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INDEXED ANNIHILATORS IN LATTICES

IvaN CHAJDA

ABSTRACT. The concept of annihilator in lattice was introduced by M. Mandelker.
Although annihilators have some properties common with ideals, the set of all an-
nihilators in I need not be a lattice. We give the concept of indexed annihilator
which generalizes it and we show the basic properties of the lattice of indexed anni-
hilators. Moreover, distributive and modular lattices can be characterized by using
of indexed annihilators.

M. Mandelker [2] introduced the concept of annihilator in lattice as a natural
generalization of the relative pseudocomplement a # b of an element a of a lattice
L relative to an element b:

Definition 1. The annihilator {a,b) for a,b € L is the set {x € L;ya Az < b}.

Evidently, the greatest element of (a,b), if it exists, is the relative pseudocom-
plement a * b.

Although annihilators have some properties in common with ideals, there are
also essential distinctions: the set of all annihilators in a lattice L need not be a
lattice. This can be seen by means of the six element lattice L = {0,a,b,¢,d, 1}
where the elements a, b, ¢, d are pairwise incomparable and all between 0 and 1. In
this case,

(a,¢) =H0,b,e,d} and (b,¢) ={0,a,¢,d,}

but {a,c) N {b,c) = {0,¢,d}, which is not an annihilator in L. Moreover, there is
no annihilator in L properly contained in {a, ¢} or in (b, ¢). This motivates us to
look after a new concept generalizing that of annihilator.

Definition 2. Let L be a lattice, I' # 0 an index set and a, by, € L for y € I'.

By an indexed annihilator is meant the set

{r€L; ay Nz <b, foreachy €T}.

The following assertion is evident:
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Lemma 1. Let L be a lattice, I' # 0 and a,by, € L for y € I'. Then
{e € L; ay Nz < b, foreachy €T} =N{{ay,b,); yE€T}.

By Lemma 1, every indexed annihilator is intersection of annihilators. There-
fore, we need not any huge notation for this concept and the indexed annihilator
will be denoted simply by N{{a~,b,); v € I'}.

Lemma 2. Let L be a lattice. Then
(a) every annihilator in L is an indexed annihilator in L;
(b) if B is an indexed annihilator in I and x € B and y < x then y € B.

Proof. Then first assertion follows immediately from Lemma 1 by using T' = {1}.
The second follows directly by Definition 2. a

If a lattice L has not the least element then clearly ( is the least indexed
annihilator in L with respect to set inclusion since

0 =n{{a,b); a,be L}.

If a lattice L has the least element 0, then 0 € {a,b) for every a,b of L, i.e.
0 € n{{a,b); a,b € L}. On the other hand, {0} = N{{a,b); a,b € L}, thus {0} is
the least annihilator in L with respect to set inclusion.

Denote by TAg(L) the set of all indexed annihilators in L and by TA(L) the set
of all non-void annihilators in L.

Theorem 1. The set TAg(L) of all indexed annihilators in a lattice L forms a
complete lattice with respect to set inclusion. The greatest element of I Ay(L) is
L and the least element is N{{a, b); a,b,€ L}. The operation meet coincides with
set intersection, If L has the least element 0 then I Aq(L) = TA(L) and {0} is the
least element of the lattice TA(L).

Proof. It follows directly by Lemma 1 and the foregoing remarks. Since {a,a) = L
for each @ € L, L is the greatest element of TA(L). O

Remark 1. If a lattice has the greatest element 1 then every principal ideal
J = (c] is an annihilator in L, namely J = (1, ¢}.

Let L be a lattice and M be a subset of L. Since TAg(L) is a complete lattice,
there exists the least indexed annihilator in L containing M. Denote it by A(M)
and call an indexed annihilator generated by M. Tt is easy to show that A(M) =
N{{a,b); m € {(a,b) for each m € M}.

Theorem 2. Every principal ideal of I is an indexed annihilator in L.

