h by

(2.1)

0 = P2(N = (pa)®) = 2Xp10a 0y = P1((pa)” = A?) = 2Xp204
Ao)? ’ Aspo)? ’
(2.2)
v £3 +(2))
Alpa)? 7
(2.3)
b _Ap1 + papa b _ Apr — p1epg b — _ F3P4
1=——, bh=——7F"—, b3= )
AQDQ AQDQ AQDQ
(2.4)
2 2
Qoo = —%, Yo = \/(803)2 = (p1)? = (¢2)?,
(2.5)
R )
¥o

(Here the obvious condition ¢y # 0 must be satisfied, which is the only lim-
itation for the choice of the functions ¢1,...,¢4.) Further, let A, f and C be
functions of three variables w,  and y defined by

A? = ay cos(2Ay) + as sin(2Ay) + az,
AC = by cos(2Ay) + basin(2Ay) + b3,

1 .
fPyc?= X[gol sin(2Ay) — 2 cos(2Ay) + 3],
Af=1, >0,

and let T be a function of w and x such that H, = h (where H. indicates the
partial derivative of H with respect to the suffix #). One can check easily that
the conditions (2.6) are compatible and determine A, f and C' in a unique way.
Finally, let g = (w!)? 4+ (w?)? 4 (w®)? be a Riemannian metric defined on a domain
U in R3(w, z,y) by

(2.7) wl = fdw, w?=Adr+Cdw, w*=dy+ Hdw,

which 1s an orthonormal coframe. Then the Ricci tensor of the metric g has
constant eigenvalues p; = ps # ps = 2A? if and only if the following system of
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PDE is satisfied:

A
(28) 30/11' - 2b1/\2H + _allw - ﬁagw = Oa

ap ap

A

(29) 30/21' - 2b2/\2H + ﬁallw + _a/Zw = Oa

ap ap

2A
(2.10) = - 2288
¥o

(2.11) (A)l, + Ry = —p1.
where
(2.12) R=ff —Ca+ HB,

a=A, —C,—HA,,
(2.13) 1, ) .
8= (H; + AC, = CA)).

Moreover, all Riemannian metrics with the prescribed constant Ricci eigenvalues
p1 = p2 # ps = 2A% can be locally constructed in the previous way (see [3] for
more details).

Let us mention that the new variable y in (2.6) and (2.7) measures the arc-length
along the principal geodesics, and the principal geodesics satisfy the equation
wl=w? =0.

Calculations using formulas (7.24)—(7.26) in [3] for A« and for R, respectively,
show that (2.11) evaluated at y = 0 takes on the form

(2.14) O — Phooe = F(0i, H, @y, Oty Hlys s Pl

where F'is a real analytic function of its variables. The equation (2.14) is then
equivalent to (2.11) modulo (2.8) and (2.9).

Using the same procedure as in [2], proof of Proposition 8.1, one can introduce
new variables & = #(w, z), & = w(w, z) and § = y+ ¥ (w, z) such that all previous
formulas are satisfied in these new variables and, moreover, by = by. The last
condition implies, due to (2.3), (2.1) and (2.2),

A _
(2.15) oo = APz 21)
w1+ 2
(216) a; = 2@1AQ, as = —QQDQAQ, as = 2@3AQ,
where

(2.17) Q= ()" + (p2)” >0

(p0)?(p1 + p2)?
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and

(@) 4 (p0)? sl — p2)
(218) =t Po(p1+p2) b = o1+ ¢2)’

Now consider the PDE system formed by the equations (2.8)—(2.10) and (2.14).
We can apply to this system an easy modification of the Cauchy-Kowalewski The-
orem (see e.g. [2], Section 9). Tt follows that the general solution of the problem de-
pends formally on five arbitrary functions of the variable w, namely on ¢ (w, zg),
pa(w, xo), @3(w, xo), ¥h, (w, o) and H(w,xg) around a point (wg, z9) € R*(w, x).
(We notice here that ¢4 is given in terms of ¢; and @3 by (2.15) and that we
assume the generic case @1 + 2 #0.)

Remark. In Proposition 7.1 of [3], the formulas corresponding to (2.1) contain a
misprint (missing A’s).

3. THE GEOMETRIC EXISTENCE THEOREM FOR THE ELLIPTIC CASE

We give in this section the complete solution of the isometry problem in the
elliptic case.

Theorem 1. The local isometry classes of all Riemannian 3-manifolds with con-
stant Ricci eigenvalues p1 = pa # ps > 0 are parametrized by two arbitrary
functions of one variable.

Proof. Suppose that (M,g) and (M,g) are two Riemannian manifolds with
the same constant Ricci eigenvalues p; = ps # p3 = 2A2%, and let the local expres-
sion for (M, g) be given by (2.7), (2.6) and (2.16)-(2.18). Suppose that the local
expression for (M, g) is given by the analogous formulas. The only basic functions
are ;, H and @;, H, respectively, i = 1,2, 3.

Let ' : U — U be a local isometry between (M, g) and (M,g) with the
coordinate expression

(3.1) w=w(wx,y), &==z(wury), y=iylwezy).