Proof. Let ¢ € L and J = (¢]. By the definition of annihilator, we have

A(T) = N{{a,b); j € {a,b) for each j € J} =nN{{a,b); c € {a,b)}, ie.
ANY={z€eLl;ane<b=anz<bforeachabjec A} ={xel; e<ec}=17.

However, J = A(J) implies that J is an indexed annihilator in L. d
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Theorem 3. Let L be a lattice with the least element 0. Then the lattice TA(L)
of all indexed annihilators is pseudocomplemented.

Proof. Let A € TA(L) and put B = {{a,b); ac A}. e e ANBthenzAa=0
for each a € A, i.e. AN B = {0}. Moreover, if AN C = {0} for some ¢ € TA(L),
suppose y € ANC and y ¢ B. Then there exists an element a € A with a Ay # 0.
By (b) of Lemma 2 we conclude

acA yeC=ahye AnC = {0},

i.e. a Ay = 0, a contradiction. Hence y € B proving C' C B. Thus B is a pseucom-
plement of A in TA(L). d

Theorem 4. Let L be a lattice. The following conditions are equivalent:
(1) L is distributive;
(2) every non-void indexed annihilator in L is an ideal of L.

Proof. Let J = N{{a,b,); v € L} € TA(L) and suppose z,y € J, a € L.
Applying distributivity of L, we obtain

ay Az Vy)=(ay Az)V(ay Ay) < by Vb, =0b,
for each v € T', thus z V y € J. Moreover,
ay ANz ANa) <ay ANz <b,
for each v € T thus also x Aa € J, i.e. J is an ideal of L.

Conversely, if every non-void indexed annihilator in L is an ideal of L then, by
(a) of Lemma 2, also every annihilator in L is an ideal of L. By Theorem 1 in [2],
we conclude that L is distributive. d

Corollary. In every finite distributive lattice L, ideals and indexed annihilators
coincide.

Proof. If a lattice L is finite then L has 0, thus every indexed annihilator in L
is non-void. Moreover, every ideal in a finite lattice is principal, thus, by Theorem
2, every ideal 1s an indexed annihilator in L. The converse statement follows by
Theorem 4. d

Remark 2. The assertion of Corollary need not be valid if L is an infinite lattice,
see the following:

Example. Let S be an infinite set and consider the lattice (Exp S, C) of all subsets
of S. Trivially, (Exp S, C) is a complete and distributive lattice. Denote by J the set
of all finite subsets of S. Clearly, J is an ideal of (Exp S, C) which is not principal.
However, for any A € TAg(Exp S), A # S there exists a finite subset ¥ C S — A,
thus A(J) =S # J. Hence J is not an indexed annihilator in (Exp S, C). d

Annihilators in modular lattices were treated by B. Davey and J. Nieminen [1].
For indexed annihilators, we can state the following characterization of modular
lattices:
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Theorem 5. For a lattice L, the following conditions are equivalent
(1) L is modular;
(2) for each J = N{ay,by); v € T} € TA(L) with b, < a, for each v € T it
holds:
if zen{(b,]; y€E€T} and yeJ then zVye.J.

Proof. Let L be a modular lattice and 6, < a, for each v € I'. Let J =
M{ay,by); v €T} € TA(L). Suppose © € N{(by]; ¥ €T} and v € J. Then

ayANy<b, and z<b,<a, foreach re&l.
Applying modularity of L, we obtain
ay Az Vy)=zA(ay Ay) < by

for each v € T', which yields z Vy € J.
Conversely, let L satisfies (2) and z, y, z € L with 2 < z. Then 2V (z Ay) < z
and x € (p]forp=aV(zAy)and zAy <z V(zAy). It implies

yE(z,eV(zAy)).

By Lemma 2, (z,2 V (z A y)) is an indexed annihilator in L. Applying (2) we
conclude
tVye{z,xV(zAy),

which gives z A (2 Vy) < 2V (2 Ay). Hence, L is modular. O
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