In the same way as in [3], using the geometrical meaning of the orthonormal
coframe (2.7), we obtain (denoting the induced forms F*&" simply by &°, i =

1,2,3)

U= cospw! + esinpw?,

w

(3.2) w? = —sinpw! + ¢ cos pw?, (e, ¢ = £1),
0% = €/w3,

€.,

(3.3) (@H? 4+ (@H)? = (WH2 + (W2, WP = WP

We can assume &’ = 1, the opposite case is treated similarly. We obtain from (3.2)

and (2.7)3

(3.4) w=w(w,x), T==zw,z),



LOCAL ISOMETRY CLASSES 141

(3.5) y=y+oé(w,z), dp=—Hdwv+ Hdw.

We shall now substitute into the first equation of (3.3). We get first

1 .
((.«11)2 + (w2)2 = X[gol sin(2Ay) — 2 cos(2Ay) + gog]dwz

(3.6) + 2[b1 cos(2Ay) + basin(2Ay) + bs]ldwdx
+ [a1 cos(2Ay) 4 as sin(2Xy) + as]dz?,

1 ) i _ , oy,
((Zzl)z + ((Zzz)z = X[gﬁl sin(2Ay) — @2 cos(2Ay) + gog]dwz

(3.7) + 2[by cos(2Ay) + basin(2Ay) + bs]dwdz
+ [a1 cos(2Ay) + as sin(2)y) + as]dz?.

In (3.6) we put y = ¥ — ¢ and use the standard trigonometric formulas for devel-
oping the sine and cosine of a difference of arguments; in (3.7) we substitute

(3.8) dw = w),dw + wi,dz, dr =z, dw+ z,dx.

Then the equality of the right-hand sides of (3.6) and (3.7) means the equalities
between three pairs of quadratic forms in dw and dx which are coefficients of 1,
sin(2Ay) and cos(2Ay), respectively. For each pair of quadratic forms we compare

the coefficients of dz?, dedw and dw?, respectively. As a result, we obtain the
following system of nine PDE for the functions # = #(w, #) and @ = w(w, z):

_ 1
Elng —|— 2b3PR+ X@ng = as,
- 1 1
(3.9) as@” + 2b3QS + Xs5352 = 1¥8

_ 1
ElgpQ —|— bg(PS —|— QR) —|— XQB:«;RS = b3,

- 1
as P + 20, PR + ngle = a1 sin(2A¢) + a2 cos(2A¢),
- 1 1 .
(3.10) asQ? + 20,QS + nglSz = X[gol cos(2X@) — pasin(2A¢)],

_ 1
ElzPQ + bz(PS + QR) + X@RS = bl 5111(2/\(/)) + bz COS(?/\QS),

_ 1
a P? +2b PR — X@R? = a; cos(2A@) — assin(2A¢),

(3.11) a1Q? +201QS — %@252 = —%[gpl sin(2A¢) 4 a2 cos(2A6)],

- 1
Elpo + bl(PS + QR) - XQBQRS = bl COS(?AQZ)) - bz SIH(QAQZ)),



142 O. KOWALSKI AND M. SEKIZAWA

where we use the notation
(3.12) pP=z, Q=1z, R=w, S=u,.

A lengthy but routine calculation shows that, under a necessary and sufficient
condition

=)

the square of each last equation of (3.9), (3.10) and (3.11) is equivalent to the
product of the first two equations. Hence, all the last equations (3.9)s, (3.10)3 and
(3.11)3 are, up to the sign, consequences of the remaining equations, and of the
condition (3.13), which can be also written in the form

=2 2.2 2 2

(o) (o)
(Let us mention that (3.13) together with (2.5) means that h? is a Riemannian
invariant, which can be seen more directly from [3] or [4].)
In what follows, we can assume, without the loss of generality,

(315) ¥0, QBOa ¥3, @3 > 0.

Now, the remaining equations (3.9)1 2, (3.10)1 » and (3.11)1 » can be solved with
respect to the unknowns P?, R? and PR; or Q?, S? and (S, respectively, by the
Cramer’s rule. The determinant of each system is (due to (3.13) and (3.14))

- 1
El3 2b3 X@g
1 A((p1)* + (p2)*) s
3.16 D= 2b — = —
( ) as 2 /\801 (800)3
1

a,  2b —X@

and hence D depends only on ¢1, ¢a, 3 and is strictly negative. Further, we get

P = ﬁ[((%)z + (¢2)*)as + @3(p2La — @1 1)),
(3.17) R = %[((w)z +($2)*)as + @s(g2 L1 — p1L2)],
Pr="2E N2 0 G ay + alL + L),
where
(3.18) { L1 = a1 sin(2X¢) + as C(.)S(QAQS),
La = a1 cos(2A¢) — azsin(21¢).

A routine computation using (3.13) or (3.14) implies that the equalities (3.17) are
compatible in the sense that the product of the right-hand sides of (3.17); and
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(3.17)5 is equal to the square of the right-hand side of (3.17)3. We also want to
show that the right-hand sides of (3.17); and (3.17); are always non-negative. For
the first equation, the computation proceeds as follows:

((@1)* + (p2)*)as + @3(p2Le — @1 L1)
=((£1)* + (p2)%)az — pa(@aas — pra1) sin(208) + @a(Paar — Graz) cos(2A¢)
=(22Q)[((#1)° + (£2)°)ps + Pa(Pap2 — P101) sIn(2X9)

+ @a(p2i01 + P1p2) cos(2A9)].

Now, it can be seen easily that the function p(¢) = Acost + Bsint with constant
A, B and variable ¢ satisfies |p(t)] < VA? 4+ B2. Hence we get

|@3(Papr — P1p1)sin(2A0) + P3(Papr + P1p2) cos(2A0)]
< @3/ ((91)% + (92)2)((21)? + (2)%)

and, on the other hand, using the identity ((¢1)? + (#2)%)(¢3)? = ((p1)? +
(p2)"))(3)*, we get

B3V ((£1)2 + (#2)2)((£1) + (#2)%) = ((£1)” + ($2)")gps.

Hence it follows that the right-hand side of (3.17); is non-negative. The calculation
for (3.17)2 is similar.
Further, we get by the Cramer’s rule

@ = gy (91 + (220 — palir R + )]
(319) {4 7= Spﬁp) [((£1)° + (£2)*)s + @a(PoRy + G1R2)]
@5 = BUELE) (s puyn t gy — R
where
@ | fom antoey i

The equalities (3.19) are again compatible and the right-hand sides of (3.19); and
(3.19)5 are always non-negative.

Now, in the generic case, we can assume that the right-hand sides of (3.17);
and (3.19)5 are strictly positive. Then we can define P and S as the corresponding
positive square roots and calculate R and @ from (3.17)3 and (3.19)3, respectively.
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Notice that (3.13) and (3.14) imply (together with (2.4))

)+ (92)?
P3 =[5 5 ¥
(1)? + (2)°
o )+ (2)” s 2 2
¥o = (301)2 + (@2)2 (@3) (gpl) (@2) )
that is, ¢3 and ¢ can be expressed through 1, ¢2 and @1, @2, 3. Hence P, @,
R and S can be expressed, in a unique way, as real analytic functions of ¢, @9,
&, 1, p2 and @3. (These functions will be denoted later by the same letters.)
Now, if we substitute these functions for P, @, R and S into the last equations
(3.9)3, (3.10)3 and (3.11)3, these equations will be satisfied up to sign. But if ¢,
w9 and g3 are “generic” | and if we put w = w, & = ¢ and @; = ¢; for i = 1,2, 3,
we get P =S5 =1 and @ = R = 0. Thus, if some of the equations (3.9)3-(3.11)3
is, after our general substitution, satisfied with the opposite sign, we come to a
contradiction with this special case.
We conclude that all equations (3.9), (3.10) and (3.11) are, in general, conse-

quence of our functional expressions for P, ¢, R and S. Now, due to the meaning
of these quantities in (3.12), we still have to satisfy the integrability conditions

(3.21)

(3.22) P =Q., R,=5..

We see easily that these two conditions can be written down in the form resolved
with respect to ¢}, and ¢, respectively. We add the last partial differential
equation

(3.29) o= (6, — )

which is enforced by the second equality of (3.5).

For ¢1, @2, w3 and H given, we obtain a system of three PDE of first order for
the unknown functions @1, @2 and ¢ in the form where the Cauchy-Kowalewski
theorem can be applied. The general solution depends on three arbitrary functions
of the variable w. Taking any particular solution (@1, @2, ¢), the functions w =
w(w,z) and & = Z(w,x) are determined by the given P, ), R and S up to

an additive constant, and § = y + ¢(w,z) is also determined. Now, denoting
N / N &
H= —%, we get from (3.23) that H = T% Hence we obtain

which is equivalent to
(3.25) d¢ = —Hdw + Hdw.

According to (3.5), we see H = H. This shows that A, f, C and H can be deter-
mined from A, f, C' and H using three arbitrary functions of the variable w. In
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other words, each local isometry class of our family of metrics depends (geometri-
cally) on three arbitrary functions of one variable w, say ¢1(w, xg), g2(w, xy) and
H(w, o). Combining this with the existence result (five arbitrary functions of w!)
in the previous section we have proved Theorem 1. O

Further, if we combine the above technique with the computations in [4], we
obtain the following improvements of Theorem 7.2 and Theorem 7.3 from [4]: let
us denote by M the class of all 3-dimensional Riemannian manifolds (M, g) whose
Ricci eigenvalues p1, pa and ps satisfy the following conditions:

a) ps > 0 is a prescribed constant,

b) p1 = p2 (# p3) is a function which is constant along each principal
geodesics (and so is the scalar curvature of (M, g)).
We have

Theorem 2. The local isometry classes of M are parametrized by one arbitrary
function of two variables modulo one arbitrary function of one variable.

Theorem 3. The local isometry classes of all (M, g) € M with prescribed scalar
curvature are parametrized by two arbitrary functions of one variable.

Obviously, if the scalar curvature is prescribed as a constant, we obtain Theo-
rem 1 as a special case.
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